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THE MAXIMAL ORDERS OF GENERALIZED 
QUATERNION DIVISION ALGEBRAS* 


BY 
RALPH HULLt 


1. Introduction. A generalized quaternion division algebra Q is an algebra 
of degree 2, order 4, over the field R of all rational numbers. It can be written 
in the form Q=(a, Z) =Z+uZ, where Z is a quadratic field over R and u?=a 
is in R and is not the norm of an element of Z, and Zu=uZ’, elementwise, 
where the prime denotes the conjugate in Z. We say that Q has the generation 
Q=(a, Z) and identify the unity elements{ of Q and Z with each other and 
with 1, the unity element of R. We call 1, u, a Z-basis of Q. If £1, f2, and &3, 4, 
are any R-bases of Z then {1, £2, uf3, wes, is an R-basis of Q. 

An algebra Q has a representation as an algebra of matrices of degree 2 
with elements in Z which can be obtained in the following manner. Regarding 
(1, «) as a vector, for any g={o+uf; of Q, fo and £1 in Z, we have gg, where 


fo, agi | 
$1, oe ; 


We call T7(g) = T(qg) =fo+$%: the reduced trace of g. In a similar way, using an 
R-basis of Q we obtain a representation of Q as an algebra of matrices of de- 
gree 4 with elements in R. 

The Q are cyclic algebras§ and the theory of their invariants is included in 
the general theory of Hasse|| which yields all generations of a given Q. There 
exist a finite number >0 of rational primes 7 such that the 7-adic extension 
Q, of Q is a division algebra whereas Q, for all other rational primes p is a 
total matric algebra. We say that Q splits at the prime spots p of R. The num- 
ber of z is even if Q has a real quadratic sub-field, and odd otherwise. In the 
former case, Q is said to split at the infinite prime spot of R. 

A maximal order§ IN of Q, that is, an integral domain (Dickson, loc. cit., 








q(1, «) = (q, qu) = (1, ")g, G= | 


* Presented to the Society, December 31, 1935; received by the editors December 2, 1935. 

t The paper had its inception while its author was a National Research Fellow. 

t The name unity element in preference to modulus or unit element was adopted at the suggestion 
of Professor A. A. Albert. 

§ Dickson, Algebren und ihre Zahlentheorie. 

|| Hasse, Theory of cyclic algebras over an algebraic number field, these Transactions, vol. 34 (1932), 
pp. 171-214. 

{| Deuring, Algebren, Ergebnisse der Mathematik, vol. 4, part 1. Deuring gives a complete bib- 
liography including references to the work of Darkow and Latimer. 
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p. 198), is a set of elements of Q with the properties: 

U: M contains the unity element. 

B: M contains an R-basis of Q. 

I: The elements of IM are integral; that is, they satisfy equations with 
rational integral coefficients, highest coefficient 1. 

C.: M is closed under addition. 

Cn: Mis closed under multiplication. 

M: M is maximal; that is, it is not contained in a larger set having the 
first properties. 

A set having properties U, - - - , Cn, is called an order & of Q. 

Each Q has infinitely many 3M of which special ones have been determined 
for certain Q by Dickson (loc. cit.), Darkow and Latimer, and for all Q by 
Albert.* It is the purpose of this paper to determine all I for each Q. 

First, every & is shown to have a certain simple form relative to an ar- 
bitrary generation of Q. Second, the necessary and sufficient conditions for a 
set of elements of this form to be a & are determined. Third, the maximality 
condition is introduced. Fourth, canonical generations of each Q found by 
Albert (loc. cit.) are described. Finally, conditions for the existence of maxi- 
mal orders 9 are determined by a study of the earlier results when expressed 
in terms of canonical generations. 

Throughout the paper we denote by g the maximal order of R. It is clear 
by Properties U and C, that every & contains g. Also, if 7; and v are fixed 
quantities and m and n are sets of quantities we write v:-m-+v2-n for the set 
of all quantities of the form 74+ 72, w in m and vin n. 

2. The form of an order. Any order & of an algebra Q has the simple form 
relative to an arbitrary generation Q =(a, Z), described in 


THEOREM 1. If & is any order of Q=(a, Z) the intersection m, of R and Z 
is an order of Z whose conductor is a positive integer c. There exists a unique 
m,.-modul n, which is a finite g-modul, of elements of Z, and a quantity d of Z 
such that 


(1) RK = 1-m. + (A+ u)-n. 


By the definition of m, and the order properties of & it is evident that m, 
is an order of Z. It is known that the conductor of every order of a quadratic 
field is a positive integer c, uniquely determining the order, such that c*d is 
the discriminant of the order, where d is the discriminant of the field. 

By Property B, & contains elements of the form »)+ wv, v~0 and 7 in Z. 
Let n be the set of all v, including y =0, which occur when all elements of & are 


* Albert, Integral domains of rational generalized quaternion algebras, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 164-176. 
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written in this form. By Property C,,, Rm.¢ KR whence nm, cn. Hence n is 
an m,.-modul since Property C. of & implies that n is a modul. 

To prove that n is a finite g-modul we prove more, namely, that & is a 
finite g-modul. For, & contains an R-basis, say vo, 71, ¥2, 13, of Q by Property B. 
Let q be any element of &. Then we have 


3 3 
hee >> aii, a; in R, qv; = De aii; G =0,---,3). 


i=0 i=0 
From these equations we get 


3 
T(qv;) - > >» aT (0,03) G = 0, de 3), 
i=0 
where all traces are in g by Properties C, and J. Solution shows that 
| T(v.v;)| ax is in g for k=0, - - - , 3, where | T(v,0,;)| =A(vo, - - - , 2s) is in g, is 
independent of g in & and is not zero since Q is semi-simple. This proves that 
R is a finite g-modul and it is evident, therefore, that n is a finite g-modul. We 
call A(vo, - - - , v3) the reduced discriminant of the R-basis vp, - - - , 23. 
From the properties of n just proved it follows in the usual way that there 
exist v:~0 and v2~0 in n such that n=”,-g+72-g. Then & contains quantities 
Voit Uri, Voo+UP2, Vor ANd vg in Z. By Property C,,, & also contains 


(vor + 41)(Vo2 + v2) = voor + avi ve + U(vo2 + Yevo1 ), 

whence 7y92+v201 is in n. By Property J, 

T(v01 + uv) = v1 + voi = g 
is in g. Hence 

VVo2 — V2vo1 = VVo2 + Vav0i — gv2 
is in n and there exist gi and go in g such that 
V\Vo2 — Vovo1 = £21 — £1"2, (vor _ £1)¥2 - (vo2 = go)". 

We define \ = (v1 — g1)/v1 = (voz— ge) /ve and prove (1). 

We have (A+)»1 =o +1 — g: in R by Property C, since g ¢ &. Similarly, 
(A+)ve is in R and hence by Ca, (A+u)n¢ 8. For an arbitrary »»>+w in &, 
whence » is in n, we have »p+uv=p+(A+u)v, w=vo—dv, where yu is in Z and 
also in & by Property C, and hence in m.. Since m.¢ R and (A+u)ncR, we 
have (1). 


An order m, of Z and a finite g-modul n of elements of Z such that nm, ¢ n, 
have g-bases of a special form needed later. We state* 


* For the first part of the theorem, see Fricke, Lehrbuch der Algebra, vol. 3, p. 249. The second 
part is easily proved as a consequence of the properties of n. 














4 RALPH HULL [July 


THEOREM 2. The order m. of Z, with the conductor c, can be written 
(2) m. = 1-9 + cw-g, w = (d + d'/?)/2, 
where d is the discriminant of Z. A finite g-modul n of elements of Z such that 
nm, ¢n, can be written 
(3) n=rgtrvg, v= (git cw)/ge, 
where ris in R and g, and gz are in g and such that 
(4) gr — cdg, + c*(d? — d)/4 = O (mod gz). 
3. The closure and integral conditions. Let m,. and n be given by (2), (3), 
and (4). Let 
(5) A= eo + ew, €) and e; in R, 
whence J is in Z. We consider the set 
(6) S=1i-m+ (A+ #)-n, 
of elements of Q. Evidently S has Properties U, C., and B, since 1 is in m., 
m, and n have Property Ca, and 2p, 21, v2, 13, where 
(7) % = 1, 1 = cw, ve = (A+ u)r, v3 = (A+ u)rv, 
is an R-basis of Q in S. We shall determine necessary and sufficient conditions 
that S have Properties J and C,,, and hence be an order of Q. We first prove 
Lema 1. The trace T(s) is in g for every s of S if and only if T(r) =k, and 
T (Arv) =k are in g. These conditions are equivalent to 
(8) rceo = {gi + c(d + 1)/2} ki — goke, 
rcdey = — (2g, + cd)ki + 2geks, 
with k, and kz in g. 


If s=u+(A+u)7 is in S, we have yw in m, and 7 in n. Then J(u) is in g 
and T(s) =7(u)+7 (An) is in g if and only if T(An) is in g. From (3) and the 
linearity of the trace function we obtain at once the lemma, where (8) is the 
solution of T(Ar) =k; and T(\vv) = ke for e€o and é. 

We leave Property J and consider C,, assuming (2),---, (8). Since 
m,.-m,.=m, and n-m,=n, it follows from (6) that S has Property C,, if and 
only if we have simultaneously: 


(9) u(A + «)n in © for every up inm., n inn, 
and 


(10) (A + u)ni(A + 4)n2 in S for every ni, n2 in n. 
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By (2) and (3) it is necessary and sufficient for (9) that cw(A+)r and 
cw(A+u)rv be in S. Using (2), - - - , (8) we find 


cw(A + u)r = — (g1 + cd)ki + goke + kicw + (A + u)cw’r, 
cw(X + u)rv = — gaki + gike + kicw + (A+ u'r, 
where g3g2 = g? +cdg,+c?(d?—d)/4, whence g; is in g by (4). Since cw’ is in m., 


cw’r and cw’rv are in n. Hence (11) shows that (2), - - - , (8) imply (9). 

Next, we have 
(12) (A + u)m(A + u)n2 = {a — N(A)} nine + (A + u)neTQAn), 
where V(A) =AX’. For every m, 72 in n, T(Am) is in g by Lemma 1 and hence 
n2T (Am) is in n. Hence, by (3), (4), and (12) it is necessary and sufficient for 
(10) that {a—N(A) } nf 2 be in m, in the four cases: m=2=7; 72 =; m=", 
12 =1; m=n2=rv. In the second of these cases (10) requires that r?{a—N(a) }» 
be in m, which holds, by (3), if and only if 


(13) ria— N(A)} = kage, ks in g. 


(11) 


It is readily seen that the first and third cases require no additional condi- 
tions. In view of (4), (13) is also necessary and sufficient in the fourth case. 
This completes the proof of 


Lemma 2. If the elements of S have integral traces, S has Property C,, if 
and only if (13) holds. 


We now return to Property J and prove 
Lemma 3. If S has Property Cn then S has Property I. 


It is plain that (7) is a g-basis of S. For any s in S we have 
: 3 
s= Dow, o; in g (i=0,---, 3). 
i=0 


By means of this basis, in the manner indicated in the Introduction, we form 
the representation of Q as an algebra of matrices of degree 4 with elements in 
R. In this representation s in S corresponds to a matrix with elements in g 
by Property C,,. Hence s is integral since it satisfies the characteristic equa- 
tion of this matrix. 

Combining Lemmas 1, 2, and 3 we have 


THEOREM 3. The set S in (6) is an order of Q if and only if (8) and (13) 
hold with ky, ke, and ks in g. 


4. The maximality condition. We now study Property M in connection 
with the reduced discriminant, for brevity, discriminant, of an order. 
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This is defined* for algebras Q over R, as the discriminant of any g-basis 
(see §2) of the order. By the following lemma, the discriminant of an order 
is independent of the g-basis. 


Lema. If %,---, V3, and uo,---, us, are two R-bases of Q, such that 
(uo, - + * , U3) =A(vo, - - - , U3), where A is a rational matrix of degree 4, then 


A(uo,- ++ , 43) = | A |2A(v0, +++ 5 03). 


The lemma is a well known consequence of the linearity and symmetry of 
the trace function. If the w’s and v’s are g-bases of the same order, | A|*=1. 
The discriminant of & in Theorems 1 and 2 is 


(14) A(R) = — ricta*d?/g?. 


This can be verified by computing the discriminant of the g-basis (7) of & 
by means of the lemma from A(1, cw, «, ucw) which is easily found directly. 

The discriminant of a maximal order J? of Q, which is invariant for all M, 
is called the discriminant A(Q) of Q. It is known (cf. Reichardt, loc. cit.) that 
m® divides A(Q), x* does not divide A(Q), for each of the primes 7 described 
in the Introduction, and that A(Q) is not divisible by any other rational 
prime. For the purposes of the next section it is convenient to define a» as 
the product of the z or as the negative of their product according as the num- 
ber of z is even or odd. With (14) and the lemma these remarks imply 
A(Q) = —a,? and yield 

THEOREM 4. An order of Q given by Theorems 1, 2, and 3 is maximal if and 
only if 
(15) ricta’d? = af g?. 


5. Canonical generations. We now describe canonical generations of the 
Q in 

THEOREM 5. Each Q has a canonical generation Q=(do, P), where ao is 
the quantity defined in §4 and P is any quadratic field with the following proper- 
ties. The discriminant of P is —p, where p is a prime such that p=3 (mod 4) 
and each prime factor of ao is a quadratic non-residue, while ao is a quadratic 
residue modulo p. The discriminant of Q is —a;,?. 


This theorem follows at once from theorems of Albert (loc. cit., Theorems 
1, 2, and 3) by verifying, either by the use of Hasse’s theory, or by computing 
the discriminant of the special maximal orders found by Albert, that the 


* See Reichardt, Die Diskriminante einer normalen einfachen Algebra, Journal fiir Mathematik, 
vol. 172 (1935), pp. 31-35, for the extension of the definition to the case of an algebra over an alge- 
braic number field and for the form of the discriminant in terms of ideals of the coefficient field. 
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quantity o of Albert’s Theorem 3 is the quantity a» we defined in §4. Similar 
canonical generations exist* for cyclic division algebras of odd prime degree 
over R. 

To express the conditions of Theorems |, - - - , 4 in terms of a canonical 
generation we replace a by a» and d by —p. We assume, without loss of gen- 
erality, that g>0 and r>0. Then from (15) we get g? =r'c*p?, go=r*c*p, 
whence g2= pg’, g in g, r=g/c. Next, (4) requires g:= ph, hin g, and 


(16) ph? — cph + c?(p + 1)/4 = gsg? = 0 (mod g?). 
From (5) and (8), we now obtain 

A= eo + ew, 
(17) geo = { ph —cp— 1)/2} ky — pgrke, 


ge, = (2h — c)ky — 2g*ke. 

Finally, we compute N(A) =AX’ from (17) and substitute in (13) which be- 
comes 
(18) do — gsk? + p(2h — c)kike — pg*k? = k3c?p = 0 (mod c’p). 
This completes the proof of 

THEOREM 6. Let Q=(do, P) be a canonical generation. Every maximal order 
M of OQ is of the form 
(19) M = 1i-m. + (A+ u)n, 
where 
(20) me=1-gt+oog, w= {-p+(—p)'"}/2, c2l ing, 
is the intersection of M and P; 
(21) n=rgt+r-g, r= g/c, v = (ph + cw)/pg?, 


where g and h are in g and satisfy (16), and d in Z is given by (17) for ki, and ke 
in g such that (18) holds. Conversely, if c, g, and h are such that (16) holds and 
there exists a solution ki, ke in g of (18), define m. and n by (20) and (21). Then 
if d is given by (17) with any solution of (18), Min (19) is a maximal order of 
Q whose intersection with P is m.. 


The question as to the existence of maximal orders MM, that is, the exist- 
ence of integers c, g, h, etc., satisfying the conditions of Theorem 6, is deferred 
to the next section. For the sake of completeness we here adjoin the multi- 
plication table of a g-basis of It in (19). No use is made of this in what follows. 
We have 


* Cf. Hull, these Transactions, vol. 38 (1935), p. 517. 


sa lies tint he. 





8 RALPH HULL [July 


M = vo-g + 1°G + v2°g + 23°G, 
v = 1, 1 = cw, ve = (A+ 4“)r, v3 = (A+ u)rv, 
where all quantities are as defined in Theorem 6. The following relations hold: 
Vodi = ViVO = Vi (i =0,---, 3) 
vy = — c°(p? + p)/4 — cpn, 
Vide = pgrke — p(h — c)ki + kits + pl(h — c)v2 — pgs, 
0103 = hpke = gski + kev; + £302 — hpvs, 
V1 = — hpve + pgrs, ve = perks + hire, 
Vov3 = hpks + kari + kis, V301 = — gate + p(h — c)vs, 
U3v2 = ph —- c)ks — k3v, + Rove, v3" gsks + kovs. 

6. On the existence of maximal orders. As a special case of a general theo- 
rem of Schilling* on division algebras of prime degree over an algebraic field, 
we have the following existence theorem. 

THEOREM 7. There exists a maximal order of Q=(ao, P) whose intersection 
with P is a given order m. of P if and only if c is prime to the discriminant of Q, 
that is, if and only if 
(22) : (c, ao) = 1. 

This theorem can also be proved directly by means of Theorems 5 and 6. 
We shall indicate a proof of the sufficiency of (22) later. The necessity can be 
shown as follows. If 7 is an odd prime dividing a the Legendre symbol 
(x/p) = —1 by Theorem 5. This is equivalent to (— p/m) = —1 by the quad- 
ratic reciprocity law and p=3 (mod 4). From this it follows that the highest 
power of x which divides any value of the quadratic form px?+y?, x and y in g, 
is even. Multiply (18) by 4g?, apply (16) and complete the square. There re- 
sults 


(23) p{(2h — c)ki — 2gtho}? + CRE = 4g2(ao — kac*P). 


If x divides c, evidently the highest power of 7 which divides (23) is odd since 
m® does not divide ao. This contradiction, with a similar one in case 2 divides 
do, implies (22). 

Henceforth let c=1 be fixed and assume (22). To determine all 22 whose 
intersection with P is m. we have first, by Theorem 6, to determine all 
n=n(g, h) of the form (16) and (21) such that (18) has solutions and then, 
for a fixed n, to determine the effect of taking distinct solutions of (18). We 
now seek a criterion for the n(g, 4) such that (18) has solutions. 


* Schilling, Mathematische Annalen, vol. 111 (1935), p. 376. 
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The quadratic form 
(24) f = f(ki, ke) = gk? — p(2h — c)Rike + pgrk? 


belongs to a class* of quadratic forms of discriminant —c?p, p=3 (mod 4), 
uniquely determined by n. For, f=c?pN (ker —kyrv) and a unimodular substi- 
tution on the g-basis (21) of n corresponds to a similar substitution on hk; 
and ke. A prime which divides each of gs, p(2h—c) and pg? divides c by (16). 
Hence, by (22), a necessary condition that (18) have solutions is that f be primi- 
tive. Then f has the following characters. If c>1, let 


(25) C= 2% p8qi™ >? qs** (q1 eee qs; 2p) = 1, 
be the canonical factorization of c into prime powers. If a=0 or 1, f has the 
(only) characters (f/p) and (f/g:) (i=1,---, 5s). If a=2, f has the (only) 


additional character 5(m) =(—1)‘"-»/?, m odd and represented by f. If a23, 
f has the (only) additional characters 6 and ¢(m) =(—1)‘""-»/8, m odd and 
represented by f. Since (do, c?p) =1 by (22) and Theorem 5, the Legendre 
symbols (ao/p) and (ao/q;) and the quantities 5(ao), €(a@o) if 6 and € occur for f, 
define a total character C(ao) for the discriminant —c?p. The congruence 
f=d» (mod c?p) is easily shown to have solutions if and only if the characters 
of f have the values prescribed by C(ao). This is the criterion sought. We have 
proved 


THEOREM 8. Let c be fixed and satisfy (22). Then (18) has solutions for all 
and only those m.-moduls n(g, h) for which the associated forms f are primitive 
and such that their characters have the values prescribed by C(a). 


The conditions of Theorem 8 lead to necessary conditions on the integers 
g. We first prove the 


Lemma. The form f associated with n(g, h) is primitive if and only if h can 
be chosen so that 


(26) (gs, c*p) = 1. 
If (26) holds (18) has solutions if and only if C(gs) =C(ao). 


The sufficiency of (26) for the primitivity of f is obvious by an earlier re- 
mark. To prove the necessity, first let 820. Then (18) requires (gs, p) =1 
and (16) implies g= p*go, (go, p) =1, A= p*ho. We cancel p”* in (16) and have 
(gs, p) =1. Moreover, (g3/p) =1. Second, suppose q;, for a fixed i, does not 


* If nis a regular m,-modul, that is, an m,-ideal, the class to which f belongs is primitive and cor- 
responds in the usual way (see Fricke, loc. cit.) to the ideal-class of the order m, to which n belongs. 

Tt See Dickson, Introduction to the Theory of Numbers, pp. 82-87, or, Studies in the Theory of 
Numbers, p. 37. 
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divide g. Then, without altering n(g, ), we can take (h, g;)=1 and have 
(gs, gi) =1 trivially. Moreover, then (g3/q:i) =(p/q:). If qi divides g, (16) im- 
plies g; divides 4. Then the primitivity of f requires (gs, g;) =1. Since h is 
uniquely determined modulo g? by n, in this case g; is uniquely determined 
modulo g; by n. Third, if a>0, we proceed for factors 2 as for q;. In this case, 
if g is odd, we obtain the additional results that g;=p (mod 4) or (mod 8) 
in case a=2 or a23, respectively, and if g is even, g; is uniquely determined 
modulo 4 or 8 in case a=2 or a2 3, respectively. 

The last part of the lemma is obvious since g; is represented by f and, if 
(26) holds, C(gs) is the total character of f. 

The additional conditions on g; stated in the proof of the lemma, together 
with the lemma, lead easily to the following theorem, the details of whose 
proof we omit. 


THEOREM 9. An integer g, such that (16) has solutions, leads to m.-moduls 
n(g, h) satisfying the conditions of Theorem 8 only if 


(27) g = 290i g0, (go, p) = 1, 


where 8 is given in (25), Q: is the product of the prime powers q#* in (25) for 
which (p/qi) #(ao/qi), and ao=0 if a=0 or 1, ao=0 or 1 if a=2 according as 
p—ao=0 or 2 (mod 4) and ap=0, a—1, a—2, or a—1 if a=3 according as 
p—a =0, 2, 4, or 6 (mod 8), respectively. 

It should be noted that go is required by Theorem 9 to be prime to , 
but not necessarily prime to 2Q,. Naturally, go must be such that (16) have a 
solution h. The sufficiency of (22) in Theorem 7 can be proved by showing 
that there exist n(g, #) satisfying Theorem 8 for g given by (27) with go=1. 
We omit the details of this proof. 

We now assume that n(g, /) is fixed and such that (18) has solutions. 
Let A“ and XA be given by (17) with solutions ky, ke and k,, ke, re- 
spectively, of (18). It is plain that M(A™) =M(A®) if and only if 


(28) (A — une MA) 


since IN(A®) is maximal. It is readily shown that (28) holds if and only if 
r(A —AM) and ro(A —A™) are in m, and that the conditions, written in 
(29) below, on the coefficients of w in these expressions are necessary and suffi- 
cient. In this way we obtain 

THEOREM 10. Let c and n(g, h) be fixed and such that (18) has solutions. 
Then for two solutions ki, ke and ki, ke of (18), and ® and X® defined 
by (17) with these solutions, M(A) =M(A) if and only if, simultaneously, 
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(2h — c)(ky® — ky) — 2g%( ky — ke) = 0 (mod c*), 


29 
- 2gs(ki\® — ki) — p(2h — c)(ko — ko) = 0 (mod cp). 


The conditions found in this section become very simple when c = 1. Then, 
by Theorem 9, we must have (g, p) =1. For every n(g, 2) with (g, p) =1 and 
c=1, the form f has the (only) character (f/p) =1=(ao/p), and (18) always. 
has exactly two distinct solutions modulo p which do not satisfy (29). More- 
over, without altering (18) modulo p, we may take ki=0 (mod 2g?) and then 
take ke such that e,=0. Then d is in g. The special maximal orders found by 
Albert (loc. cit.) are the I of Theorem 6 with c=g=1. Except for certain 
particular algebras Q (cf. Schilling, loc. cit.) it is not known that an arbitrary 
maximal order IN of Q contains the maximal order of some canonical splitting 
field P, nor, indeed, that Yt contains the maximal order of any splitting field 


of Q. 
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ON THE ZEROS OF SUCCESSIVE DERIVATIVES 
OF INTEGRAL FUNCTIONS* 


BY 
I. J. SCHOENBERG 


INTRODUCTION 
1. Let mo, m, m2, - + - be asequence of complex numbers and f(x) an ana- 
lytic function. The expansion in series of polynomials 
(1) f(x) = Df (mn) p(x), 
n=0 
where 
(2) (2) = f dx, f ya f "i (n = 1, po(x) = 1), 
"0 mm In—1 


was made the subject of important recent investigations by W. Goncharofft 
and J. M. Whittaker.{ Goncharoff calls (1) a generalized Abel series; it is 
readily found to be valid if f(x) is a polynomial and reduces to the Taylor 
expansion of f(x) about the point x=a if 7.=m= --- =a. Whittaker in- 
vestigated the expansion (1) in the case when every 7, =1 or —1§ and proved 
the following theorem ||| 


Let f(x) be an integral function for which 


—__. logM(r 1 
(3) pc wig 


ek Tr 


M(r) denoting the maximum modulus of the function on the circle |x| =r. Let 
{nn} be a sequence with n,= +1. Then the expansion (1) is valid in the circle 





* Presented to the Society, January 2, 1936; received by the editors November 19, 1935. 

t W. Goncharoff, Recherches sur les dérivées successives des fonctions analytiques. Généralisation 
de la série d’Abel, Annales Scientifiques de l’Ecole Normale, vol. 47 (1930), pp. 1-78. 

tJ. M. Whittaker, On Lidstone’s series and two-point expansions of analytic functions, Proceed- 
ings of the London Mathematical Society, (2), vol. 36 (1933-34), pp. 451-469. 

§ Whittaker actually considers the case 7,=0 or 1, which may be reduced to the case nn= +1 
by an obvious linear transformation of the x-plane. 

|| Loc. cit., Theorem 7, p. 468. A weaker form of this theorem, the number 1/2 on the right side 
of (3) being replaced by 1/(2e), is a particular case of a general theorem proved by Goncharoff, 
loc. cit., pp. 35-36, and by S. Takenaga, Proceedings of the Physico-Mathematical Society of Japan, 
vol. 13 (1931), pp. 111-132. 
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INTEGRAL FUNCTIONS 
1 

(4) |x] <—-1. 
Y 


An immediate corollary stated by Whittaker is as follows. 

If f(x) is an integral function satisfying the condition (3) and 
(5) fOr(— DFM) = 0 (s = 0,1,2,---), 
then f(x) =0 identically. 


2. Whittaker remarks, by consideration of the function sin (x+1)7/4, of 
type y =7/4, which satisfies (5) without vanishing identically, that the num- 
ber 3, on the right side of (3), can not be replaced by any number larger than 
m/4. He conjectures that 7/4 is the best constant in the condition (3). A 
verification of this conjecture is contained in the following 


THEOREM 1. Let f(x) be an integral function for which 


—— logM(r 7 
lim — wet. 





(6) 

ar) r 
Let {nn} be a sequence of real numbers, with —1<,S1. Then the expansion 
(1) is valid throughout the complex plane, absolutely and uniformly in every 
finite region. 


As above we have the following 


Corotiary. If an integral function f(x), satisfying (6), is such that every 
one of its derivatives f(x), f’(x), f’’(x), --- vanishes somewhere between —1 and 
+1, then f(x) =0 identically. 


It might be of interest to point out the following consequence which is 
obtained by transforming these results by means of z= (x+1)/4: 


Among all integral functions f(z) 40 which are such that f(z), f’(z), f’’(2), - - - 
vanish somewhere within the interval 0S2 <3, the function sin wz is the one of 
least growth. 


3. To establish Theorem 1 we shall use essentially the same tools with 
which Whittaker proved his results stated above. However, these did not 
suffice entirely in the present problem for the following reason. Whittaker 
could solve completely by his method the questions regarding the validity 
of Lidstone’s series (loc. cit., Theorem 2, p. 455) and of (1) in the case when 
”n=(—1)” (loc. cit., §6, p. 458), because the polynomials of both these ex- 
pansions reduce essentially to Appell sequences, and could thus be conven- 
iently estimated by means of their generating functions. Our polynomials (1) 
(—1<7,1) do not form an Appell sequence, for, in the successive integra- 
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tions in (2), the lower limits of integration proceed in the wrong direction, so 
to speak. This difficulty is overcome by the consideration of the polynomials 
(21) which do form an Appell sequence. The solution of an extremal problem 
(Lemma 1) leads to an estimate for the polynomials (21) (Lemma 2) which 
holds uniformly in the n’s within (—1, 1); then surely this result may be ap- 
plied to the polynomials (2) as well, provided —1 <7, <1. 


I. AN EXTREMAL PROBLEM CONCERNING THE POLYNOMIALS ,(x) 


4. An important step in the proof of Theorem 1 is the solution of the fol- 
lowing extremal problem: Let p,(x) be a real polynomial of degree n(>0) of 
the form p,(x)=x"/n!+ ---. Let pa(x), pu (x),---, pai*-?(x) all have at 
least one zero within the interval —1 <x <1. What is the largest value of | pn(0)| ? 

This problem is solved by the following 


Lema 1. The largest possible value of | p,(0)| is | P.(0)|, where 


(7) P, (x) = f dx; dx2--- f dxn. 
- ( 


1 +1 —1)" 


As 


(8) pn(x) = f . f 


% ” 


dvy--- f dx», (—1 <7 81) 
1 n-1 

is the general type of polynomials considered in our extremal problem, 
Lemma 1 is equivalent with the following inequality 


0 x In-1 0 1 In-1 
f dx, dxe--: f as f ax f dx2--- f dxXp, 
1 +1 (-1)” % mn On 


if—1is» 31. 


IV 


(9) 


’ 











We shall find it more convenient, however, to prove the more inclusive in- 


equality 
(10) If dx, dxe eee f dx, f ax f dx2 em f dxn 
-1 +1 (-1)" % n —< 


#f05251,-15%51. 
We shall therefore prove that for any fixed x, with O<x<1, |P,(x)| is the 
largest possible value of | pn(x)| .* 
Let 


IV 











* This implies, for reasons of symmetry, that, if —1<2<0, the largest possible value of | pn(x)| 
is | Pa(—2x) | . The answer to our extremal problem is an entirely different one if x has a fixed value, 
with |x| >1, and is of no interest in the present investigation. 
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®,(x; n) an ®, (x; No, N1,°°* Nn—1) 


fen] [en] f dxXn 
N% 1 %n-1 


From (7), (8), and (11) we get 
®,(x; 2) =| pa(x)|, ®,(x; — 1,---,(—1)") =| Pa(x)| ; 
hence (10) will be proved if we can show that 


®, (x; = 1, pie (- 1)”) 2 ®,(x; N0,°*"* y Nn-1) 5 


forrOSxS51,-1S5781. 


(11) 











(12) 


Let x(0 <x <1) be kept fixed; ©,(x; 7) isa continuous function of (mo, - - - , mn-1) 
and (12) states that it reaches its maximum value within the cube —1<7,51 
at a certain corner, namely, (y)=(—1,---, (—1)”). We shall prove now 
that the maximum value within the cube is necessarily attained at some one of 
the 2” corners (n,= +1) of the cube. For let (mo, m,---, mn-1) be a point at 
which the maximum within the cube is reached. From (11) it is obvious that 
—1<n0<1 is impossible, for ,(x; 7) can be further increased by increasing 
the difference | x—no| . Hence no= +1. Let 


(13) »"=+1 £=(=0,1,---,k-1), -1<m<1, 


where k may take any value from 1 to m—1. In view of (13) we can write 


(14) &(x30) = f 6 f 


where the integrand | /7*®,_1-:dx.4:| is integrated in the ordinary sense over 
a certain polyhedral domain D, in the space of the variables (m, --- , xx), 
which is entirely contained within the cube —1<%,<1 (v=1, 2,---, k).* 
In equation (14) we now keep everything fixed but 7;, which may vary from 
—1to +1. In view of the formula 


te) 


One 





Tk 
f Py n—1( e415 Met, ms »Nn—-1) OXe41 dx,--: dx, 
1% 





zk 
f @y_n—1( e413 Wisle °° 9 Nn—1)dXk41 
1 


= D,_4-1(me; Me+1, °° * » Mn—1) SBN (Me — Xx), 


(14) gives 


* Thus if k=3, n= —1, m=—1, m= +1, then 
#,(2; 1) =/"dnf“idmaf,, 
and the domain D is defined by the inequalities 
—18%S2, —lsmSn, SxS. 





I 9° Pn—adxa| dx3 


by 
i 
} 
! 
4 
: 
: 
| 
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( ) 
Pp, x; Ul 


= D,_4-1(0k} M41, °° * 5 ma) f oD f sgn (ne — %,)dx1--- dxx. 


The integral on the right side of (15) is a non-decreasing continuous function 
of n. which has the value (— volume D) for n,=—1 and (+ volume D) for 
n. =1; moreover this non-decreasing function may have only one interval of 
constancy at one end of the interval (—1, 1) and the function can therefore 
vanish at one point only, say n.=&. The first factor ®,_.1(x; - - - ) on the 
right side of (15) is a continuous and positive function of , which vanishes 
only for ne=nx+1. Hence 0®,/dn,, as given by (15), vanishes for 7.=&, 
Nk =Nx41; for any other value of 7;, however, it is <0 or >0, according as 
ne <£ or n.>£&. Hence, as n; varies from —1 to +1, ®,(x; 7) will decrease to 
a certain minimum value to increase thereafter for the remainder of this in- 
terval. This shows that our assumption (13), namely, —1<7,; <1, is impossi- 
ble. The point where ®,(x; n) reaches its maximum must therefore be found 
among the 2” corners of the cube —1 <n, <1. 

5. It suffices therefore to prove the inequality (12) under the restricted 
assumptions that all 7,=+1 (and 0<x<1, as throughout our discussion). 
Now all but one set of the absolute value signs in (11) may be dropped and 


we can write 
z 1 Zn-1 
®,, (x; n) = lf ax f dx oN gd f dxn (n, = + 1). 
No " us 


®,,(x; 1, me" Ss Nn—-1) _ ®,(— *,— 1,  - o eee Nn—-1) 
&,(z; — 1,—m,--- » — %a-1); 
it suffices to consider the case no= —1 only. For n=1 (12) is true. We assume 


now (12) to hold (for n,= +1) if n is replaced by any number m<n. We shall 
prove the inequalities 


(16) ®,,(x; wat 1, + 1, ris oe (- 1)”) = ®,,(x; a 1, + 1, n2, eee » Ma—1), 
(n, = = 


(17) ®,, (x; = 1, + 1, ace (— 1)”) P- ®,,(x; saa 1, ~ 1, 2,°°° » Mn—1), 
(n, = = 


which cover all remaining possibilities. 
To prove (16) we write 
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0 
®,(%; — 1,---,(— 1)*) -f $,-1(4%1; 1, — 1,--- dx 


-1 
+f ®,_1(%1; 1, —- 1, Bae )dx1, 
0 


fs; - 1,---,(- D9) = fee w1;—1,+1,--- )dx 
(18) 


-1 
z 1 
+f ax f ®,_2(%2} si 1, + 1, iste )dxe, 
0 z 


and correspondingly 


®,, (2x; = 1, + 1, N2,°°° » Mn—1) -f ,_1(— 15; — 1, ‘eet aa dx, 
-1 
(19) P : 
+f ax f ®,,_2( X23 ne, fate Nn—1)dX2. 
0 zy 


In the first integrals in (18) and (19) we have 0 < —x, <1, and therefore the 
integrand in (18) is = the integrand in (19), on account of our assumption. 
In the second integrals in (18) and (19) we have 0<%2.<1 and for a similar 
reason the proof of (16) is completed. 

In order to prove (17) we consider the function 


g(x) = ®,,(x; ne 1, + 1, ae (— 1)") = ®,,(x; boa 1, = 1, 9a,°°° » Nn—1) 
and we have to prove that 
(20) g(x) 20 if OSx81. 


This will be done in three steps. We show first that g’(x) is a non-increasing 
function. Indeed 


z 1 z x 
g(x) -f ax f ,_2(%2; — 1,--- )dxe -f av f ®,,2(%2; n2,-- + )dxe2, 
all Z = ~i 


whence 


z 


1 
g(x) = f ®,2(%2;— 1,--- )dxe— | Pn_o(xe; m2,--- )dxe, 

z -1 
which proves the statement, for g’(x) is a sum of two non-increasing func- 
tions. In view of this fact, (20) will be established if we can show that g(0) >0 
and g(1) 20, i.e., that (17) holds for x=0 and x=1. To prove (17) for x=0 
we notice that 
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0 
®,,(0; al 1, 1, re (— 1)”) -f ®,_1(%1; 1, —_ 1, iets dx, 


onh 


0 
-f ,1(— ¥1; ae 3, + 1, Bo 1, 2 te )dx1; 
~ 


similarly 


0 
®,,(0; ae 1, a 1, "2, siiathes ) -f $,_1(— 1; 1, ~~ )dxy, 
= 


and the integrand of the second integral is superior (=) to the integrand of 
the third integral since 0 < —x,<1. To prove (17) for x=1 we notice that 


1 
®,(1; me 1, es :, N2,°"* ) -f ®,-1(%1; moe 1, n2, ey )dx, 
= 
1 
-f ,_1(— *1; 1, = ae dx, 
= 


1 
-f ®,_1(%1; 1, — n2,- ++ )dxy 


1 
= @,(1; — 1,1, — 93,--- ) 
@,(1; — 1, i,-1,---,(- 1)"), 


the last inequality resulting from (16) for x=1. This completes the proof of 
Lemma 1. 


II. AN ESTIMATE OF p,(x) OF LOWEST ORDER IN ” FOR 1 


6. Instead of the polynomials »,(x) defined by (2) we shall now investi- 
gate the sequence of polynomials 


(21) ga(x) -f ax f Pe fa, (—15 9S 1; 40x) = 1). 
uy) 


%n—1 %n—2 


This is a sequence of Appell polynomials, i.e., satisfying the recurrence rela- 
tion g, (x) =qg,—-1(x). It is known and easily shown* that the g,(x) have a 
generating function of the type 


(22) ertf(t) = >) gn(x)e”, 


where 


* P. Appell, Sur une classe de polynémes, Annales de l’Ecole Normale, (2), vol. 9 (1880), pp. 119- 
144. 
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a 


23 ee ee ee eee 
(23) f® = ae aay . 


This series, if multiplied formally with the power series expansion of e*', gives 


1 n 
(24) Qu(x) = —\" + ( Jaen +-:-+ on} ; 
n! 1 


A particular sequence of polynomials of the form (21) will be of special inter- 
est, namely, 


(25) vlad = f ” ili J —_— or f de «= awe, 
—1)" -1)"" -1 


To find the generating function 


io} 


(26) e*'g(t) = Do ra(x)im 


n=0 


of the polynomials r,(x) we note that they are characterized among all Appell 
sequences by the conditions 


r(+1)=0 (n= 2,4,6,---), r(—1)=0 (n =1,3,5,---); 


these conditions are equivalent to the requirement that e‘g(#)—1 be an odd 
function of ¢ and e~‘g(¢) be an even function, i.e., 


e'gt) -1 = —e-'g(—t) +1, =e *g (t) = 'g(— 8), 
whence we get 
g(t) = e' sech 2¢. 


Now (26) becomes 
(27) e*t+))t sech 2¢ = + r,(x)t”. 
n=0 
7. A convenient expression for 7,(x) can now be found by a customary 
method. Let 


(28) rn(x;p) = ns t-"-le(z+)t sech 2¢ dt, 
2rid \t\=p 
where the integration is taken in the positive sense of rotation along the 
circumference |¢| =p. 
Noting that ¢= +7i/4 are the only (simple) poles of sech 2¢ within the 
circle |¢| <1, we find by Cauchy’s theorem of residues 
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(2: 1) ( =) - (- a—(2y" {cr} e. +1) ~~ 
i — oF 2 ’ snfa’  -’ (ncaa S’ 


where on the right side we have the factor cos (x+1)7/4 or sin (x+1)2/4, 
according as m is even or odd. In view of (27) we have 


(= GZ) om 
Tr\ X; 3 = 7,(x 
and finally 


29 es (— 1/21) “\" * T +1) 4 7(231 n even 
( ) r,(x) = ( & 4 (x TAX; ), sees I 


2 T sin 


where 


(30) | rn(x;1)| (2ny-elet f | et sech 2¢| - | dt]. 

[ej—1 
Formulas (29) and (30) reveal some interesting properties of these polynomi- 
als, as, for example, the relations 


on(X) v Ten+1(X) Tv 
> tem——- oo 1), li = sin — 1), 
( bev ron(— 1) ~ 4 (s - ) js Ten+1 1 4 " * ) 
which hold uniformly throughout any finite domain. For our present purpose 
we shall need only an estimate for |r,(x)|. Formula (29) is equivalent to 
x 


4\"1 wx T 
r,(x) = (— 1) (=) 2-4( cos + (— 1)""'sin =) + r,(x; 1); 
T 4 4 


as both | cos (rx/4)| and |sin (rx/4)| are <cosh (|x| /4), it follows that 


r| «| 
4 


+ Kel?!, 


4\"+1 
(32) | ra(x)| < (=) 2-1/2 cosh 
us 


where 
1 
(33) K =— | et sech 2¢| - | dt|. 


2r [e|—1 


8. From (32) an estimate for ¢,(x), defined by (21), may readily be found. 
For let 


Ta * n!| rn(0) | ; 


(25) shows that the sign of r,(0) is (—1)!"/*), hence the general formula (24) 
gives 
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+(*) ne - (F) ae ™ (5) ne + vee (= 1)lely 
1 2 3 nc 


Substituting here | x| /i for x, we get 


Tn( | x | #-") 


ie My hed n _[n 
= —flelt+ i(*) al el + (5) a |"? + i(”) asle|-* + e A, 


whence, by the inequality | a| +|5| <2"/?|a+7b| for a and b real, 


1 n n 
{lel +(*)alal+ (F)nleltt tat 


34 
(4) < 2| 14(| «| H)|. 


By Lemma 1 we have 
m!| qn(0)| =| an| < !| 7.(0)| = yn, 
and now (24) and (34) give 
| gn(x)| S 2¥*| r.(| #| #4)|. 
This inequality and (32) give an estimate for g,(x). As the order of the lower 


limits of integration 7, (—1<7,<1) in (21) is now immaterial, since the re- 
sult holds for arbitrary 7,, their order may now be reversed. This proves 


Lemma 2. If 


(35) pr(x) = f dx, Joan tae fax, 


%n—1 
(-—13 31,7 =0,1,---,#—1), 
then 


4\"+1 
(36) | p(x) | < (=) cosh 
us 


| x | + 2'/2Kelzl * 


where K is the numerical constant defined by (33). 


* Goncharoff’s general estimate 
(36’) | Pn(x)| $(|x—m0| +] mo—m| + + =~ +{m2-2—2n-1|)"/n!, 
which holds for arbitrary values of all quantities involved, is very favorable if mn, tends to a limiting 
value for n—; it is less favorable, however, if, for example, 7,=(—1)"*1. To establish his re- 
sults mentioned in the introduction, Whittaker used the estimate ; 
(36”’) | pn(x)| S4e°(1+| |)” for |x] >1, (m= +1). 
This estimate leads only to a finite region of convergence of (1), for functions f(x) with the property 
(3), because the right side of (36’’) is very large for n— ©, if | x| is large, whereas (36) permits to 
show that (1) converges in the whole plane if f(x) satisfies (6) and —1S,S1 (§3). 
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III. CONVERGENCE OF THE ABEL SERIES EXPANSION (1) FOR —1S7,51 


9. Theorem 1 can now easily be proved. We need the following simple 
and well known lemma. 


Lema 3. Let f(x) be an integral function for which 
(37) 


Then, if l>k, 

(38) |f™O)| <i for n= nd(l). 
Take l’ such that k</’ </l. By Cauchy’s inequality 

M(r)n! ‘ e’''n! 


> y* 





| f™(0) | < 


Taking r=n/I', this gives 


e 


! en! /l'\” 
| #0) | < = (;) Vc (n = mo). 


"n 
n” n” l 


If f(x) is an integral function we have, working formally with the expan- 
sion (1), , 
oo va (n+7)(Q) oo nh 
SI mpe= LO vps) = DIO D = pate) 


n=0 m=0 n+r=m 


(39) 


m 


f™(0) — = f(x), 


n 


x” = no" + mm”pi(x) + --- + m!pn(x) = m! = pn(x), 


n+r=m 
as a result of (1), if applied to f(x) =x". The formal relations (39) are cer- 
tainly justified for | 7,| <1, if the double series 


22, 3 
(40) LL SI fet?) | - | pal) | 
n=0 r=0 7; 


is convergent. Let f(x) satisfy (37), then (38) holds for ]>k. On the other 
hand (36) gives 


4 n 
| pr(x)| < (-) A(p) + B(p) for | x| < p. 
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Hence (40) is dominated for | x| <p by the series 


) 0 1 4 n 
p mie 3 = Her} (=) A(p) + Oy 
) 4 n 
=> neir}(~) A(p) + Bo) , 


n=0 


(41) 


H being a suitable constant. If k</4, we can choose / such that k<1<7/4, 
hence 4//m <1 and also /<1. Then both series (41) and (40) converge and the 
expansion (1) is valid and absolutely and uniformly convergent in |x| <p for 
p arbitrarily large. 


Added in proof, June, 1936. The question whether or not the conditions 
—1<n,<1 of Theorem 1 may be replaced by | 7,/| <1 is still open. A general 
theorem of S. Takenaka,* if suitably specialized, insures the validity of (1) 
around the origin under the assumptions | n,| <1, provided y < log 2. With 
the method of the present note the matter hinges upon an extension of 
Lemma 2 to the case | 7,| <1. The estimate (36) may well hold under these 
more general assumptions. 


* On the expansion of integral transcendental functions in generalized Taylor’s series, Proceedings 
of the Physico-Mathematical Society of Japan, (3), vol. 14 (1932), pp. 529-542; see also the recent 
Cambridge Tract of J. M. Whittaker, Interpolatory Function Theory, Cambridge, 1935, where the 
same problem is pointed out as unsolved on p. 45. 


SWARTHMORE COLLEGE, 
SWARTHMORE, Pa. 








PERIODIC ONE-PARAMETER GROUPS 
IN THREE-SPACE* 


BY 
DEANE MONTGOMERY? AND LEO ZIPPIN 


Introduction. We shall consider a one-parameter group of homeomor- 
phisms of euclidean three-space, here designated by E, into itself. We shall 
postulate for our group a certain weak periodic character with respect to the 
points of E and shall show that it is closely related to the rotation group of 
three-space. In particular it will be easy to determine when it is topologically 
equivalent to that group. In anticipation of the explanatory remarks of the 
next section, we may formulate our principal theorem as follows: 


A continuous one-parameter group T(x; t), 
xeE, —-a<ti<ce, 


of pointwise-periodic homeomorphisms of E into itself, whose period function is 
bounded in every sphere, is a topological quasi-rotation group. In particular, 
it is the topological rotation group whenever the period function is constant over 
the moving points. 


1. To make clear the meaning of the theorem, let us denote by R a fixed 
euclidean three-space of reference, given in cylindrical coordinates: (r, 0, z). 
Let F(r, z) be any positive continuous function defined for all z and all r>0. 
For a fixed real number ¢, the correspondence 


Tr(r, 0, 2; t): (r, 0, z) > (r, 0 + 2x[F(r, 2) ]t, 2) 


defines a homeomorphism of R into itself which we shall call a quasi-rotation. 
The totality of these mappings, for all real ¢, is a group and we call it a quasi- 
rotation group. In particular, when F(r, z) is constant, it is the rotation group 
and is independent, topologically speaking, of the value of the constant. Now 
let H denote any homeomorphism of R into E. Corresponding to each #, 
for a fixed F(r, z), H induces a homeomorphism of £ into itself: their totality, 
for all ¢, will be called a topological quasi-rotation group of E. The proof of our 
theorem will consist in constructing a suitable function F and homeomor- 
phism H. 

2. In accordance with our premises, let T(x; ¢) be a one-parameter group of 
homeomorphisms of E such that 


* Presented to the Society, September 12, 1935; received by the editors June 12, 1935. 
t National Research Fellow. 
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(i) T(x; ¢) is continuous simultaneously in x and ¢; 
(ii) to each solid sphere S in E there corresponds an integer NV such that 
if xeS there exists at least one /=i(x) for which 


T(x; 8) = x, 0<i<N. 


For each x the set of points T(x; ¢) is a continuous image of the set of real 
numbers. It will be called the orbit of x and designated by O,. The set of real 
numbers ¢ for which T(x; #)=x is a closed subgroup (not the identity) of 
the real additive group, depending on x, and O, is homeomorphic to the corre- 
sponding factor group. Therefore O, is either a simple closed curve, the 
homeomorph of a circumference, or the single point x. When O,=x2, x will 
be called a fixed point and said to have the period zero. Otherwise x will be 
called a moving point and its period p(x) will be the least positive number for 
which T [x; p(x) ]=x. By condition (ii) the period function p(x) is bounded 
in every sphere. By the group property it is constant over each orbit. The fol- 
lowing lemma is quite easy. 

Lemna 1. If the sequence of points x, converges to a moving point x, and the 
sequence of numbers p(x,) to a number p, then p is a positive integral multiple 
of p(x). 

As an immediate corollary p(x) is lower semi-continuous. 

3. The orbit-space E*. If the point y is in O,, there is a ¢, OSt< p(x), 
such that 7(x; ¢)=y. It is a trivial consequence of the group property that 
two orbits have no point in common unless they coincide. Further, if any 
sequence of points x, converges to a point x, then 


>» Ox, > Oz 
by condition (i), and 


On 1 pw ¢ O: 


in virtue of the boundedness of the period function. That is, O,=lim O,,. 
We may conclude that if the points x, converge to the point at infinity, that 
is, properly diverge, then any sequence of points drawn from the correspond- 
ing orbits must properly diverge. It is convenient to adjoin to E the point 
at infinity, P.,, thus obtaining a closed three-sphere E. We shall extend T(z; ¢) 
by the following definition: T(P.,; t) =P... for all ¢. In this way P. becomes its 
own orbit and is a fixed point. The extended function remains continuous 
simultaneously and it is still true that if x,—>x, then O,,—0,. 

We can now construct the important auxiliary space E* whose points are 
in 1-1 correspondence with the orbits of Z, and which we may suppose 
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metrized.| The continuous single-valued correspondence of E into E* we 
shall denote by L. If a is any point of E*, the inverse L—'(a) is an orbit, and 
A is a closed set in E* when L~(A) is closed. Finally since E is compact, con- 
nected, and locally connected, E* will have all of these properties. It will be 
proved later that E* is homeomorphic to a closed 2-cell. We may now define 
for every a in E* a function p*(a) which has as its value the constant value 
assumed by p(x) on L-'(a). The function p*(a) is lower semi-continuous. 
4. Let F denote the set of fixed points of E, M the set of moving points, 
D the subset of M at which p(x) is discontinuous, and C the subset of M 
where p(x) is continuous. Then E=F+C+D, these sets being mutually 
exclusive. It is clear that F is closed, and it is not vacuous since it certainly 
contains P,,. We shall assume that F does not exhaust E, as otherwise the 
analysis of T(x; ¢) is trivial. Then M=C-+D is open and not vacuous. It is 
clear that E*=L(F)+L(C)+L(D), the three sets being mutually exclusive. 


Lemma 2. The set C is open and not vacuous. 


This is an easy consequence of Lemma 1. There is no reason, a priori, 
why D should be vacuous, but we shall see later that it is. 

The system of orbits contained in M is readily shown to be a regular 
family as defined by H. Whitney.f{ It is in fact a very special type of such 
families and we shall therefore be free to exploit the “cross sections” which 
he has introduced to obtain what shall here call a true section. 


Definition. If A is a subset of E*, any relatively closed subset K of 
L-(A) which cuts each orbit of L-'(A) exactly once will be called a true section 
of L-'(A). It is clear that K will be homeomorphic to A. 

By Lemma 2, D+F is closed; it follows that L(D+F) is closed and that 
its complement L(C) is open in E*. 


Lemna 3. If b is any point in L(C) there is a neighborhood U of b such that 
L-(U) contains a true section. 


Let U; be any neighborhood of 6 contained in L(C). The orbits filling 
L-(U,) constitute a regular family, so that if g is any point of Z~'(b) there 
exists a set S which is a cross section through q of the curves filling Z~-'(U;) 
[in the sense of Whitney |. Let R,, be the closed sphere of center g and radius 
1/n. The set R,-S is a cross section through g.§ It will now be shown that for 
some n each orbit contains at most one point of R,,-S. Suppose, contrariwise, 
that in each set R,,-S there is a point g, such that O,, cuts R,-S in a second 

t See Hausdorff, Mengenlehre, 1927, p. 145, for a definition of distance between closed sets. 

t Annals of Mathematics, vol. 34 (1933), pp. 244-270. 


§ We shall not repeat the definition and properties of the Whitney cross sections, except by 
implication. 
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point r,. There is then for each a number #, such that |¢,| <3 p(g,) and 
such that T(q,; tn) =rn. Since p(x) is bounded in every bounded set, it may be 
assumed that {t,} converges to a unique limit fo. The sequences {g,} and 
{r,} converge to q, so that g=lim 7,=lim T(gn; tn.) =T(q; to). On account of 
the continuity of p(x) and the fact that |¢,| <3p(g,) it follows that t)=0. 
Consider now the arcs ¢,d, made up of points T (gn; #)[—| tn] <t<|tn| ]. These 
arcs contain q, and r,. But if g’q’’ is any arc of O, containing gq, and X is 
any number, it is easy to see that for some 1, there is an arc c,d, contained 
in an arc of the A-neighborhood (in Whitney’s sense, loc. cit.) of g’q’’. Since 
this is in contradiction with his cross section, we may conclude that there 
must exist an ™ such that each orbit which cuts R,,-S cuts it exactly once. 

The set R,,-S is mapped in a 1-1 manner on the set L(R,,-S). Because 
R,,:S is compact this mapping is a homeomorphism. From the properties 
of the Whitney section the set Z(R,,,-S) must contain all points in some neigh- 
borhood U of 6. If K is the part of R,,-S which is mapped into U, K is a true 
section of L-1(U). 

5. In this section we shall investigate the nature of the inverse images of 
certain simple sets in E* preparatory to showing that E* is a closed 2-cell. 


Lemna 4. If a8 is an arc in L(C), then L-\(aB) contains a true section and 
is homeomor phic to the product of a circle and a segment. 


About each point b of a8 choose a neighborhood U such that L~-!(U) con- 
tains a true section K. Any subarc a(; of a8 which lies in a single U is clearly 
such that L-'(a,8;) contains a true section aj 6 . Since a8 may be covered by 
a finite set of the U’s mentioned above, there is on af a set of non-overlapping 
arcs (aa), (a1), -- - , (@n—-1@n) Whose sum is af and each of which is in a 
single U. Let ai_1a/ be a true section of L—(a;_,0;). There is a real number (; 
such that T(az’ ; 4.) =a/ . Consider the arc ag’ af +T(ail’ ad ; t:).¢ This arc is 
a true section of L-!(acai+aia2) obtained by turning the true section of 
L-(a:a2) so that its first end point matches with the last end point of the true 
section of L~'(aoa:). By making successive turnings of this type, we obtain 
an arc a’B’ which is a true section of L~(a8). 

If J is the unit interval and C; is a circle of circumference 27 we can show 
that L-'(a8) and the product-space JxC, are homeomorphic as follows. Let 
h(x) be any homeomorphic mapping between a’f’ and J. Suppose now that y 
is a point of L—'(a8) which is on the orbit cutting a’B’ in x and suppose that 
T(x; t)=y where 0<i<p(x). Then because of the continuity of p(x) in C, 
a homeomorphism between L-'(a8) and JxC, is defined by the correspond- 
ence: y—h(x)x2nt/ p(x). 


t This shall denote the set of all points x such that x= T(x’; t:) for some x’C at! as. 
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Lema 5. If the arc a8 is in L(C) except for the point a which is in L(F), 
then L—(aB) has a true section and is a closed 2-cell. 


Express a8—a as >..,0, where the o,’s are consecutive closed arcs, on 
and ¢,4: abutting at a common end point 8,. Let S, be a true section of 
L-(¢,). The end points 6; and by of S,; and S: respectively, corresponding to (,, 
lie on the same orbit. Choose a ¢* so that 7(b/ ; *) =0;. The arc S/ =T(x; é*), 
x ranging over Sz», is also a true section of L-'(2), and S,+Sz is a true section 
of Z~(o,+¢2). Continuing this indefinitely we obtain a true section K of 
L-(aB —a). It is clear (compare §3) that if f denotes the fixed point L—(a), 
K +f is closed and is the desired section. That L~'(a@) is a 2-cell is now trivial. 


Lemna 6. If J is a simple closed curve in L(C), then L—(J) contains a true 
section and is a torus. 


We express J as the sum of two arcs ayf and ay’. Let ach and a’c’b’ be 
true sections of L~'(ay8) and L—(ay’B) respectively. Choose ¢ and ?#’ so that 


T(a; 4) =a’, T(6; t’) = B’. 


Let # be a continuous function defined for all x of acb which has the value ¢ 
at a and /’ at b. The set of points 


T[x; h(x)], x in ach, 


is a true section of L~'(ay8), and is an arc whose end points coincide with 
a’ and b’ respectively. Together with the arc a’c’b’ it gives the desired true 
section of L~'(J). That L-'(/) is a torus can now be seen by defining a homeo- 
morphism similar to the one used in Lemma 4. 

6. We shall devote this section to proving that D is vacuous. A certain 
type of set used below will first be described. Let B be the product of a circle 
and an interval, in other words a bounded cylinder. Let points of the base 
be specified by an angular coordinate 6 (0 <@ < 27) and on one base of the cyl- 
inder identify sets of k points of the form 6+2nmr/k (n=0, 1,---, k—1). 
Any homeomorph of this figure is called a twisted strip of index k. 


Lema 7. Let a8 be an arc which, with the exception of a, lies in L(C), and 
which is such that as x approaches a along a8, p*(x) approaches kp*(a). Then 
L-"(aB) contains a true section and is a twisted strip of index k. 


We observe first that L~'(a@) is locally connected. For let g be any point 
of this set, U, the open sphere about g of radius e. There is an open arc of the 
orbit O, which contains g and lies entirely in U,. Let 6<e be such that the 
sphere U; about g does not intersect O, except in points of the open arc. Let 
y =L(g). It is clear, by §3, that there is an arc a, open in af and containing y, 
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such that every orbit in L—'(c) intersects U;. Let Q be the subset of L-'(c) 
consisting of all points x such that x = 7(#; #), where z is some point of U; and 
T(z; t) is in U, for every t, O<iSi if ¢>0, and for every ¢, O2t2 if ¢<0. It 
is now easy to see that Q is connected and open in L~'(a8). Hence L-"(a8) is 
locally connected. 

Therefore if g is any point of L~'(a) and S is a cross section through q of 
the regular family filling L-'(a8), S is locally connected.t Then there must 
be an arc gr which is contained in S and which has gq and no other point on 
L-“(a). 

It will now be shown that gr cuts no orbit more than once. For, if it 
did, it would contain a proper subarc r’r with the same property. Now 
r'rc L-(a’B), where a’B is a proper subarc of af. In virtue of Lemma 4, a 
quite elementary argument will show that there exists a point v of r’r and 
there exists an arbitrarily small arc ¢ on the orbit of v, containing v as inner 
point, such that on arbitrarily near orbits (possibly on O, itself) there exist 
arcs arbitrarily near to o (in the sense of Whitney) which meet r’r (therefore 
S) in at least two distinct points. Hence the first condition that S be a cross 
section (Whitney, loc. cit.) fails at the point v. Therefore gr cuts all orbits 
at most once. 

It follows that gr is mapped homeomorphically on a subset af; of a8 and 
a; is an arc. If 8, is different from 8, there is an arc Bj 8’ which is a true sec- 
tion of Z-'(8,8). By turning 8 8’ so that B/ coincides with r we obtain an arc 
which we denote by gr’ and which is a true section of L~'(a@). 

That the surface swept out by gr’ under the action of the group is a twisted 
strip of index k may be seen as follows. Let Q be a cylinder which is the 
product of K and J, K being a circle of circumference 27 and J being a unit 
interval. Let y be any point of L~'(a8) and denote by x’ the point in which the 
orbit through y cuts gr’. Let ¢ be such that T(x’; t) =y[0<t< p(y) ]. Let h(x’) 
be a homeomorphism carrying gr’ into 7. Now consider the following corre- 
spondence. If y is in L-(aB—a), y corresponds to h(x’)x2mt/p(y). If y is in 
L-(a), y corresponds to h(x’)x2mt/(kp(y)). This determines a correspond- 
ence between L~'(a@) and certain points of Q. However, when the proper 
identifications are made on Q to make it a twisted strip of index k, the above 
correspondence actually is a homeomorphism of L-'(a8) and this twisted 
strip. 


Principat Lemna 1. The set D is vacuous; that is, p(x) is continuous on 
the moving points. 


We shall show that L(D) ¢ E* is vacuous. We know that L(D) is closed 


Tt Whitney, loc. cit. 
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in L(M), hence L(D) =P+G where P is perfect in L(M) and G is countable. 
There are two cases: 

(i) P is vacuous. Here L(D) =G and contains an isolated point b. Since 
L(F) is closed, there exists in E* an arc 6’b which, except for b, belongs to 
L(C) where p*(x) is continuous. Since D is, in this case, a one-dimensional 
F,,} it is well known that its complement in E is arcwise connected. Therefore 
if f* denotes any point of L(F), there is in E* an arc 6’f* which contains no 
point of L(D). Let f be the first point of this arc which is in L(F). In the sum 
of the arcs b6’ and #’f there is an arc Df such that the open arc belongs to 
L(C). 

Now it is quite easy to see that, at an isolated point b in L(D), p*(x) ap- 
proaches a unique limit, say kp*(b), where by Lemma 1, & must be an integer. 
Then from previous lemmas, L~!(b8) is a twisted strip of index k, and L~'(f) 
is a 2-cell. It is clear that L~'(b8f) is homeomorphic to a complex which con- 
tains no absolute cycle, but which is a cycle mod &. Such a configuration can- 
not exist in E, as can be seen from the Alexander Duality Theorem.f{ In 
this first case we have now arrived at a contradiction. 

(ii) P is not vacuous. The function p*(a) considered relatively to P is 
lower semi-continuous and there must be a point b in P at which p*(qa) is 
continuous§ considered relatively to P. Let O be an open set in L(M) which 
contains 6 and which is such that if aeO, p*(a)<Np*(b) where N is some 
fixed integer. Assume further that O is so chosen that if aeO-P, 

a &@. 
(1) | p*(2) — p*()| < 
Let H* be the set of all points a in Z(C) such that 
p*(b) 
6 


(2) | ip*(b) — p*(a)| < 


Let H;=H*-O. Assume now that O is chosen so small that it may be written 
as a sum of (mutually exclusive) sets as follows: 0=P-0+G-0+)_)'Hi. Be- 
cause b is in L(D) there must be an integer k =>2 such that H, is not vacuous. 
Let B denote all those points of the boundary of O; which lie in O, where O; 
is used to denote a component of H;. Let x» be a point in Z~(O,) and let x; 
and x2 be two points on distinct orbits in L-'(O-P). There are at least two 
such points because P is dense in itself. Join x» and x; by an arc xox, which is 


+ By the “Summensatz”: Menger, Dimensionstheorie, p. 92. 

t Alexander, these Transactions, vol. 23, p. 333; and Pontrjagin, Annals of Mathematics, 
vol. 35, p. 904. 

§ Hausdorff, Mengenlehre, 1927, p. 255. 
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in L—(O) and which intersects neither L-!(G) nor x2 (the set to be avoided 
is a 1-dimensional F,). Join x» and x2 by an arc 9X2 which is in L“(O) and 
which intersects neither L-'(G) nor the arc previously constructed (except 
of course at the point xo). Let x; be the first point of L-(P-O) on xox, and let 
x4 be the first point of L(P-O) on xox. These points are in L-!(B). The set 
L(xox3)+L(xox4) is connected and locally connected; let L(x3)=a3 and 
L(x4) =a,. There must be an arc a3a, which is a subset of L(xox3) +L (xox,). 
Except for a3 and a, this arc lies entirely in O;. The function p*(a) considered 
along the arc a3a, must approach an integral multiple of p*(a3), say ksp*(as), 
as a approaches a; along the arc, and as a approaches a, along the arc, p*(a) 
must approach an integral multiple of p*(a,), say ksp* (a). 
For a in the interior of the arc we must have, since aeO, cH, cH, 
* 

(3) | ap*(6) — pr(a)| < 2. 


Since a; (i =3, 4) is in O-P and since k<N, (1) implies 
p*(d) 
*(b) — p*(a; ‘ 

| p*(b) — p*(ai)| < 6k 


This inequality implies 


pro). 


(4) | kp*(b) — kp*(ai)| < - 


From (3) and (4) we have the following: 


*( 
(5) | p*(a) — kpr(as)| < 2. 


For a on the arc, p*(a) >p*(b) and therefore (5) implies that k; and k, both 
equal k. 

Let a; be some point on the interior of a3a,. The sets L~'(a;a3) and 
I~ (a;a,) are both twisted strips of index k. These strips combine to form a 
set which is a cycle modulo k& but which contains no cycle in the absolute 
sense. Again by the Alexander Duality Theorem such a set cannot be im- 
bedded in E and a contradiction has been reached. Therefore both P and G 
must be vacuous and the set L(D) is vacuous. 

7. It will assist us in analyzing F to construct a certain homeomorphism, 
defined as follows: For any point x, H(x) is the point T[x; p(x)/2]. That 
H (x) is a homeomorphism follows from the properties of T(x; ¢) and the fact 


ft Again the set to be avoided is a 1-dimensional F,. 
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that p(x) is continuous at moving points. If x» is a fixed point the continuity 
of H(x) at xo follows even though p(x) is not continuous at x» on account of 
the boundedness required of p(x). The fixed points of H(x) are identical with 
the fixed points of T(x; ¢). The transformation H(x) clearly has period 2. 


Lemna 8. The set F is nowhere dense. 


The set F is closed and would contain inner points if the lemma were 
false. But if the fixed points of H contain inner points, H is the identity 
and this case has been excluded from consideration. 


Lemma 9. If O is an open connected set which is invariant under T(x; t), 
then O—O-F is arcwise connected. 


Suppose that O—O-F = A+B where A and B are disjoined non-vacuous 
sets such that AB+AB=0. Since O—O-F is open, A and B must be open. 
The set O is transformed homeomorphically into itself by H, and furthermore 
H(A) =A, H(B)=B, and H(O-F) =O-F. A new transformation K of O into 
itself will now be defined. If xeB+O-F, K(x) =H(x); if xeA, K(x) =x. The 
transformation K is a homeomorphism of A into itself. But the set of fixed 
points of K contains inner points. Since K has period 2 and since O is locally 
euclidean, it follows from Newman’s theorem that every point of O is fixed 
under K. This contradicts the definition of K and hence O—O-F must be 
connected. That it is arcwise connected is now immediate, since O- F is closed 
in O. 

It follows at once from this lemma that M is connected. 

Lemna 10. If q is any fixed point there is a connected open set O including q 
which has an arbitrarily small diameter and is invariant. 


Take a sphere containing qg and let O be the set swept out by this sphere 
under the action of T(x; #). The conditions on p(x) imply that the diameter 
of O may be made small by properly: choosing the sphere about g. 


Lemma 11. Every fixed point is arcwise accessible from M. 

This is a consequence of the two preceding lemmas. 

PRINCIPAL LEMMA 2. The set L(M) in E* is homeomor phic to the euclidean 
plane. 


Let J denote any simple closed curve of L(M). The set L~'(/) is a torus 
by Lemma 6, and E—L-'(J/) is the sum of two connected domains O, and Oz, 
say, such that O;—O;=L-(J), i=1, 2, by the Alexander Duality Theorem. 
Since L~'(/) is invariant, it is clear that O, and O, are invariant. By Lemma 9, 


t See Newman, Quarterly Journal of Mathematics, vol. 2 (1931), p. 1. 
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O;—O;-F is connected. It is clear that L(O,—O,-F) has no point in common 
with L(O,.—O,-F) and that L(M)-—J is equal to the sum of these two sets; 
that is, J separates L(M). We have, in fact, shown the stronger result that J 
separates E*. Now if G is any arc of J, L~(G) is a closed proper subset of 
L-(J). Therefore E—L—(G) is open and connected, and E—L-(G) —F is 
connected. But L[E—L-'(G) —F]=L(M) —G. Therefore G does not separate 
L(M). 

To complete the proof it is necessary to show that one of the domains of 
L(M)-—J is compact in L(M) and that the other is not. One of the domains, 
we may suppose it is Oz, contains P.,. It is clear that L(O.—O,-F) is not com- 
pact in L(M). Then we have left to show that O, does not contain points of F: 
in this event L(O;) is compact in L(M). Since J is accessiblef from each of 
its domains, if L(O,) contains a point of L(F/), E* must contain an arc a;dod2 
such that a;+42 is in L(F), ao is in J, the open arc ad» is in L(O,; —O,-F), and 
the open arc dod is in L(O.—O,.-F). The sets L~'(a;a)) and L~'(aza) are 2- 
cells by Lemma 5 and it is clear that their sum is a 2-sphere S: which has in 
common with the torus L~-'(/) the simple closed curve L-'(ao). By the Dual- 
ity Theorem, S, separates E into exactly two open connected domains G; and 
G2. Now L-'(J —ao) is connected and must lie entirely in one or the other of 
these sets, say in G;. This implies that there cannot be points of G, in both 
O; and O2. Since the points of L~(a,) and of L-'(a2) (points of S:) must be 
accessible from Ge, this is a contradiction. 

8. We shall now prove the following lemma: 


Lemma 12. If af is an arc in L(M) and if gr and q'r’ are two true sections 
of L~(a), there exists a real continuous function h(x) defined everywhere on gr 
such that T |x; h(x)| is a homeomorphic mapping of gr on q'r’. 


Let a denote any point of a8, x and x’ the corresponding points of gr and 
q’r’. It is clear that the correspondence x’—>x engenders a homeomorphism. 

For a definite point x let ¢ be a real number such that T(x; t) =x’. Let x, 
denote any sequence of points of gr converging to x. Assign to each x, a 
number fp, |f,| <3p(x,), such that T(x,; ¢+¢,) =x,’. At least one such num- 
ber exists and at most two. We may suppose our sequence of points such that 
t, converges to a limit ¢#’. Then 7(x,; t+t,) T(x; t+t’) which is equal to 
T(x’; t’). On the other hand x,’ 2x’ so that T(x; t’) =x’, from which we may 
conclude that t’=mp(x’) where m is some integer or zero. Since p(x) is con- 
tinuous at x’, ¢’ cannot exceed $p(x’) in absolute value, and m must be zero. 
It follows that for almost all x, only one choice of ¢, is possible and we have 


{ L. Zippin, On continuous curves, American Journal of Mathematics, vol. 52 (1930), pp. 331-350. 
t L. Zippin, loc. cit. 
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seen that this choice must be continuous at x. It can now be seen that there 
must exist a sufficiently small subarc q’’r’’ of gr containing x as an inner point 
such that a real continuous function h’’(x) may be defined on it for which 
T |x; h’’(x)] maps q’’r’’ homeomorphically on the corresponding subarc of 
q’r’. We need only choose an arc so small that the numbers ¢, assigned above 
are actually Jess in absolute value than one-half the corresponding period. 

The arc gr may be expressed as a sum of non-overlapping subarcs 
Jogi, 9192, °° * » Ye-19e, Such that there is defined on g;-19; a function h;(x) of 
the required sort. Now the values of 4; and hz at gq; can differ only by an in- 
tegral multiple m of the period at that point. Then h/ =/.+mp(x) is a new 
function defined on 9:92 which is of the required type, and this new function 
agrees with /, at gi. The function which is equal to /; on gog: and equal to 
hy on qigz is of the required type over gogi+g:92. We can continue in this man- 
ner, and after k steps we arrive at a function defined over gr which satisfies 
the lemma. 

Lemma 13. /f S is a closed 2-cell in L(M) there exists a true section of L-(S). 


We can express S as the sum of a finite number of closed 2-cells 
Ai,::+-, An, of small diameter such that Ai=y) A; is itself a closed 2-cell 
and the intersection of A* and A,,; is an arc J,4:. Since L~!(S) admits true 
sections locally by Lemma 3, it may be assumed that to each A; there corre- 
sponds a true section B; of L—'(A;). 

Let B' = B,, and suppose we have constructed a true section B* of L(A *). 
Let J be the image of J;.4: in B* and J’ its image in By,4;. Let h(x) be the 
function defined on J’ in the preceding lemma, and let H(x) be any continu- 
ous extension of this function over all of A,. Then B*+'=B*+T7[x; H(x) | 
where x is allowed to vary over B;+,;. This set is seen to be a true section of 
L-'(A*+"), The induction is complete and Lemma 13 is proved. 

It follows from this lemma that L~'(S) can be mapped homeomorphically 
into the product of a circular disk D and a circle C in such a way that the 
path curves of L~-'(S) are carried into the sets dxC where deD. Hence if S is 
a closed 2-cell in M and a is a point of S, L-'(a) cannot bound in L~(S). 

9. The fact just proved will be useful in the following lemma: 


Lemma 14. Jf a is a point of L(M), L-(a) cannot bound in M.{ 


If L—(a) bounds in M, it must bound a singular 2-chain K which is con- 
tained in M. The transformation L carries K into a closed compact subset of 
L(M) which we may suppose to be contained in a closed 2-cell S where 


| This is very similar to a theorem due *o Seifert, Acta Mathematica, vol. 60, p. 224. 
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Sc¢L(M). But now L-(a) bounds in L—(S), which from the remark above 
cannot happen. 

Now since any simple closed curve bounds in E even after the removal of 
a finite number of points, it is a corollary to the lemma that F is an infinite set. 


Lemma 15. For every point z in F, F —z is connected. 


If z is a point for which the lemma is false, F may be expressed as the sum 
of two closed (in F) sets X and Y whose intersection is a subset of z (possibly 
vacuous). If x and y denote points of X and Y respectively and if L(x) =a 
and L(y) =), there is an arc ab in E* which contains no points of L(F) other 
than a and b. This follows from the accessibility of points of F. Now L-(ab) 
is a 2-sphere and bounds in E—z by the Alexander Duality Theorem. On the 
other hand if a; is an inner point of ab, L~'(a,) bounds in the complement of 
X and in the complement of Y. This situation, however, contradicts corollary 
W‘ of Alexander (loc. cit.), and this contradiction establishes the lemma. 

Since F contains infinitely many points and is connected on the removal 
of any one of them, it must be connected. 


PRINcIPAL Lemma 3. L(E) is homeomor phic to a closed half-plane. 


If we let x and y denote any two distinct points of F, and if a, b, and ab 
are used as in the preceding lemma, the 2-sphere L~'(ab) separates E. Since 
it is an invariant surface we can conclude that the arc ab separates E*. A 
proper subset of this arc gives rise to a proper subset of L~'(ab) and this 
does not separate E. We conclude that the arc ab separates E* irreducibly. 
But it is further clear that each domain of E—L-'(ab) contains at least one 
orbit, and since this bounds in its domain, we see that each domain must 
contain fixed points. Therefore the points x and y must separate the set F, 
and the points a and b must separate L(F). Therefore L(F) is a continuum 
without cut points which is separated by every pair of its points. It follows 
that L(F) must be a simple closed curve.{ Finally we have the fact that E* 
is a closed 2-cell with L(F) as its boundary. 

It is clear that E*—L(P..) which is identically L(E) is a closed half- 
plane, the points L(F) corresponding to the boundary line. 

10. We are in a position to bring our entire argument to a close. We 
shall choose a Cartesian coordinate system (z, r) in L(E), —»~<z<a, 
0<r<~, so that L(F) is the z-axis, r=0. This is possible by the preceding 


7 L. Zippin, Characterization of the closed 2-cell, American Journal of Mathematics, vol. 55 
(1933), pp. 207-217. 

t R. L. Wilder, Concerning simple continuous curves, American Journal of Mathematics, vol. 53 
(1931), pp. 39-55; Corollary, p. 48. 
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lemma. Now L(M) is the point set r>0. We can obviously express this set 
as the sum of a countable number of “rectangles” such that the sum of any 
finite number of consecutive rectangles is a closed 2-cell. Corresponding to 
each of these there is a true section in M, by Lemma 13, and these can be 
“fitted” to each other by the construction in that lemma, where the induc- 
tion must be carried indefinitely. Therefore M possesses a true section M’, 
and M’ is homeomorphic to L(M). The homeomorphism is given by the func- 
tion L. The function L is certainly a homeomorphism between F and L(F), 
since each point of F is its own orbit. Then it is clear that L maps M’+F 
homeomorphically into L(£). For if a sequence of points of L(M) converges 
to a point of L(F), the corresponding orbits must converge to the fixed point 
in E, and therefore the corresponding points of M’, which lie on these orbits, 
must converge to it. 

We may now transfer to E’’=M’+F the coordinate system (z, r). We 
shall extend this to a cylindrical coordinate system in all of E. Consider now 
an arbitrary point x of E, our original three-space. It belongs to an orbit O, 
which intersects E’’ in a single point, say x’’, with coordinates (z’’, r’’), say. 
If r’’=0, x”’ is a fixed point and x=x’’. Then the “6-coordinate” of x shall 
be indeterminate. If r’’>0, there is a unique ¢t’’, 0<t’’ <p(x’’) = p(x), such 
that T(x’’, t’’)=x. The @ coordinate of x shall be 2mt’’/p(x’’). Conversely, 
it is clear that any three numbers z, 8, r, 


~-x<zs<w, O50<2z, 


determine a unique point of Z. With this coordinate system established in E 
we may take E to be the “reference-space” R of §1, and the homeomorphism 
of that section to be identity. The function F(z, r) is now 1/p(z, r), p(z, r) 
being the value of the period function at the point (z, r) of E’’. We have seen 
that this function is independent of 6 and is continuous at the moving points, 
i.e., points for which r>0. 
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THE THEORY OF REPRESENTATIONS 
FOR BOOLEAN ALGEBRAS* 


BY 
M. H. STONE 


INTRODUCTION 


Boolean algebras are those mathematical systems first developed by 
George Boole in the treatment of logic by symbolic methods and since ex- 
tensively investigated by other students of logic, including Schréder, White- 
head, Sheffer, Bernstein, and Huntington.{ Since they embody in abstract 
form the principal algebraic rules governing the manipulation of classes or 
aggregates, these systems are of technical interest to the mathematician 
quite as much as to the logician. It is thus natural to suppose that a study 
of Boolean algebras by the methods of modern algebra will prove fruitful of 
important and useful results. Indeed, if one reflects upon various algebraic 
phenomena occurring in group theory, in ideal theory, and even in analysis, 
one is easily convinced that a systematic investigation of Boolean algebras, 
together with still more general systems, is probably essential to further 
progress in these theories.§ The writer’s interest in the subject, for example, 
arose in connection with the spectral theory of symmetric transformations in 
Hilbert space and certain related properties of abstract integrals. In the 
actual development of the proposed theory of Boolean algebras, there 
emerged some extremely close connections with general topology which led 
at once to results of sufficient importance to confirm our a priori views of the 
probable value of such a theory.|| 

In the present paper, which is one of a projected series, we shall be con- 
cerned primarily with the problem of determining the representation of a 


* Presented to the Society (in part), February 25, 1933; see abstract 39-3-86. Received by the 
editors October 10, 1935. 

t See The Mathematical Analysis of Logic, 1847, and An Investigation of the Laws of Thought, 
1854. 

t For bibliographical information, see Huntington, these Transactions, vol. 35 (1933), pp. 274- 
304, especially pp. 274-275. 

§ Dedekind’s observations and technical contributions, in Mathematische Annalen, vol. 53 
(1900), pp. 371-403, relative to the occurrence of such general systems did not immediately provoke 
general interest. Recently, a considerable amount of work along the general lines laid down by 
Dedekind has appeared: see, for instance, Fritz Klein, Mathematische Annalen, vol. 105 (1931), 
pp. 308-323; Garrett Birkhoff, Proceedings of the Cambridge Philosophical Society, vol. 29 (1933), 
pp. 441-464; O. Ore, Annals of Mathematics, (2), vol. 36 (1935), pp. 406-437. 

|| See Stone, Proceedings of the National Academy of Sciences, vol. 20 (1934), pp. 197-202. 
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given Boolean algebra by algebras of classes, aggregates, or combinations. 
It is natural to surmise that the problem always has a solution leading to the 
construction of an algebra of classes isomorphic to the given Boolean algebra. 
Such a result is a precise analogue of the theorem that every abstract group 
is represented by an isomorphic group of permutations. Here we shall estab- 
lish the validity of this surmise and, in addition, shall characterize all possible 
algebras of classes homomorphic to a given Boolean algebra. It is a curious 
fact that these results are considerably more recondite than the correspond- 
ing theorems for abstract groups: the elements of the representative classes 
must be taken as certain classes of elements in the given Boolean algebra 
(in particular, as the prime ideals in the algebra), whereas the elements of the 
permutations representing an abstract group are taken as elements of the 
group itself; and the existence of prime ideals, in terms of which the repre- 
sentation is constructed, can apparently be established in general only by 
an appeal to the Zermelo hypothesis. 

The observation that Boolean algebras can be regarded as special in- 
stances of the systems known as abstract rings enables us to apply the 
concepts and results of modern algebraic theory directly to the purposes of 
the present paper.* Here we shall show in detail that Boolean algebras are 
identical with those rings with unit in which every element is idempotent.t 
In this identification, ring addition and multiplication correspond abstractly 
to the formation of the union (modulo 2) and intersection, respectively, of 
classes. The union (modulo 2), or symmetric difference, of two classes is the 
class of objects belonging to one or the other, but not to both, of those classes; 
and is thus familiar to combinatorial topologists. On algebraic grounds it is 
convenient to admit rings other than those which possess units. We shall 
therefore take as the central theme of this paper not merely Boolean algebras, 
but, more generally, rings in which every element is idempotent, designating 
the latter systems as Boolean rings or generalized Boolean algebras. 

The paper falls naturally into four parts or chapters. The first deals with 
the formal algebraic properties of Boolean rings; the second with subrings, 
ideals, and homomorphisms; the third with the structure of Boolean rings 
with elements which are given as abstract classes; and the fourth with the 
representation theory. In general we shall limit our investigations to those 
topics which are essential for an adequate understanding of the algebraic 

* For general information concerning modern algebraic developments, we refer to B. L. van der 
Waerden, Moderne Algebra, vol. 1, Berlin, 1930, Chapter 3 of which deals particularly with the 
definition and basic properties of abstract rings. We shall assume that the reader has a general 
knowledge of this material. 


t See Stone, Proceedings of the National Academy of Sciences, vol. 21 (1935), pp. 103-105; 
Gegalkin, Matematicheskii Sbornik, vol. 35 (1928), pp. 311-373. 
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aspects of the representation theory, leaving until another occasion a deeper 
study of the classification of ideals and the introduction of the concepts of 
general topology. A more complete survey of the contents of the present 
paper is the following: Chapter I, Formal algebraic properties of Boolean 
rings: §1, Direct discussion of Boolean rings; §2, Connections with Boolean 
algebras; §3, Special Boolean rules; §4, Special elements. Chapter II, Sub- 
rings, ideals, and homomorphisms: §1, Subrings and their combinations; 
§2, Ideals and their combinations; §3, A classification of ideals; §4, Prime 
ideals; $5, Congruences, ideals and homomorphisms; §6, Direct sums. Chap- 
ter III, Algebras of classes: §1, The construction of algebras of classes; 
§2, Reduction and equivalence; §3, The analysis of algebras of classes; 
§4, An illustration. Chapter IV, Representation theory: §1, General remarks; 
§2, Existence and divisibility properties of prime ideals; §3, The perfect 
representation. 


CHAPTER I. FORMAL ALGEBRAIC PROPERTIES OF BOOLEAN RINGS 


1. Direct discussion of Boolean rings. In this section we shall consider 
the elementary facts relating to rings in which every element is idempotent, 
leaving for the remaining sections of the chapter the study of their connec- 
tions with Boolean algebras and of certain special relations and elements. 
By a ring we mean a system with double composition, the operations being 


called addition and multiplication and denoted here by the usual symbols 
+ and - (the latter commonly being suppressed in writing down products), 
subject to the following laws: addition is commutative and associative, 
multiplication is associative and both left- and right-distributive with re- 
spect to addition, and the equation x+a=b has a solution for arbitrary 
a and b. We do not assume that multiplication is commutative or that a 
ring contains more than one element. It is well known that in any ring the 
solution 0 of the equation x-+-a=a is independent of a and satisfies the rela- 
tions a2+0=0+a=0, 0a=a0=0; that the solution —a of the equation 
x-+a=0 is unique; and that the solution of the equation x+-a=6 is unique 
and is given by x=b+(—a), commonly written b—a. We now lay down the 
following formal definition: 


DEFINITION 1. A ring in which every element is idempotent, satisfying the 
law aa=a, is called a Boolean ring. 
Our first result is embodied in the following theorem. 


THEOREM 1. A Boolean ring is necessarily commutative; obeys the two equiva- 
lent laws a+a=0, a= —a; and necessarily contains divisors of 0 if it contains 
more than two elements. Every Boolean ring A can be imbedded in a Boolean 
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ring B which possesses a unit element, in such a manner that B is unique in 
the following sense: if C is a Boolean ring with unit containing A, then C con- 
tains also a Boolean ring B* isomorphic to B and containing A. A finite Boolean 
ring necessarily possesses a unit and has a cardinal number which is a power 
of 2. 

In this, as in all subsequent discussions, we may use the familiar rules 
governing the ring operations without going into complete detail. Using such 
rules, we see that in a Boolean ring 


a+b=(a+b)\(a+ bd) = (a+ db) + (ba + ab) 


and hence that ba+ab=0. If we put )=a in the latter relation, we find at 
once that a+a=0, or, equivalently, a= —a. Using this result, we conclude 
that ba=—(ab)=ab, thus establishing the commutative law for multipli- 
cation. The special rules which we have now demonstrated will henceforth 
be used in our discussions without explicit reference. In a Boolean ring with 
more than two elements, we can choose a and b so that a0, +0, a¥b. 
If ab=0, then a and 0 are both divisors of 0. On the other hand, if ab+0, 
then ab and a+0 are both divisors of 0: for a+b =0 would imply a= —b=b, 
contrary to hypothesis; and ab(a+6) =aab+abb =ab+ab=0. A Boolean ring 
with one or with two elements obviously cannot contain divisors of 0, every 
product in such a ring either containing 0 as a factor or reducing, by the law 
of idempotence, to an element other than 0. 

In discussing the possibility of imbedding a Boolean ring A in a Boolean 
ring B with unit, we may disregard the trivial case where A has a unit and B 
coincides with A. When A has no unit, we construct B by the adjunction of 
suitable elements. The construction can be carried out even when A has a 
unit and always produces B as a proper superclass of A. We first provide an 
abstract element e, distinct from those of A, and define 


e=—e€, a@=da=a, «+ 0=—0+e=c, ete =0, 


observing that the elements 0 and e€ constitute a two-element Boolean ring. 
We then consider the ordered pairs (a, a) where a is in A and a=0 or a=e, 
defining the operations of addition and multiplication upon them by the rules 
(a, a) + (6,8) = (a+ b,a+ 8B), 
(a, a)(b, B) = (ab + ab + af, af). 


It is easily verified that under these operations the class of pairs (a, a) is a 
Boolean ring with (0, €) as its unit. Instead of giving all the calculations in 
detail, we shall discuss only one or two steps. Passing over the commutative 
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and associative laws for addition and multiplication, we turn to the demon- 
stration of the left-distributive law for multiplication: we have 
(a, a)[(b, 8) + (c, v)] = (a, a)(6 + ¢, 8B + 7) 

= (a6 + c) +a(6+c) + a8 + y), a8 + Y)) 

= ((ab + ab + a8) + (ac + ac + ay), a8 + ay) 

= (ab + ab + af, a8) + (ac + ac + ay, ay) 

= (a, a)(b, B) + (a, a)(c, y) 
by appropriate combination of the properties of A with the easily checked 
relations a(b+c)=ab+ac, a(8+y)=aB+ay, a(8+y)=a8+ay. The right- 
distributive law then follows from this by the use of the commutative law 
for multiplication. We now see that the equation (x, £)+(a, a) =(b, 8) has 
the solution (x, £) =(b+a, B+a) since 


(6+a,8+a)+ (a,a) = (6+a+4,8B +a+a) = (6,8). 

Thus the pairs (a, a) constitute a commutative ring. The law of idempotence 
is established as follows: 

(a, a)(a, a) = (aa + aa + aa, aa) = (a + (a2 + a)a, a) 

= (a + Oa, a) = (a, a). 

To show that the Boolean ring thus obtained has (0, e€) as its unit, we note the 
relations 

(0, e)(a, a) = (Oa + ea + Oa, ex) = (a, a). 


As in any commutative ring, the unit is unique and is a right- as well as left- 
unit. The pairs (a, 0) obviously constitute a Boolean ring isomorphic to A 
in accordance with the equations 
(a, 0) + (6,0) = (a+ 4, 0), 
(a, 0)(b, 0) = (ab + 0b + a, 00) = (ad, 0). 


To construct B, we now replace each pair (a, 0) by the corresponding element 
a without disturbing in any other way the operations defined over the class 
of pairs (a, a). Evidently B is a Boolean ring with unit isomorphic to the 
ring of pairs (a, a); and it contains A. If C is a Boolean ring with unit e con- 
taining A, we set up an isomorphism between B and a subring B* of C as 
follows. The elements of B correspond in a one-to-one manner with the pairs 
(a, a), by construction. We can easily set up a one-to-one correspondence 
between the pairs (a, a) and certain elements of C by requiring that 
(a, a)——>a+f(a), where a is in A and f(0) =0, f(e) =e. The fact that e be- 





42 M. H. STONE [July 


longs to C but not to A renders the indicated correspondence biunivocal, 
since a+f(a) =b+f(8) implies f(«) +f(8) =a+b #e, f(a) +f(8) =0, f(a) =f(8), 
a=b. In view of the relations f(a+8) =f(a) +f(8), f(@B) =f(a)f(8), which are 
readily checked, the correspondence between the pairs (a, a) and the elements 
a+/(a) is an isomorphism: for (a, a)->-a+f(a), (b, 8) +f (8) imply 


(a, a) + (6, 8) = (@+6,a+ 8B) ——> (a+ 6) + flat B) 
= (a + f(a)) + (6 + f(6)), 
(a, a)(b, 8) = (ab + ab + af, a8) —— ab + ab + a8 + f(a) 
ab + f(a)b + af(B) + f(a)f(8) 
(a + f(a))(6 + f(8)). 


The elements a+/(a) thus constitute a Boolean ring B* isomorphic to B, 
containing the elements of A (since a=a+/(0)), and contained in C. 

If A is a finite Boolean ring, we determine its unit explicitly as a sym- 
metric function of its elements. Denoting by p(a, - - - , an) the sum of the 
elementary symmetric functions of the elements a, - - - , d,, we observe the 
identity 

P(a1, +--+, Gn) = Oe + Pai, - ++ , Gea, Cepi, °° - 


+ axp(ai, "ty Gk-1, Gk+1,°** 


valid for any commutative ring. In a Boolean ring A with exactly N elements, 
we show that (ai, - - - , ay) is a unit: for, if a, is one of the elements, the 
above identity leads, in combination with the peculiar properties of A, to 
the relation 


p(a, sae ay) ax =ar+ 2p(a1, “+ * 4 Opt, Gaiam *** 5 dy) ay = Gp. 


If A is a finite Boolean ring with exactly NV elements, we show further that 
N is a power of 2. Indeed, we shall establish the more general result that an 
additive abelian group of N elements in which a+a=0 has the property 
that N is a power of 2. For N =1, the desired result is obvious. Let us sup- 
pose that this result has been extended to those cases where N <2”. If now 
N <2™+'! we may suppose also that known cases are excluded by subjecting 
N to the inequality NV >2”. The given group G contains an element a other 
than 0, the two elements a and 0 constituting a normal subgroup g by virtue 
of the relations 0+0=a+a=0, a+0=0+a=a. The quotient group G/g is 
homomorphic to G and therefore obeys the law a+a=0. Since its order is 
N/2 and therefore at most equal to 2”, we conclude that V/2 =2", N =2™+1, 
The inequalities satisfied by V show that VY =2™+"', By induction the desired 
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result holds for all finite groups of the indicated type and hence, in particular, 
for finite Boolean rings. 

2. Connections with Boolean algebras. We shall prove in the present sec- 
tion that the fundamental properties of Boolean rings, as stated in Definition 
1, in reality constitute a new set of postulates for Boolean algebras and cer- 
tain simple generalizations thereof, these systems having hitherto been char- 
acterized by the postulation of different fundamental properties governing 
operations among which the ring-addition of the preceding section did not 
appear. Our task thus consists in setting up suitable relations between the 
respective operations chosen as fundamental in various sets of postulates, 
including the set suggested by Definition 1, and in establishing the inter- 
deducibility of the postulates of these different sets. Another task which we 
might undertake is that of eliminating possible redundancies from the set of 
ring-postulates, as here extended to include the law of idempotence. We 
shall not make any serious attempt to carry through the necessary investiga- 
tions in the present paper, such an enterprise being of secondary importance 
for our immediate purposes. What is of primary importance here is the 
identification of the abstract algebras arising from logic and the theory of 
classes with systems amenable to the methods developed by modern alge- 
braists, namely, with those special rings which we have termed Boolean 
rings in anticipation of the detailed results of the present section. 

We shall first consider a recent set of postulates for Boolean algebras due 
to Huntington.f The operations in terms of which the postulates are framed 
are a binary operation, which we shall denote by v and which corresponds 
to logical addition and to the formation of the union for classes, and a unary 
operation, which is denoted by the prime ’ and which corresponds to logical 
negation and to the formation of the complement for classes. These opera- 
tions are assumed to apply without restriction to elements of the system, 
yielding elements of the system. Huntington’s postulate requiring that the 
system contain at least two elements plays no part in his deductions and 
will be suppressed here so as to admit one-element Boolean algebras as well 
as one-element rings. In stating the connection between Huntington’s char- 
acterization of Boolean algebras and the properties of Boolean rings, we 
shall designate several propositions by the numbers attached to them in 
Huntington’s paper, thus facilitating comparison. 

THEOREM 2. Jf A is a Boolean ring with unit e, the introduction of a binary 
operation v and a unary operation ' through the equations 


t Huntington, these Transactions, vol. 35 (1933), pp. 274-304, 557-558. The set in question is 
discussed on pp. 280-286, 557-558, a serious redundancy in the original set being eliminated on the 
two pages last cited. 
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(1) avb=a+b+ab, (2) a’ =a+e 

converts A into an algebraic system B in which 
(4.3) avb =bva, (4.4) av(bvc) = (avb)vc, 
(4.6) (a’ vb’) v (a’ vb)’ =a, 

the old operations being expressed in terms of the new through the equations 
(6) a+b = ab’va'b = (a’vb")'v(a" vb’)’, 
(7) ab = (a’vb’)’. 


On the other hand, if B is an algebraic system obeying the laws (4.3), (4.4) and 
(4.6), then B is a Boolean algebra; and the introduction of new operations through 
the equations (6) and (7) converts B into a Boolean ring A with unit e=ava' 
and zero 0=e' =(ava’)’, the old operations being expressed in terms of the new 
through the equations (1) and (2) above.t 


This theorem clearly serves to identify Boolean rings with unit and 
Boolean algebras, as characterized by Huntington’s postulates. In view of 
Theorem 1, a Boolean ring without unit can be regarded as imbedded in one 
which has a unit. Hence the present theorem reveals the essential nature of 
all Boolean rings. In particular, it shows that the operation of addition in a 
Boolean ring corresponds abstractly to the operation of forming the sym- 
metric difference or union (modulo 2) of classes, as indicated by the rela- 
tion (6); and it shows similarly that the operation of multiplication corre- 
sponds to the operation of forming the intersection of classes, as indicated in 
the relation (7). 

If A is any Boolean ring, either with or without unit, we may write 
avb=a+b+ab=p(a, b), in terms of the symmetric function introduced in 
the proof of Theorem 1. We then have 


av(bvc) = p(a, p(b, c)) = a+ pb, c) + ap(d, c) = pa, }, c) 
= p(p(a, b), c) = (avb)vc. 
Thus the operation introduced in (1) has properties (4.3) and (4.4), expressing 


the commutative and associative laws. If A has a unit e, we observe that the 
operation introduced in (2) has the properties 


a’ =(a+te)t+e=at+(et+e) =a+0=a, 
(avb)’ = (a+b6+ ab) +e =(at+e\(b+e) =a'd’. 


With their aid we can establish (4.6), (6), and (7), as follows: 


t Stone, Proceedings of the National Academy of Sciences, vol. 21 (1935), pp. 103-105. 
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(a’v b’)’v(a' vb)’ = ab" vad’ = abvab’ 
ab + ab’ + (ab)(abd’) 
ab + a(b + e) + ab(b + e) 
=ab+ab+a+ab+ab=a, 
(a’v b")'v(a" vb')' = (a’ vb)’ v(avb')’ = ab’ va'b” = ab’ va'b 
a(b + e) + (a + e)b + ab(a + e)(b + e) 
ab+a+ab+b+(a+a)(64+ 0) =a+, 
(a’v b’)’ = a’’b” = ab. 
Thus the introduction of the new operations v and ’ converts A into a 
Boolean algebra B in the sense of Huntington’s postulates. 
On the other hand, if B is a Boolean algebra in that sense, Huntington 
has shown that the following propositions are valid in B: 
(4.10) a” =a, (4.11) ava’ =dbvbd’, (4.5) ava=a, 
(4.16) ae=a, (4.22) ave=e, 
(4.15) Ova=a, (4.23) a0=0, 
(4.18) ab = ba, (4.19) (ab)c = a(bc), (4.34) a(bvc) = abvac, 
where e is the element ava’, unique in accordance with (4.11), 0 is the 
element e’, and ab=(a’vb’)’ in accordance with (7). On noting that 
aa’ =(a’ va’’)’ =e’ =0, we see that 
a+b =ab'va'b = ba'vb'a =b+<4, 
a+ (b+ c) = a(bc’vb'c)’va'(bce’ v b'c) = a(bc’)'(b'c)' va'bc' v a'b'c 
a(b’vc)(bvc’) va'be’ va'b'c = ab’c' Vabcva'bc' Vv a'b'c 
ca’b’v cabvc'ab’vc'a'b = c+ (a+ db) 


=(a+b)+¢ 


by virtue of the propositions stated above. We see further that 


ab + ac = ab(ac)’ v (ab)’(ac) = ab(a’ vc’) v (a’ vb’) (ac) 
abc’ v ab’c = a(bc’v b’c) = afb +c). 


Thus the operations + and - are both commutative and associative and the 
second is left- and right-distributive with respect to the first. If we can show 
that the equation x+a=b5 has a solution, we can therefore assert that the 
introduction of these operations converts B into a commutative ring A. 
Now we evidently have a+a=aa’ v a’a=0 and a+0=a0' va'0=a0' =ae=a. 
Consequently, we find that x =d+< is a solution in accordance with the rela- 
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tions (b+a)+a=b+(a+a)=b+0=b. Since the indicated solution reduces 
to x =0 when b=a, we have also identified 0 as the zero element of the ring 
A into which B is converted. The proposition (4.16) identifies e as the unit 
of A. In order to show that A is a Boolean ring, we have only to observe the 
equations aa=(a’ va’)’=a’’ =a. To complete the proof of the theorem we 
must show finally that relations (1) and (2) are valid. Since we have 


ate=aeva'e =a0va =a’, 
avb = (avb)” = (a’b’)’ = (a+e\(b+et+e 
ab+a+b+e+e 
=a+b+ab, 


the desired results are established. 

The postulates of Huntington which have just been discussed are not the 
only ones in terms of which Boolean algebras may be characterized. Indeed, — 
the sets of postulates which involve only the operations corresponding to the 
formation of the union and intersection of classes are quite numerous, should 
one wish to confine himself to those postulates which are perhaps the most 
natural as well as the most familiar. It may therefore be of some interest if 
we establish a theorem relating Boolean rings to Boolean algebras as char- 
acterized by at least one such set of postulates. In any event, the possibility 
of extending such a relation so as to obtain a characterization of all Boolean 


rings, both with and without unit, in terms of union and intersection surely 
deserves consideration. We shall therefore proceed to discuss two sets of 
postulates which we have given elsewhere, one set characterizing Boolean 
algebras, the other slightly more general systems which we have called gen- 
eralized Boolean algebras and shall now identify with Boolean rings. f 


THEOREM 3. If A is a Boolean ring with unit e, then the replacement of the 
operation + by a new operation v defined by the relation 


(1) avb=a+b+ ab 
converts A into a system B with the properties 
(11) avb=bva; 
(31) a(bvc) = abvac; (32) (av b)c = acv bc; 
(4,) there exists an element 0 such that av0=a for every a; 
(5) if there exists an element 0 with the property (4,), then there exists at least 


one such element 0 to which corresponds a fixed element e such that the equa- 
tions x va=e, xa=0 have a solution for every element a; 


+ Stone, American Journal of Mathematics, vol. 57 (1935), pp. 703-732. 
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(6;) ava=a; (62) aa = a; 


where the old operation + is defined in terms of the new by the relation 
(7) a+b is a solution, necessarily unique, of the simultaneous equations 
x vab=avb, x(ab) =0. 
Conversely, if B is a system with the indicated properties (11)—(62), the replace- 
ment of the operation v by the new operation + defined by the relation (7) con- 
verts B into a Boolean ring A with the elements 0 and e of (41) and (5) as its 
zero and unit elements respectively, the old operation v being expressed in terms 
of the new by the relation (1). 


If A is a Boolean ring with unit e, we verify properties (11)—(62) as fol- 
lows: (1:1) is proved as in Theorem 2; (3;) is proved by the relations 
a(b vc) =a(b+c+bc) =ab+ac+abc =ab+ac+(ab)(ac) =ab vac; (32) follows 
from (3;) by the commutative law for multiplication, already proved in 
Theorem 1; the element 0 of A has the property (4:), since a v0 =a+0+a0=a; 
for the solution x of the equations given in (5) we may take x =a+e, where e 
is the unit in A, since (a+e) va=(a+e)+a+(a+e)a=a+e+a+a+a=e, 
(a+e)a=a+a=0; (6:) is proved by the relations ava=a+a+aa=a 
+a+a=a; and (6) is the characteristic property of Boolean rings. Thus A 
is converted into a system B in the indicated manner. The relation (7) is 
verified by virtue of the equations 


(a + b)ab = ab + ab = O,7 
(a+ b)vab=a+6+ab+4+ (a+ dab =a+b56+ab=avb. 


The converse part of the theorem is proved, though not explicitly stated, 
in the paper cited above. The properties (1:)—(6.) are there shown to be 
characteristic of Boolean algebras and the solution of the equations (7) is 
discussed at length, being denoted by aAbd instead of a+b. The commutative 
and associative laws for the operation A or +, and for multiplication, the 
distributive laws for multiplication, and the existence of a solution of the 
equation x+a=), are established in Theorems 26, 34, 13, 15, 38, and 33 
respectively. Thus the replacement of the operation v by the operation 
+ converts B into a commutative ring A. Property (62) identifies A as a 
Boolean ring; and the existence of a unit is established in Theorem 2 of the 
cited paper, where it is shown that the element e of (5) has the property 
ea=a. The relation a+0 =a, proved in Theorem 29, identifies the element 0 
of (4) as the zero of the ring A. Finally we establish the relation (1) as fol- 
lows: by (7) we see that (a+6)+ab must satisfy the equation x v (a+b)ab 
=(a+b) vab and hence must be equal to (4+6) vab since (a+b)ab=ab 
+ab=0; but, by (7) again, (a+b) vab=avob. 
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THEOREM 4. [f A is a Boolean ring, either with or without unit, the replace- 
ment of the operation + by the operation v defined by the relation 
(1) avb=a+b+ab 
converts A into a system B with the properties 
(11) avb = bva; 
(22) a(bc) = (ab)c; 
(31) a(bvc) = abvac; 
(4;) there exists an element 0 such that av0=a for every a; 
(5:) if ba=a, there exists an element 0 with property (41), independent of 
a and b, such that the equations x va=b, xa=0 have a solution; 
(52) if ab=a, there exists an element 0 with the property (41), independent of 
a and b, such that the equations x va=b, ax =0 have a solution; 
(6) ava=da; (62) aa =a; 
where the old operation + is defined in terms of the new by the relation 
(7) a+b is a solution, necessarily unique, of the simultaneous equations 
x vab=avb, x(ab) =0. 
Conversely, if B is a system with the indicated properties (1,)—(62), the replace- 
ment of the operation v by the new operation + defined by the relation (7) 
converts B into a Boolean ring A with the element 0 of (41) as its zero element, 


the old operation v being expressed in terms of the new by the relation (1). 


This theorem serves to identify Boolean rings with those systems which 
we have termed generalized Boolean algebras. 

If A is a Boolean ring, we see from the discussion given under Theorem 3 
that the operation v defined by (1) has properties (11), (31), (41), (6:), and 
(62). Property (22), the associative law for multiplication, holds in A by the 
definition of a ring. Thus we have only to examine properties (5;) and (5:). 
In view of the commutative law for multiplication in A, these properties are 
equivalent, and we may confine our attention to the first. We show that 
x=a+b satisfies the simultaneous equations of (5,;): xva=(a+b)+a 
+(a+b)a=a+b+a+a+a=b, when ba=a; and xa=(a+b)a=a+a=0, 
when ba=a. Hence the replacement of the operation + by the operation 
v converts A into a system B of the indicated type. The proof that the re- 
lation (7) is valid is the same as that given under Theorem 3. 

The converse part of the theorem is proved, but not explicitly stated, in 
the paper cited above. In fact, Theorem 55 of that paper shows that the 
argument used in Theorem 3 above applies equally well to the present sys- 
tem B, save for the part relating to the existence of a unit. 
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3. Special Boolean rules. The results of §§1 and 2 show that the various 
operations +, v, -, and ’ obey all the formal rules peculiar to appropriate 
corresponding operations upon classes. Many -of these special rules, which 
we may properly designate as Boolean rules, are stated explicitly in the text. 
Such, for example, are the commutative and associative laws for each of the 
operations +, v, and -, and the distributive laws for - with respect to 
+ and v. Indeed, the only important rule which is neither stated nor trivi- 
ally implied by rules given explicitly is the distributive law for v with re- 
spect to -, a rule which we can prove at once in the following manner: 


(av b)(avc) = (a+6+ ab)\(a+c+ ac) 
a+ac+ac+ ba+ be + bac + ab + abc + abc 
a+bc+ abe =avbe. 


In the sequel, we shall leave the justification for our use of such special 
Boolean rules to the reader’s recollection of the familiar corresponding rules 
for operations upon classes or to his personal verification of their validity on 
the basis of Theorem 1 and the relations a’ =a+e, avb=a+b+ab. It is per- 
haps desirable that we should point out one essential fact at this place: 
we raise no presumption that every possible law verifiable for the appropriate 
operations upon classes is also verifiable in the abstract for the associated 


operations in Boolean rings. Indeed, the proof that such is the case is one of 
the central features of the representation theory which we propose to build 
upon the basis of rules already cited or, at least, readily verifiable therefrom. 
It is convenient for us to introduce at this point the abstract relation 
which corresponds to the relation of class-inclusion and to outline its chief 
properties. More exhaustive investigations of this topic are to be found else- 
where. We begin with the formal definition of the indicated relation. 


DEFINITION 2. In a Boolean ring A, the element a is said to be less than or 
to be contained in the element b, in symbols a<b, and the element b is said to 
be greater than or to contain the element a, in symbols b>a, whenever any of the 
equivalent relations 


ab = a, avb= 6, ab’ = 0, a’vb=e 
is satisfied, the last two being significant if and only if A has a unit e. 


The equivalence of the indicated relations is evident if we rewrite them in 
terms of ring addition and multiplication as 


t See Huntington, these Transactions, vol. 5 (1904), pp. 288-309; or Stone, American Journal 
of Mathematics, vol. 57 (1935), pp. 703-732. 
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ab = a, a+6+ab=8, ab+a=0, (a+e)+b+ (ab+ db) =e, 


respectively. 

The chief properties of this relation are given in the following theorem: 

THEOREM 5. The relation < of Definition 2 obeys the rules 

(1) a<b and b<c imply a<c; 

(2) 0<a for every a, and a<e for every a when the Boolean ring A has a 
unit e; 

(3) a<c and b<d imply ab<cd, avb<cvd; 

(4) bc =0 implies ac=0 if and only if a<b. 

The proof of (1) is obtained as follows: ab=a and bc =b together imply 
ac =(ab)c =a(bc) =ab=a. Property (2) results from the equations 0a=0, 
ae=a. The proof of (3) follows from the relations, valid when ac=a and 
bd =d, 


(ab)(cd) = (ac)(bd) = ab, 
(avb)(cvd) = (a+6+ ab)(¢c + d+ cd) 
ac + ad + acd + be + bd + bed + abc + abd + abcd 
=atad+ad+be+6+bc+ab+ab+ ab 
=a+t+b+ab=avb. 


We verify (4) in two steps: first, if a<b, we see that ab=a and bc =0 imply 
ac =(ab)c =a(bc) =a0=0; and, secondly, we see that, if ac=0 whenever 
bc=0, the fact that b(a+ab)=ab+ab=0 enables us to conclude that 
a+ab=a(a+ab) =0, ab=a, and a<b. 

4. Special elements. We shall now turn to the study of certain special 
elements, other than the zero and unit elements, in Boolean rings, namely, 
those elements which may be briefly described as minimal non-zero elements. 
It should be observed that we do not assert the existence of such elements in 
general; we merely consider what occurs when they do exist. We first lay 
down some formal definitions. 

DEFINITION 3. A non-zero element a in a Boolean ring A is said to be an 
atomic element if it has either of the following equivalent properties: 

(1) a>b implies b=a or b=0; 

(2) ab=0 or ab=a for every b. 

The equivalence of properties (1) and (2) is evident from the fact that 
ab=b when a>d and that a>ab for every b. 


DEFINITION 4. A class 8 of aiomic elements is said to be an atomic basis if 
every non-zero element is the sum of elements in 8. 
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DEFINITION 5. A class 8 of atomic elements is said to be a complete atomic 
system if b=0 is the only element such that ba=O( for every a in 8. 


We shall establish several simple theorems concerning systems of atomic 
elements. 


THEOREM 6. If a and b are atomic elements, then a=b or ab=0. 
For ab+0 implies both ab =a and ab=6 in accordance with Definition 3. 


THEOREM 7. A complete atomic system in a Boolean ring A contains every 
atomic element in A. 


For an atomic element a, being different from 0, cannot satisfy the rela- 
tion ab=0 for every 6 in the given system and must therefore be equal to 
some element 0d in that system, by virtue of Theorem 6. 


THEOREM 8. [f A is a Boolean ring, 8 a complete atomic system in A, and 
8(b) the class of all atomic elements a in 8 such that ab #0, then A is isomorphic 
to the algebra KR of all classes 8(b) under the correspondence b——+8(b) in 
accordance with the properties 

(1) 8(b) =8(c) if and only if b=c; 

(2) 8(6+c) =8(b)As(c); 

(3) 8(bc) =8(6)8(c); 

(4) 8(b vc) =8(b)u 8(c).T 


If b=c, then ab=ac for every a in 8, and hence 8(b) =8(c). On the other 
hand if 8(6) =8(c), then ab=ac for every a in 8 by virtue of Definition 3; 
hence ab+ac=0, a(b+c) =0, b+c=0, b=c, in accordance with Definition 5. 
In order that the element a in 8 belong to 8(b+c) it is necessary and sufficient 
that ab+ac=a(b+c) 0; since ab+ac=0 whenever ab =ac, we see that the 
relation a(b+c) #0 holds if and only if one, but not both, of the pairs of rela- 
tions ab =a, ac=0 and ab=0, ac =a is valid; and we therefore conclude that 
property (2) holds. In similar fashion, we establish properties (3) and (4). 
We may also deduce (4) from (2) and (3), as follows: 


8(bvc) = 8(6 + ¢ + bc) = 8(b)A8(c)A8(bc) 
= 8(b)A8(c)A8(b)8(c) = 8(b) u 8(c). 
THEOREM 9. An atomic basis 8 is a complete atomic system. 
We must show that there is no element b such that }+0, ba =0 for every 


element a in 8. Now, if there were, we should have b=a,+ - - - +a, for some 


t Here, as elsewhere in this paper, we use the symbols U and A to designate union and union 
(modulo 2), or symmetric difference, for classes; and we indicate the formation of the intersection by 
juxtaposition of the symbols for the classes affected. 
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elements a, - - - , @, in 8, by Definition 4; we may suppose that these ele- 
ments are distinct because of the law a+a=0. Thus we should obtain the 
relations a;=a,(a,:+ - - - +a,)=a,b=0 in accordance with Theorem 6 but in 
contradiction to the fact that a,+0. 


THEOREM 10. The representation of an element b as the sum of elements in a 
complete atomic system 8 is unique: the summands are precisely the elements of 
the class 8(b), b#0. 

If b=a,+ --- +4,, the elements a, - - - , a, in 8 being taken as distinct, 
and if a is an arbitrary element in 8, then ab=aa,+ - - - +aa, is different 
from 0 if and only if one of the relations a=4a,, - - - , a=a, is valid, as we see 
by virtue of Theorem 6. Hence a, - - - , a, are precisely the elements of the 
class 8(b), 6#0, described in Theorem 8. 

From Theorems 8, 9, and 10 we now obtain the following result: 


THEOREM 11. Jn order that a Boolean ring A contain an atomic basis 8, 
it is necessary and sufficient that A be isomorphic to the algebra of all finite 
subclasses of a fixed finite or infinite class x, the elements in 8 being in one-to-one 
correspondence with those of 2. In particular such a ring A has a unil if and 
only if the classes 8 and & are finite. 

When A has an atomic basis, the theorem follows at once from the pre- 
ceding results, as we have already indicated. On the other hand, when A is 


isomorphic to an algebra of classes of the type described, it is evident that the 
elements of A corresponding to the one-element subclasses of = constitute 
an atomic basis in A. If a Boolean ring A containing an atomic basis 8 has a 
unit e, then it is evident that 8=8(e) and hence that 8 and the corresponding 
class = must both be finite. The converse result is also obvious. 


THEOREM 12. A finite Boolean ring with at least two elements contains an 
atomic basis 8 and is therefore isomorphic to the algebra of all subclasses of a 
finite class = in one-to-one correspondence with 8. 


In view of Theorem 11, it is sufficient for us to show that the given 
Boolean ring A has an atomic basis 8. First we shall show that, if a0 is an 
arbitrary element in A, then there exists an atomic element contained in a. 
If a, is not an atomic element, there exists an element a such that a,a~0, 
a,a#a,. We denote a,a by a, and observe that a,>da:. Let us suppose 
that there exist in A distinct non-zero elements a;,---, a such that 
a>d,>--- >a1>a,. If a% is not an atomic element, then there exists an 
element a such that a,a#0, a.a~a,. We denote a,a by a.4: and observe that 
a >4,41. Thus we see, in view of the finiteness of A, that by virtue of this 
inductive construction there exist an integer m and elements qd, - --, dn, 
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where ai> --- >a, and a, is an atomic element. We next designate by 8 
the class of all atomic elements in A and prove that 8 is an atomic basis. 
Since 8 is finite, its elements have a sum a. If b is an arbitrary element in A, 
we form the element b+ab and apply the result just established: unless 
b+ab=0, there exists an atomic element c contained in )+ab. Now such an 
element c obviously has the properties ac =c, (b+-ab)c =c; but these proper- 
ties imply that c = (b+ab)c =bc+bac = bc +be =0. We conclude therefore that 
b+ab=0 or, equivalently, ab =. It follows that a is the unit e of the Boolean 
ring A and that any non-zero element 6 is expressible as the sum of atomic 
elements in 8 through the equation b=ab. We have thereby shown that 8 
is an atomic basis. 

We may observe that this theorem yields a new proof of the last part of 
Theorem 1, according to which every finite Boolean ring has a unit and has 
a cardinal number of the form 2”. It shows further that when M 21 this in- 
teger is the number of elements in the atomic basis 8. 

In order to complete the consideration of finite Boolean rings, we state 
the following theorem without formal proof: 


THEOREM 13. A finite Boolean ring with exactly one element is isomorphic 
to the algebra consisting of the void class. 


CHAPTER II. SUBRINGS, IDEALS, AND HOMOMORPHISMS 


1. Subrings and their combinations. A non-void subclass of an algebraic 
system is called a subsystem if it is closed under the fundamental operations 
of the system; that is, if the application of these operations to elements of 
the subclass yields elements of that class. The subsystems of a Boolean ring A 
are thus the subclasses of A which contain a+6 and ab whenever they con- 
tain a and b. The relation a—b=a+b, which is an immediate consequence of 
Theorem 1, therefore serves to identify the subsystems of A with the sub- 
rings of A.f Furthermore, the fact that the law of idempotence holds in any 
subclass of A shows that the subrings of A are Boolean rings in the sense of 
Definition 1. A few simple properties of the subrings of a Boolean ring A may 
be noted here without formal proof. Thus a subring a has a unit @ if and 
only if it contains an element a such that ab=6 or, equivalently, a>b for 
every element } in a. Every subring contains the element 0 of A as its zero 
element. A subclass of a subring a is a subring of A if and only if it is a sub- 
ring of a. We may also cite the following examples of subrings: the subclass o 
consisting of the element 0 alone; the subclass e consisting of all the elements 
of A; and the subclass a(a) consisting of all the elements } such that ab=b 


+ B. L. van der Waerden, Moderne Algebra, Berlin, 1930, vol. I, p. 53. 
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or, equivalently, b<a. We observe that 0 =a(0); and that e=a(e) in the case 
where A has a unit e. 

Before passing to the study of combinations of subrings, we pause to con- 
sider briefly those non-void subclasses of a Boolean ring which are closed un- 
der the operations v and - of Theorems 2-4. In view of the relation 
avb=a+b+ab, every subring is such a subclass; but there exist subclasses 
with the indicated property which are not subrings, as is shown by the ex- 
ample of the subclass consisting of the element a alone, where a0, and by 
the example of the subclass consisting of the elements 0, a, b, ab, av b, where 
a, b, and 0 are distinct (this subclass consists of three elements when ab =a or 
when ab=b and of five elements otherwise; Theorem 1 thus shows that it is 
not a subring). It is easily verified that these subclasses are instances of those 
algebraic systems variously known as C-lattices, distributive lattices, or 
arithmetic structures. More than this is true: for recently MacNeille has 
proved that every distributive lattice is contained in a Boolean algebra 
(Boolean ring with unit) as a subclass of the indicated type by virtue of a 
strictly algebraic construction, of which the imbedding process given in the 
proof of Theorem 1 above is a special and very much simplified instance.{ 

In any algebraic system, the intersection of any class of subsystems is 
itself a subsystem except, of course, in the case where it is void;§ the inter- 
section is obviously the greatest subsystem contained in all subsystems of 
the given class. Hence any non-void subclass of an algebraic system generates 
a least subsystem containing it, namely, the intersection of all subsystems 
containing it. The subsystem thus generated by a given non-void subclass 
may be characterized alternatively as the class of all elements which can be 
constructed as “polynomials” in terms of the elements of the given subclass 
and of the fundamental operations of the system. It is understood in this 
statement that certain of the fundamental operations may, in a single appli- 
cation, affect infinitely many elements of the system. If % is a non-void class 
of subsystems a, we may therefore define the sum and product of the sub- 
systems in % as follows: the sum, denoted by S,,ya, is the least subsystem con- 
taining every a in Y, or, equivalently, is the subsystem generated by the union 


t The term C-lattice is used by Garrett Birkhoff, Proceedings of the Cambridge Philosophical 
Society, vol. 29 (1933), pp. 441-464; distributive lattice by MacNeille, Harvard doctoral dissertation, 
The Theory of Partially Ordered Sets, 1935; arithmetic structure by Ore, Annals of Mathematics, (2), 
vol. 36 (1935), pp. 406-437. 

t MacNeille, doctoral dissertation, The Theory of Partially Ordered Sets, 1935, not yet published. 
A summary is given in the Proceedings of the National Academy of Sciences, vol. 22 (1936), pp. 45-50. 

§ For some purposes it is convenient to regard the void class as a subsystem, but that is not the 
case in the present paper. 
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z..a Of the classes a belonging to U; and the product, denoted by P,,a, is 
the intersection II,,9a of the classes a in 2, when it is not void. In the special 
case where % consists of two subsystems a and 6, we write the sum as avb 
and the product as a-6 or simply ab. In general, the product of subsystems 
may fail to exist; but in the case of Boolean rings this difficulty is removed 
by the fact that the element 0 is common to all subrings. It is important 
for us to examine the specialization of these general concepts to the case of 
Boolean rings. 

In the first place we shall give more detailed information concerning the 
subring generated by a given subclass. We have 


THEOREM 14. In order that the subring a(8) generated by a non-void subclass 
8 of a Boolean ring A possess a unit, it is necessary and sufficient that 8 contain 
elements ai, > - - , dn such thath<a,v --- va, for every element b in 8. When 
this condition is satisfied, the elementa=a,v --:- Vad, is the unit of a(8); and 
a(8) is the class of all elements which can be constructed as polynomials in terms 
of elements b and a+b, where b is in 8, and of the operations v and - alone. In 
particular, if A has a unit e and 8 contains e, then a(8) is the class of all elements 
which can be constructed as polynomials in terms of elements b and b’=b+e, 
where b is in 8, and of the operations v and - alone. 


The existence of elements a, - - - , @, in 8 such that av --- va,>b for 
every element b in 8 leads immediately to the conclusion thata=a:v --- Van 
is in a(8) and is its unit: for, if c is any element of a(8), then c=q(hi, - - - , bm) 
where g is a polynomial in terms of elements ji, - - - , },, in 8 and of the opera- 
tions + and - of the Boolean ring; and, by virtue of the distributive law 
and the law of idempotence, such an element c satisfies the relations 
ac=aq(h, - + +, bm) =q(ah, - - -,abm) =q(bi, - - - , bm) =c. On the other hand, 
if a(8) has a unit a, we can express a as a polynomial r(a, - - - , @,), where 
a1, - ~*~, @, are in 8, and have to show, in order to complete the discussion, 
that a can be expressed as a1 V --- Vay. Since aiv --- va, is in a(8) and 
since a is the unit in a(8), we have av - - - va,<a. On applying the general 
relations bvc>b+c, b>bc, c>be to the polynomial r(a, - - - , a,) we find 
that a,v --- va,>a. Hence it is true that a=a,v --- va,, as we wished 
to show. In a subring a(8) with unit a, we can apply the relations (1), 
(2), (6), and (7) of Theorem 2 with appropriate change of letters. Thus if 
c=q(hi,---, bn) where b;,---, 6, are in 8 we can use these relations to 
write g(bi, - - - , bm) =q*(bi, + ~~ , bm, bY, - ~~ , bn) where g* is a polynomial 
in terms of the operations v and - alone, and b,=b,+a for k=1,---, m. 
The final assertions of the present theorem follow at once from this result. 

Using the notations for sums and products of subrings introduced above 
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together with the customary symbol c for the relation of class-inclusion, we 
now state the principle facts concerning the operations upon subsystems. 
While we phrase them in terms of Boolean rings, they are easily seen to be 
valid in quite arbitrary algebraic systems. 

THEOREM 15. Jf A is a Boolean ring, then the class UX of all subrings of A has 
the following properties under the operations of addition and multiplication in- 
troduced above: 


(1) avb = bva; (2) ab = ba; 

(3) av(bvc) = (avb)ve; (4) = a(be) = (ab)c; 

(5) a(bvc) > ab vac; (6) (av b)(avec) Dav be; 
(7) ava =a; (8) aa = a; 


(9) acb if and only if ab=a; 
(10) if Bis a non-void class of non-void classes B of subrings a of A, and if € 
is the union 2Ba,4, then 


S (Sa) = Sa; 
BeB acB acc 


(11) if B, B, and € have the same significance as in (10), then 


P (Pa) = Pa; 
VeB acB aed 


(12) if b is any subring of A and &% is any non-void class of subrings a of A, 
then 
: 2 : 
KS) ” 5) . 
(13) if b and B haveithe same significance as in (12), then 


P (bva)> bv Pa. 
aeB aeB 


The special subrings 0 and ¢ have the following properties: 
(14) oa = 0, avo =a; 


(15) ea = a, ave=e. 


Except for properties (5), (6), (12), and (13), all these properties are easily 
verified by quite trivial arguments; and properties (5) and (6) are special 
cases of (12) and (13) respectively. We shall therefore confine our discussion 
to the two latter properties. To establish (12) we proceed as follows: an ele- 
ment belongs to the subring on the right of (12) if and only if it is a poly- 
nomial in terms of elements simultaneously in the subring 6 and in the sub- 
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rings a; on the other hand, an element belongs to the subring on the left of 
(12) if and only if it is simultaneously a polynomial in terms of elements in b 
and a polynomial in terms of elements in the subrings a; from these algebraic 
descriptions, the inclusion-relation (12) is evident. We prove (13) in a similar 
manner: an element belongs to the subring on the right of (13) if and only 
if it is a polynomial in terms of elements in the subring 6 and common to all 
the subrings a; and an element belongs to the subring on the left of (13) if 
and only if it is, simultaneously for all subrings a, a polynomial in terms of 
elements of the subring 6 and of a subring a. It is of interest to show that the 
relations (5) and (6), and hence also the relations (12) and (13), cannot be 
strengthened. In a Boolean ring with unit and with four or more elements, 
let a be an element distinct from 0 and from e; let a be the subring consisting 
of the elements 0, a; let b be the subring consisting of the elements 0, e; let 
c be the subring consisting of the elements 0, a’, where a’=a+e; and let d 
be the subring consisting of the elements 0, a, a’, e. We then see that 
a(b vc) =a, ab vac=o, (avb)(avc) =d, av be=a, 0X ad. 

2. Ideals and their combinations. We shall now turn to the study of 
those special subrings known as invariant subrings or ideals, characterized 
by the property of containing a and ab together whatever the element b. 
Thus a non-void subclass of a Boolean ring is an ideal if and only if it con- 
tains a+b together with a and 6, and c together with a whenever c <a. Since 
ideals are special subrings, the discussion of the preceding section applies to 
them at once; but, as we shall see below, is capable of being made considera- 
bly more precise by virtue of the restriction to ideals. We shall note a few 
simple properties of ideals without formal proof. Thus, an ideal a in a Boolean 
ring A has a unit a if and only if it consists of all elements c such that c<a; 
in other words, if and only if it is identical with the subring a(a) introduced 
above and seen now to be an ideal. Moreover an ideal a which contains the 
element a necessarily contains the ideal a(a). A subclass 6 of an ideal a in a 
Boolean ring A is an ideal in a, regarded as a Boolean ring, if and only if it is 
an ideal in A. If a is an ideal and 6 a subring, then a is an ideal in the subring 
av b and ab is an ideal in the subring b. The subrings 0, a(a), e, previously 
introduced, are all ideals. It is important for us to recall the arithmetical 
terminology used to describe the inclusion relation a ¢ b between ideals: if a 
is contained in b, then 6 is said to divide a or to be a divisor of a, and a is said 
to be divisible by 6. Thus the product ab of ideals a and b is divisible by its 
factors a and 6, the product being itself an ideal in accordance with a result 
established below. 

The distinction which it was necessary to draw between subsystems of a 
Boolean ring defined in terms of the operations + and - and those defined in 
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terms of v and - vanishes in the case of multiplicatively invariant subsys- 
tems, as indicated in the following theorem: 


THEOREM 16. In order that a non-void subclass a of a Boolean ring A be an 
ideal it is necessary and sufficient that 

(1) acontain av b together with a and b, 

(2) a contain ab whenever it contains a; 
or, equivalently, that 

(1) a contain av b together with a and b, 

(2’) a contain c together with a whenever c <a. 


Since the conditions (2) and (2’) are equivalent, we need consider only 
conditions (1) and (2). The necessity of the latter conditions is evident. To 
establish their sufficiency, it is enough to show that they imply that a con- 
tains a+b together with a and b. Now if a and 0 are in a, so are avb and 
(a v b)(a+5) by virtue of (1) and (2); but the relation 


(av b)(a + 6) = [(a + b) + ab](a + b) = (a + b) + (ab + ab) =a +b 


shows that a+ is also in a, as we wished to prove. 

Before considering the specialization of Theorem 15 to the case of ideals, 
it is necessary for us to indicate some particular results analogous to those 
presented in Theorem 14. 


THEOREM 17. Jf 8 is an arbitrary non-void subclass of a Boolean ring A 
and if a(&) is the class of all elements a such thata<a,v ---+ Va, for appro- 
priate elements a, - - - , dn in 8, then a(8) is an ideal; and every ideal containing 8 
contains a(8). The ideal a(8) may be characterized alternatively as the class of 
all elements a such that a=a\b,v -- + Va,b, where a,-- +, Gn are in 8 and 
bh, ---, 0b, are in A. If 8 is the union of the ideals a in a given class B, then 
a(8) is the class of all elements a such that a=a,v --- Va, where a, is in % 
and a, in B fork=1,---,n. 


From Theorem 16, it is evident that an ideal containing the class 8 must 
contain every element ai:v --- va, where di, - ~:~, @, are in 8, and hence 
every element a such that a<a,v --~- va,. Thus a(8) is contained in every 
ideal which contains 8. To show that a(8) is itself an ideal, we appeal again 
to Theorem 16. It is evident that condition (2’) of that theorem is satisfied in 
the present instance. It is easily verified that condition (1) also holds: for, if 
a<aqv---va,andb<bv ---vb,where a, ---, dn, bi, --- , 5, are in 8, 
thenavb<av ---va,vhv --- vb,. The equivalent characterization of 
a(8) is established as follows: if a<a,v --- Van, thena=ajhv --- Vanbn 
with }:= --- =b, =a; and, if a@=a,b,v --- va,b,, thena<av --- Vay. 
Finally, to establish the characterization of a(8) when 8 is the union of ideals a, 
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we first express the element a in a(8) in the form a=a;b; v - - - va,b, where 
a, - - - , a, are in 8. We then observe that there must exist ideals a, - - - , dn 
of the given class 8 which contain a, - - - , a, respectively. It follows that 
a,b, is an element of the ideal a,. Thus an obvious change of notation per- 
mits us to writea=a,v - - - va, where ad isin a, and a, in %,fork=1,---,n. 
Conversely, every such element is in the ideal a(8), as we have already seen. 

With the help of Theorem 17, we can now obtain the desired counter- 
part of Theorem 15. 


THEOREM 18. In a Boolean ring A, the subrings obtained as sums or as prod- 
ucts of ideals are themselves ideals; in other words, the class of all ideals in A 
is a subsystem of the system X% of all subrings of A under the unrestricted opera- 
tions of addition and multiplication. The properties of these operations which 
hold in X hold also in &, with the refinement that properties (5), (6), and (12) 
of Theorem 15 are to be replaced respectively by the following sharper properties, 
to which we give the corresponding numbers: 


(5) a(bvc) = abvac; (6) (avb)(ave) = av be; 


(12) if bis an ideal and B a non-void class of ideals a, then 


bSa=S ba. 
aeB aeB 


The ideal ab, where a and 6 are ideals, is the class of elements c where c=ab, a in 
a and b in b. The ideal a(8) of Theorem 17 is the product of all ideals containing 8; 
and, in the particular case where 8 is the union of a class of ideals, a(8) is the 
sum of the ideals in that class. 


If a is any element in the intersection of ideals a, then ab is also in their 
intersection whatever the element b. Thus the subring which is the product 
of the ideals a is an ideal. In particular the product ab of ideals a and 6 is an 
ideal and consists of those elements c such that c = ab where a is in a and b in b: 
for any such element is common to a and 6; and, if c is common to a and b, 
then c=ab where a=c and b=c. Theorem 17 now shows that the ideal a(8) 
is the product, or, equivalently, the intersection, of all the ideals containing 
8, the ideals e and a(8) both having the latter property. Now, if 8 is the union 
of ideals a, we see from Theorem 17 that a(8) is contained in the subring which 
is the sum of the ideals a; but, since a(8) is a subring containing 8, it must 
contain also the sum in question. It follows that any sum of ideals is identical 
with the ideal a(8), where 8 is the union of those ideals. The preceding results 
evidently serve to establish the assertion that $ is a subsystem of Y. It re- 
mains for us to establish the sharper forms of (5), (6), and (12). Since (12) 
implies (5), we confine our discussion to (6) and (12). In view of Theorem 15, 
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it is sufficient for us to show that bS,.,a ¢S,.9ba, (avb)(avec) cavbe. Using 
the results of Theorem 17 together with those just proved, we see that every 
element in 6S,,.a is expressible in the form b(a,v --- va,)=baiv --- vba, 
where 0 is in 6 and a, in an ideal a, of the class B. Since ba, is in the ideal ba,, 
we conclude that every element of the indicated form is in the ideal S,,4ba, 
thus establishing (12). Similarly, we see that every element in (a v b)(a vc) 
can be expressed in the form (a, vb)(a.vc) where a; and a are in a, b is 
in 6, and ¢ is in ¢; and, since (a, vb)(a2 vc) =(aia2 Vv a,c V a2b) v be where 
@\d2 V a,c V a2b is in a and bc is in bc, we see that every such element is in 
a v bc, thus establishing (6). 

It is of interest to remark that property (13) of Theorem 15 cannot be 
similarly sharpened. This we shall show by examples to be given in a later 
paper. It is also of interest to remark that in the case of a general abstract 
ring the properties (5), (6), and (12) of Theorem 15 cannot be replaced by the 
sharper ones which have just been established in the case of Boolean rings. 
We note that under the finite operations, namely, the operations of forming 
the finite sum av 6 and the finite product ab, the system $ is a distributive 
lattice by virtue of the sharpened properties (5) and (6). The Boolean rings 
are thus special instances of those rings in which the ideals constitute a dis- 
tributive lattice. 

We shall now introduce in the class $ of ideals a unary operation in many 
respects analogous to the operation ’ defined in a Boolean ring with unit. 
Such an operation can be defined in any commutative ring and can be suit- 
ably generalized even in the case of a non-commutative ring. We shall in- 
vestigate its properties only in the case immediately before us. It will be help- 
ful to make use of the following terminology: 


DEFINITION 6. Two elements a and b in a Boolean ring are said to be orthog- 
onal if ab=0; and two non-void subclasses of a Boolean ring are said to be 
orthogonal if every element of one is orthogonal to every element of the other. 


As a basis for our definition of the desired operation, we first establish 
the following result: 

THEOREM 19. Jf 8 is any non-void subclass of a Boolean ring A, then the 
class 8' of all elements orthogonal to every element of 8 is an ideal in A which 
is orthogonal to 8 and contains every subclass of A orthogonal to 8. Two ideals a 
and 6 are orthogonal if and only if ab=o. 


It is obvious that 8’ contains the element 0, that it is orthogonal to 8, 
and that it contains every subclass of A orthogonal to 8. If a and b are in 8’, 


t The indicated class of rings has been discussed by Garrett Birkhoff, under certain strong 
restrictions, Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 613-619. 
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then a+ is in 8’: for we have (a+b)c=ac+bc =0+0=0 for every element c 
in 8. Similarly, if a is in 8’ and b is in A, then ab is in 8’: for we have (ab)c 
= (ac)b =0b =0 for every element c in 8. We see therefore that 8’ is an ideal. 
The characterization of the ideal product ab given in Theorem 18 shows at 
once that a and 6 are orthogonal if and only if ab=o. 

We can now state our fundamental definition. 


DEFINITION 7. The ideal 8’ associated with an arbitrary non-void subclass 8 
of a Boolean ring A in the manner indicated in Theorem 19 is called the or- 
thogonal complement, or, more briefly, the orthocomplement of 8; and the opera- 
tion of forming the ideal 8’ is called orthogonal complementation, or, more briefly, 
orthocomplementation. The orthocomplement of 8’ is denoted by 8'’, that of 8"’ 
by 8’’’; and, more generally, the symbol 8 is defined recursively for n=1 by 
the relations 3° =3’, 8+) =(g™)’, 

The chief properties of the operation so defined are given in the three 
theorems which follow. 

THEOREM 20. The operation of orthocomplementation has the following gen- 
eral properties: 

(1) ct implies 8' >t’; 

(2) 8ca(s)¢8’’, where a(8) is the ideal generated by 8; 

(3) 8 =8™ when m and n are congruent (mod 2), 8°38” =o when m and 


n are not congruent (mod 2); in particular, 8'’’ =8'. 


If 8 is contained in t, then t’ is orthogonal to 8 as well as to t and must 
therefore be contained in 8’ in accordance with Theorem 19. Since 8 is or- 
thogonal to 8’ by definition, 8 is contained in the ideal 8’’; and by Theorem 17 
we have 8ca(s)¢8’’. The relation 8¢ 8’’ implies 8’ > 8’’’; but we also have 
g’’’ = (8’)’’ > 8’ and therefore conclude that 8’’’ = 8’. By an obvious induction 
we now see that 8°"+2) =g™, g(»+g =p, A further induction leads to the gen- 
eral proposition (3). 

THEOREM 21. Within the class & of all ideals in a Boolean ring A, the opera- 
tion of orthocomplementation has the following special properties: 

(1) aca’; (2) aa’ =0; (3) 0’ =e, e’ =0; 

(4) the orthocomplement of a sum is equal to the product of the orthocomple- 
ments of the summands; in particular, (a v 6)’ =a’b’; 

(5) the orthocomplement of a product contains the sum of the orthocomple- 
ments of the multiplicands; in particular, (ab)’ >a’ vb’. 

The properties (1), (2), (3) follow at once from Theorems 19 and 20. To 


prove (4), we observed that, by virtue of Theorems 17 and 18, an element b 
is in (S,.ga)’ if and only if b(a:v --- va,)=0 for every set of elements 
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a, - ~~, a, belonging respectively to ideals a, - - - , a, in the class 8. Now 
b(av ---va,)=bav --- vba,=0 if and only if ba,= - - - =ba, =0, as is 
easily verified. The latter condition obviously holds for the indicated elements 
a, - - - , @, if and only if d is in every ideal a’, where a is in the class 8. This 
result serves to establish (4). To prove (5), we observe that by virtue 
of Theorems 17 and 18 an element 6 in S,,.ga’ is expressible in the form 
b=a,v ---+ va, where a; is in af and a in S for k=1, - - - , nm; hence we 
see that, if c is an arbitrary element in the product of the ideals a, then 
be=(a,v +--+ Va,)c=acv --- va,c=0; and we conclude that 0 is in 
(P,.@a)’, thus establishing (5). 

The properties (1) and (5) of this theorem cannot be sharpened within 
the class 3, save in the case of Boolean rings of very special type. We shall 
give relevant examples in another paper. 

Since the product ab of an ideal a and a subring 6 is an ideal in b, we may 
seek to determine the orthocomplement of ab relative to b. This determination 
is possible when 6 is an ideal, and proves to be important in subsequent de- 
velopments. 


THEOREM 22. Jf a and 6 are ideals in a Boolean ring A, the orthocomplement 
c of the ideal ab in the subring 6 satisfies the relation c=a'b. 


Since ab and a’b are ideals in 6 such that (ab)(a’b) = (aa’)b =o, we see from 
Theorem 19 that c>a’b. On the other hand, we obviously have cc b, we can 
prove that cca’, and we can therefore conclude that c¢ a’b and hence c=a’b: 
for, if c is any element in c, the element ac is in ab for every element a in a and 
thus has the property ac=(ac)c=0; but this property implies the relation 
cca’. 

In case 6 is a subring but not an ideal, the relation ¢ > a’b is valid but can- 
not in general be replaced by the stronger relation c=a’b. To show this, we 
use the fact that in general the ideal a can be chosen so that ava’ e. If we 
then take b as an element not in a va’ and let b be the subring consisting of 
the elements 0, b, we see that ab=a’b=o0, c=b+o. 

3. A classification of ideals. The operation of orthocomplementation in- 
troduced at the end of the preceding section leads to an important classifica- 
tion of the ideals in a Boolean ring. While an exhaustive study of this classi- 
fication would take us too far afield, some detailed knowledge of the behavior 
of ideals under the operation of orthocomplementation is essential in Chapter 
III. We shall therefore give only a partial investigation of this subject here, 
leaving for another paper the presentation of the complete theory. It is 
proper to point out in advance that the proposed classification degenerates 
only in a few very special types of Boolean ring, too simple to be of very great 
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interest in any other connection. We shall accordingly have no need to con- 
cern ourselves in the present section with the possibility of degeneracies. Our 
fundamental definition is the following: 


DEFINITION 8. In a Boolean ring A, an ideal a is said to be 

(1) principal if a=a(a) for some element a; 

(2) semiprincipal if a=a(a) or a=a’(a) for some element a; 

(3) simple if ava’ =e; (4) normal if a=a’’. 
The classes of principal, semiprincipal, simple, and normal ideals are denoted 
by the letters $, B*, S, and N respectively. 


We may observe that the term “principal ideal” is here used with its 
ordinary significance: for Theorem 17 shows that the ideal a(a) is the ideal 
generated by the class 8 consisting of the element a alone. 

The elementary relations between the classes of ideals thus introduced are 
given in the three following theorems. 


THEOREM 23. The classes defined in Definition 8 satisfy the following inclu- 
sion relations: 


(1) Pe Pre ScMc¥Y; 
(2) $B contains 0; (3) B* contains e. 


The relations (2) and (3) are obvious. Of the inclusions in (1), the first 


and last are obvious. Hence we need discuss in detail only the relations 
pZ*cS, ScR. Now if the ideal a is semiprincipal, we have either a=a(a) 
or a=a’(a) for some element a. In the first case, we let 6 be an arbitrary ele- 
ment in A and write b=ab+(b+<ab). Since ab is in a, a proof that b+<ab is 
in a’ will lead to the result that 6 is in ava’. If c is an arbitrary element in 
a=a(a), we have c(b+ab)=cb+(ca)b=cb+cb=0 and thus conclude that 
b+ab is in a’. Since b is arbitrary, we must have ava’ =e, so that a is a 
simple ideal. In the second case we apply the result just obtained to write 
e=a(a) va’ (a) ca’’(a) va'(a) =a’ va=ava’. It is then evident that ava’ =e 
and that a is simple. The proof of the relation $* ¢ S is thus completed. If 
now a is a simple ideal, we have a’’ =a’’e=a’’(a va’) =a"’ava’’a’ =avo=a 
in accordance with Theorems 18 and 21; and we conclude that a is normal. 
The relation Sc & is thus established. 


THEOREM 24. The relation $#S implies the relation $#N; in particular, 
if the ideal a is not simple, the ideal a v a’ is not normal. In consequence, the rela- 
tion 3 =N implies the relation 3 =©S. 

Since (a va’)’=a’a’’ =o by Theorem 21, and since therefore (a va’)’’ =e, 


we see that a v a’ ~e implies a va’ #(ava’)’’. 
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THEOREM 25. The relation %=* implies the relation B=S and hence 
also the relation $* =S. In fact, the following assertions concerning a Boolean 
ring A are equivalent: 

(1) B=S; (2) P=$*; 

(3) there exists an ideal a such that a and a’ are in ; 

(4) the Boolean ring A has a unit e. 


It is evident that (1) implies (2), and also that (2) implies (3). We show 
that (3) implies (4). If a=a(a) and a’ =a(b), then a(a) va(b) =a va’ =e in ac- 
cordance with the relation $=S. Hence an arbitrary element c is expressible 
in the form c =a, vb); where a, <a and b, <b, as we see by reference to Theo- 
rem 17. It follows that c<avb. Since c is arbitrary, this relation identifies 
av as the unit in A. We now complete the proof by showing that (4) implies 
(1). If a is a simple ideal in a Boolean ring with unit e, the relation a va’ =e 
shows that e=avb where a is in a and 0 in b, in accordance with Theo- 
rem 17. If c is an arbitrary element in a, we obviously have cb =0 and hence 
c=ce=c(avb) =ca vcb=ca, or, equivalently, c<a. Thus we see that aca(a). 
On the other hand it is evident that a(a)ca. We therefore conclude that 
a=a(a), as we wished to do. 

We may remark that in a Boolean ring without unit we have, in general, 
$x~PL*~ASANHX¥; and that in a Boolean ring with unit we have, in general, 
P=P*=SEFNHKI. When J¥M we may have either N#S or N=GS; but 
we have not been able to determine whether the relations B¥$*, B*=S 
are compatible or not. The various possibilities will be analyzed more fully 
on another occasion. 

The conditions that an ideal be principal or semiprincipal, as given in 
Definition 8, are adequate for our purposes; but it is important for us to ob- 
tain conditions, other than those given in the definition, for an ideal to be 
simple or normal. The two theorems which follow present information on 
this topic. 

THEOREM 26. In order that an ideal a in a Boolean ring A be simple, it is 
necessary and sufficient that the product aa(a) be a principal ideal for every ele- 
ment ain A, 


We shall consider aa(a) as an ideal in the subring a(a) with unit a, recalling 
that the orthocomplement of aa(a) relative to a(a) is the ideal a’a(a) in accord- 
ance with Theorem 22. If a is simple relative to A, we have aa(a) va‘a(a) 
= (a va’)a(a) =ea(a) =a(a) so that aa(a) is simple relative to a(a). By virtue 
of Theorem 25 we see that aa(a) is principal relative to a(a). Since aa(a) is an 
ideal in A and since, considered as a Boolean ring, it has a unit by virtue of its 
character in a(a), we conclude that there exists an element 6 such that 
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aa(a) =a(b). Thus, when a is simple, aa(a) is principal. On the other hand, if 
aa(a) is principal for every a in A, we write aa(a) =a(b) ca(a). It follows that 
aa(a) is principal, and hence simple, relative to a(a). Thus we see that 
a(a) =aa(a) va’a(a) =(ava’)a(a) cava’; in other words, that ava’ contains 
a. Since a is arbitrary, we conclude that ava’ =e, or, in other words, that a 
is simple, as we wished to prove. 


THEOREM 27. The following assertions concerning an ideal a in a Boolean 
ring A are equivalent: 

(1) ais anormal ideal; 

(2) ais the orthocomplement of some ideal in A; 

(3) ats a product of semiprincipal ideals. 
In general, if a is an arbitrary ideal, then a’’ is the product of all the semi- 
principal ideal divisors of a; and, in particular, a normal ideal is the product of 
all its semiprincipal ideal divisors. In the case of a Boolean ring with unit, the 
term “principal ideal” is to replace the term “semiprincipal ideal” in the preced- 
ing statements. 


The equivalence of (1) and (2) is easily proved as follows: if a is normal, 
then a=b’ for b=a’; and, if a=b’, then a=b’ =b’’’ =a”’. If a is an arbitrary 
ideal, it has at least one semiprincipal ideal divisor, the ideal e. Hence the 
product of all the semiprincipal ideal divisors of a exists and is an ideal b 
which divides a. Now if ¢ is a semiprincipal ideal divisor of a, we have 
ce’ ca’, c=c’’>a’’, so that ¢ is also a semiprincipal ideal divisor of a’’. It 
follows that b>a’’. On the other hand, if @ is an arbitrary element in a’, 
we see that a(a) ca’, that a’(a) >a’’ >a, and hence that a’(a) > b. The latter 
relation implies that a(a)b=o. Since a is arbitrary, we see that a’b=o and 
hence that bca’’. It follows from this and the earlier inclusion relation that 
b=a’’; in other words, that a’’ is the product of all the semiprincipal ideal 
divisors of a. The special case where a is normal, that is, where a=a’’, is 
now obvious. If an ideal a is the product of semiprincipal ideals, then we must 
have a>a”’ since a’’ is the product of ali the semiprincipal ideal divisors of a; 
we now conclude by virtue of the relation aca’’ that a=a’’ and hence that a 
is normal. The preceding results show the equivalence of (1) and (3). The 
final statement of the theorem follows immediately from Theorem 25. 

We shall turn now to an examination of the behavior of the various 
classes of ideals under the operations of addition and multiplication. As a 
preliminary to our first theorem in this connection, we must make a few re- 
marks concerning congruences in arbitrary algebraic systems. In any alge- 
braic system, the fundamental relation of equality has to be taken as one of 
the undefined concepts and must be connected with the operations of the 
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system by suitable postulates. It is sufficient to assume, first, that the rela- 
tion of equality is a reflexive, symmetric, and transitive dyadic relation, and, 
second, that in terms of this relation the following law of substitution holds: 
for each of the operations of the system, the substitution of equal operands 
for given operands respectively replaces the element resulting from the ap- 
plication of that operation by an equal element. Now any dyadic relation 
which has these same properties and which holds whenever the fundamental 
relation of equality holds may be called a congruence in the given algebraic 
system. The fundamental equality is itself a congruence. By simple inductive 
arguments it can be shown that, for any given relation of congruence, the 
following general rule of substitution is valid: if an element a is obtained as 
a polynomial in terms of elements of the system, then the substitution of 
respectively congruent elements in this polynomial yields an element con- 
gruent to a. Evidently, any relation of congruence in an algebraic system may 
be used to replace the fundamental relation of equality; if this be done, the 
system is converted into a new system which is easily seen to be homo- 
morphic to the old. Conversely, any system homomorphic to the given one 
is isomorphic to a system obtained in this way by the use of an appropriate 
congruence: when the homomorphism is given, the associated congruence is 
obtained by defining two elements to be congruent if and only if they are 
carried by the homomorphism into equal elements of the homomorphic sys- 
tem. The following theorem is stated with these general remarks as a back- 
ground. 


THEOREM 28. The dyadic relation C defined between the elements of the class 
& of all ideals in a Boolean ring A by setting a=b if a’ =b’, is a congruence in 
the algebraic system consisting of the class $ and the operations of unrestricted 
addition and finite multiplication. Each class of mutually congruent elements in 
& contains one and only one normal ideal as an element, in the following sense: 
if a is any ideal, then a”’ is a normal ideal such that a=a"’; and, if a and 6 are 
normal ideals such that a=b, thena=b. The algebraic system 3° consisting of 
the class $ with the congruence C as the fundamental relation of equality and the 
operations of finite addition and finite multiplication is a Boolean algebra with 
unit in accordance with Theorem 3.+ 


Most of the properties of the relation C asserted in the theorem are easily 
verified. Thus a =b implies a’ = 6’ and hence a=5; in particular, a=a. We see 
that a=b implies b=a, since a’=b’ implies 6’ =a’; and that a=b and b=c 


t This theorem bears a close formal or structural relation to a general proposition about the 
logic of Brouwer in the symbolic statement of Heyting, Sitzungsberichte der Preussischen Akademie 
der Wissenschaften, 1930, pp. 42-56. The proposition in question was given by Glivenko, Académie 
Royale de Belgique, Bulletins des Sciences, (5), vol. 15 (1929), pp. 183-188. 
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imply a=c, since a’ =b’ and b’ =c’ imply a’ =c’. If A and B are subclasses of $ 
in one-to-one correspondence in such a manner that corresponding elements 
a and 6 are in the relation a=b, we see that 


Go” = Re “fe” = GP) 


in accordance with Theorem 21, and hence that 


Sa=Sb. 
ae beB 
In particular, we note that a=c and b=d imply av b=c vb. 

The proof that a=c and b=d imply ab=cd is more difficult. We shall first 
prove that a=e and b=e imply ab=e, or, equivalently, that a’ =o and b’ =o 
imply (ab)’=o. Let a be an arbitrary element in (ab)’, 6 an arbitrary element 
in a(a)a, and ¢ an arbitrary element in a(b)b. It is then clear that a(c) ca(b)b 
ca(a)ab c (ab)’ab =o and hence that c =0. Since c was an arbitrary element in 
a(b)b, we conclude that a(b)b=o and hence that a(b) ¢b’=0, b=0. Since b 
was an arbitrary element in a(a)a, we conclude that a(a)a =o and hence that 
a(a) ca’ =o, a=0. Since a was an arbitrary element in (ab)’, we conclude that 
(ab)’ =o, as we wished to prove. We next prove that a’’b’’(ab)’ =o. We begin 
by writing a’’b’’(ab)’ = (a’ v b’)’(ab)’ =(a’ vb’ vab)’ in accordance with Theo- 
rem 21. We then observe that a’ v b’ vab >a’(b vb’) vab’ vab=(ava’)(bvb’) 
and hence that (a’ vb’ vab)’¢ [(ava’)(bvb’) |’. In view of the relations 
(ava’)’=a’a’’ =o, (bv b’)’ =b’b’’ =0, we can conclude that a’’b’’(ab)’=o by 
virtue of the preceding results. We now observe that (a’’b’’)’ > (ab)’ as a con- 
sequence of the relation just established; and that (a’’b’’)’ ¢ (ab)’ in conse- 
quence of the relation a’’b’’ > ab. We thus see that (a’’b’’)’ = (ab)’, or, equiva- 
lently, that a’’b’’=ab. The final step of the proof is simple. If a=c and b=», 
then we have a’ =c’, a’’ =c’’ and b’ =b’, b’’ =d’’; hence we have a’’b’’ =c¢’’b’’ 
and a’’b’’=c’’d’’; and finally, from the relations a’’b’’=ab and c’’b’’=cbd we 
conclude that ab=cb. We can show by examples that this result cannot be 
extended to the case of unrestricted multiplication. 

The assertion concerning the classes of mutually congruent elements is 
obvious. 

Having shown that the relation C is a congruence in the indicated sense, 
we may use it to replace the fundamental equality in $ in accordance with 
the general remarks above. When we restrict consideration to the finite op- 
erations v and - alone, we obtain the system 3°. We wish to identify this 
system as a Boolean algebra with e as unit, by showing that it has the proper- 
ties (11), (31), (32), (41), (5), (61) and (6,) of Theorem 3. By combining the prop- 
erties of the congruence C with the results given in Theorem 18, we establish 





68 M. H. STONE [July 


all the desired properties, except (5), without any difficulty. To prove (5), 
we show that the relations r va=e, ra=o have a solution r=a’. To this end 
we have merely to note that (a’ va)’=a’’a’ =o0=e’, a’a=o, and hence that 
a’ va=e,a’a=o. To convert 3° into a Boolean ring we must replace the opera- 
tion v by an operation + such that a+b=ab’ va’b, in accordance with Theo- 
rem 2. Evidently, it is most convenient to take a+b as the ideal ab’ va’b, 
rather than as some other ideal congruent to the latter. 

In discussing the class of all normal ideals, it will be necessary to replace 
addition by a new operation. We therefore give the following formal defini- 
tion: 

DEFINITION 9. Jf B is a non-void class of ideals a, the ideal (S,.40)’' is called 
the normalized sum of the ideals a in B and is denoted by S\’.4a; the normalized 
sum of ideals a and 6 is denoted by avb. The operation of forming the normalized 
sum is called normalized addition. 


In terms of this definition, we have 


THEOREM 29. The normalized sum and the product of normal ideals are nor- 
mal ideals; but a finite sum of normal ideals is not necessarily normal. The nor- 
malized sum of arbitrary ideals is the least normal ideal containing all the sum- 
mands. Within the class N of all normal ideals the operations of normalized ad- 
dition and multiplication have the following properties: 

(1) if Bis a non-void class of non-void subclasses B of N, then 

S” (Sa) = Sa, 
BeB a1cB aL 
where & is the union ry, %; 
(2) if B, B, and € have the same significance as in (1), then 


P (Pa) = Pa; 
VeB acB acl 


(3) if 6 is any normal ideal and % is any non-void subclass of N, then 


H(Se0) = S20) 


(4) if b and & have the same significance as in (3), then 


P (bVa) = bvVPa; 
aeB aeB 


(5) if Bis any non-void subclass of N, then 


(Sa) = Pa’; 
aeB aeB 
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(6) if B has the same significance as in (5), then 


_ ares 
Ce) =? 


Under the finite operations y and - alone, the system N is a Boolean algebra 
isomorphic to the system 3° of Theorem 28 by virtue of the correspondence 
a—a"’. This algebra has the property that its normal ideals are all principal. 


In view of Theorem 27(2) and Definition 9, it is evident that the normal- 
ized sum of ideals is always a normal ideal. In view of Theorem 27(3), it is 
likewise evident that the product of normal ideals is a normal ideal: since 
each factor is a product of semiprincipal ideals, the product is also a product 
of semiprincipal ideals by Theorem 15(11) and Theorem 18. On the other 
hand, if a is a normal ideal which is not simple, the sum a va’ is not normal, 
as we showed in Theorem 24, in spite of the fact that a and a’ are both normal. 

If a is an arbitrary ideal, then a’’ is a normal ideal containing a. If 6 is a 
normal ideal containing a, then 6 is the product of semiprincipal ideal di- 
visors of a and thus contains a’’, in accordance with Theorem 27. Thus a’’ 
is the least normal ideal containing a. By comparing this result with Defini- 
tion 9, we see that the normalized sum of ideals is the least normal ideal con- 
taining all the summands. 

Some of the properties (1)—(6) have already been established. Thus (2) 
has been proved in Theorem 15 (11) and Theorem 18, and (5) follows from 
Theorem 21(4) and Definition 9 by the use of the relation a’’’ =a’, since we 
have 


(Sia) ™ (Sa) - (S,a) Z iS : 


We can now deduce (6) from (5) by virtue of the relations 


P se DOIN? a= Mah\tt — Pa 
(Pe) me (Re ) (S,a’) s. 


since the ideals in 8 and all normalized sums are normal ideals. We can es- 
tablish (1) from the corresponding property of ordinary sums already es- 
tablished in Theorem 15(10) and Theorem 18 by using the results of Theorem 
28 concerning the congruence C: from Definition 9 it is evident that any 
normalized sum is congruent to the corresponding ordinary sum; in conse- 
quence, the two members of (1) above are congruent, the corresponding ordi- 
nary sums being equal; and finally, since the members are both normal ideals, 
their congruence implies their equality. In a similar way, we establish (3) 
from the corresponding relation for ordinary sums, already proved in Theo- 
rem 18(12): the two members of (3) are congruent and, being normal ideals, 
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are therefore equal. With the help of (5) and (6) it is now easy to deduce (4) 
from (3), as follows: 


FiO Va) = Bova") = Pb’) = (So (6'a"))’ = (6(S a") 


=(6 (Fa)’) =b V (Pa) = bv Pa, 


the ideals a, b, and P,,.ya being normal. 

In order to show that under the finite operations vy and - the system % 
is a Boolean algebra, we must verify properties (11), (31), (32), (41), (5), (61), 
(62) of Theorem 3. Now (1:), (41), (6:1), and (62) are evident from the known 
properties of the operation v and the relation avb=(avb)’’. Properties (3;) 
and (3.) follow at once from (3) above and the commutative law for multi- 
plication. To establish (5) we show that the equations rva=e, ra=o, where o 
and e are known to be normal ideals and a is assumed to be a normal ideal, 
have as a solution the normal ideal r =a’: we have only to note the relations 
a’va=(a’ va)’’ =(a’’a’)’ =o’ =e, a’a =o. Inorder to convert this Boolean alge- 
bra into a Boolean ring, we have only to introduce the operation + defined 
by the equation a+b =ab’va’b, in accordance with Theorem 2. It is now easily 
verified that the correspondence a——a”’ sets up an isomorphism between the 
Boolean algebras 3° and R. This correspondence is biunivocal on account of 
Theorem 28, which shows that a”’ is a normal ideal congruent to a and that 
a=b if and only if a’’=b’’. The correspondent of avb is given by (avb)’’ 
=(a’b’)’ =a’’vb’’ in accordance with Theorem 21(4) and (6) above. The corre- 
spondent of ab is found to be (ab)’’=a’’b’’, by the following reasoning: the 
normal ideal (ab)’’ is congruent to ab and hence also to a’’b’’; since a’’b’’ is 
normal, we must have (ab)’’=a’’b’’ in accordance with Theorem 28. These 
results establish the indicated isomorphism. 

It remains for us to prove that the Boolean algebra 9% has the special 
property that its normal ideals are all principal. Since 9 has the ideal e as its 
unit, all simple ideals of the algebra t are principal; in other words, a simple 
ideal of M is characterized by an element a in 3 such that 6 in MN belongs to 
the ideal if and only if bca. This result follows from Theorem 25 and applies 
in particular to semiprincipal ideals of N. Now a normal ideal of M is by 
virtue of Theorem 27 the product of semiprincipal ideals and hence, by virtue 
of the result just noted, the product of principal ideals. If 8 is the class of 
elements a generating the various factors in a product of principal ideals, the 
element P,,,a belongs to N and is contained in every element a in 8; and any 
element of ® belonging to the product is contained in every element a, and 
hence also in the element P,,.ya. Thus the product of principal ideals in the 





1936] BOOLEAN ALGEBRAS 71 


algebra N is itself the principal ideal generated by the indicated element 
P,.@a. It follows that every normal ideal of % is principal. 

Theorem 29 can be summarized briefly by pointing out that under the 
operations S’’, P, and ’ the class Jt has some of the chief formal properties 
of an algebra of classes with the corresponding operations of forming umre- 
stricted unions, products, and complements respectively. That it does not have 
all the formal properties of such an algebra we shall see later in the present 
paper. 

THEOREM 30. The class S of all simple ideals in a Boolean ring A is a 
Boolean subring, with e as its unit, of the Boolean algebras $° and N of Theorems 
28 and 29 respectively. The application of the operations of finite addition, finite 
normalized addition, finite multiplication, and orthocomplementation to simple 
ideals yields simple ideals; in particular, if a and 6 are simple ideals, avb=a vb. 


If a and b are simple ideals, then a v b is a simple ideal: for (a v b) v (av b)’ 
=avbva’b’>a(b vb’) va'b va'b’=(ava’)(bvb’)=ee=e and hence (avb) 
v (av b)’ =e. It follows also that a v b is normal and that av b=(avb)’’ =avb. 
If a is a simple ideal, then a’ is a simple ideal: for a’ va’’ >a’ va=e and hence 
a’ va’’ =e. The results just proved show that ab and a+b =ab’va’b=ab’ va'b 
are simple ideals whenever a and 6 are simple ideals: for ab=a’’b’’ =(a’ v b’)’; 
and ab’va’b =ab’ va’b whenever ab’ and a’b are simple. Hence © is a subring 
of $° and also of NR. The ideal e is in S and is obviously its unit. 


THEOREM 31. The class § of all principal ideals in a Boolean ring A is a 
Boolean subring of N and an ideal in S; it is isomorphic to the Boolean ring A 
in accordance with the following relations. 

(1) a(a) =a(b) if and only if a=b; 

(2) a(a+b) =a(a) +a(b) =a(a) a’(b) va'(a)a(d); 

(3) a(avb)=a(a) va(b); - (4) a(ab) =a(a)a(d). 

If the Boolean ring A has a unit e, then S = and a(a’) =a'(a). 


The class $ is evidently non-void since it contains »=a(0). In showing 
that it is an ideal in the Boolean algebra ©, we shall establish properties (3) 
and (4) above. Theorem 14 shows that the element av bd is contained in the 
ideal a(a) va(b) and hence that a(a vb) ca(a) va(b). On the other hand the 
relations a<avb and b<avb imply that a(a) ca(avb), a(b) ca(avb) and 
hence that a(a) va(b)ca(avb). It follows that (3) is valid. Theorem 26 
shows immediately that the ideal a(a)a is principal, whatever the simple ideal 
a. In particular, a(a)a(b) is principal. Theorem 16 thus shows that § is an 
ideal in S and hence a subring in %t. Theorem 18 shows that ab is in the ideal 
a(a)a(b) and hence that a(ab) c a(a)a(b). On the other hand, the relations c <a 
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and d<b imply cd <ab and hence a(a)a(b) ca(ab). It follows that (4) is valid. 
To prove (1), we note that a=d obviously implies a(a)=a(b); and that 
a(a) =a(b) implies a<b, b<a and hence a=b. The relations (1), (3), and (4) 
imply that the correspondence a-—>a(a) sets up an isomorphism between A 
and $ with respect to the operations v and - given in these systems. In 
order to extend this isomorphism to the operation +, we use (3) and (4) to 
prove (2). When ab =0 we have a+b=a vb and a(a)a(b) =a(ab) =a(0) =0; and 
we therefore see that a(a+b) =a(a v b) =a(a) va(b) =a(a)+a(b). When a and 
b are arbitrary we apply this result to the elements a+b and ab, which have 
the property (a+b)ab=0, to write a(a+b)+a(ab) =a(a+b+<ab) =a(a vb) 
=a(a) va(b) =a(a) +a(b) +a(a)a(b) =a(a)+a(b)+a(ab); and we conclude 
that a(a+b)=a(a)+a(b), as we wished to show. In case A has a unit e, 
we know that $ coincides with ©. By simple calculations, we find that 
a(a’) =a(a+e) =a(a)+a(e) =a(a)+e=a(a)e’ va’(a)e=a’(a), as stated in the 
theorem. 

THEOREM 32. The class $§* of all semiprincipal ideals in a Boolean ring A 
is a subring of S, with e as its unit, isomorphic to the Boolean ring B of Theorem 
1; B and A are ideals in 33* and B respectively. The operations v, -, +, and ’ 
in the system S apply to elements of 8* in the manner indicated by the following 
rules: 


(11) a(a) v.a(b) iw a(avb); (12) a(a) va’(b) = a’(b + abd); 
(1s) a’(a) va"(b) = a’(ab); 

(21) a(a)a(b) = a(ad); (22) a(a)a’(b) = a(a + ad); 
(23) a’(a)a’(b) = a’(avb); 

(3:1)  a(a) + a(b) = a(a + 4); (32)  a(a) + 0'(b) = a’(a + 4); 

(33) —a’(a) + a"(6) = aa + 3B); 
(41) — a(a) is in $*; (42) — (a’(a))’ = a(a). 
In the case where BA Y*, B is not a normal ideal in $*. 


Before giving proofs of the various numbered relations, we shall discuss 
their consequences. The class $§* is non-void since it contains the ideals o 
and ¢; it is a subring of S by virtue of relations (21), (22), (23), (31), (32), and 
(33); and it obviously has e as its unit. Since § is an ideal in S by Theorem 31, 
it is also an ideal in the subring $*. When A has a unit, § = §* in accordance 
with Theorem 25, and the Boolean ring B of Theorem 1 coincides with A; 
the isomorphism between }* and B is thus a consequence of the isomorphism 
between $ and A established in Theorem 31. When A has no unit, $¥¥* 
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and A ¥B. In this case we set up an isomorphism between §* and the Boolean 
ring of pairs (a, a) described in the proof of Theorem 1, and hence between 
y* and B. The necessary correspondence is indicated in the relations 
a(a)—>(a, 0), a’(a)——>(a, €). With the help of the relations (2;), (22), (2s), 
(31), (32), and (33), it is easily seen that this correspondence yields the desired 
isomorphism. It should be observed that the isomorphism between $* and B 
preserves the isomorphism between ¥ and A already set up in Theorem 31. 
Since § is an ideal in §*, it follows that A is an ideal in B; this statement can 
also be confirmed by virtue of the relations (a, 0)(b, 8) =(ab+a8+06, 08) 
=(ab+<a8, 0). In order to show that § is not normal in $*, we shall determine 
its orthocomplement relative to {*. If a is any semiprincipal ideal, or, more 
generally, a quite arbitrary ideal, we see that aa(a) =o implies a(a) =aa(a) =o 
and a=0 whenever a is in a; and hence that, whenever aa(a) =o for every a, 
the ideal a coincides with o. Thus the orthocomplement of § relative to ~* 
or relative to S consists of the ideal 9 alone. Since $+ $* and $#G@ in the 
case under consideration, $ is not normal in §* or in S. 

We turn now to the proof of the various numbered relations stated in the 
theorem. Of these certain ones have been established previously. Relations 
(11), (2:1), and (31) were proved in Theorem 31; (4:1) is part of Definition 8; 
and (42) follows at once from Theorem 23. By using the relation a’(a) =e+a(a) 
which holds in S by virtue of Theorem 30, we see at once that relations (32) 
and (33) follow from (3;) and the known properties of the operation +. In a 
similar way, we deduce (22) from (2;) and (3;), writing 


a(a)a’(b) = a(a)(e + a(b)) = a(a) + a(a)a(b) = a(a) + a(ab) = a(a + ad). 


We obtain (1:) from (22) by virtue of the relation a(a) va’(b) =(a’(a)a(b))’. 
Similarly, we use (21) and (1,)-to establish (1;) and (23) respectively with the 
help of the relations 


a’(a) va’(b) = (a(a)a(d))’, —a’(a)a’(b) = (a(a) va(d))’. 


With the results established in Theorems 23-32 we have covered the most 
important algebraic properties of the classes of ideals introduced in Defini- 
tion 8. We call particular attention to the fact that Theorems 29-32 may be 
regarded as propositions concerning the imbedding of a Boolean ring A and 
its isomorph § in Boolean rings of special type. Theorems 31 and 32 together 
give a new proof of the result of Theorem 1, as we have already observed. 
Theorems 30 and 31 give a similar imbedding theorem. Theorems 29 and 31 
yield the result most interesting from the point of view of the present paper. 
They show that any Boolean ring A can be imbedded in a Boolean ring B 
which has a unit, which has the property that its normal ideals are all 
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principal, and which has under the unrestricted operations of (logical) addi- 
tion and multiplication many of the formal properties of an algebra con- 
sisting of all the subclasses of a fixed abstract class under the operations of 
forming unrestricted unions and intersections; the Boolean ring B is isomor- 
phic to the system of normal ideals in A. Evidently, B coincides with A 
when every normal ideal in A is principal, so that we can obtain nothing new 
when we apply this imbedding theorem to the Boolean ring B. If B had all 
the properties of an algebra of classes of the indicated type, in other words, 
if B were isomorphic to such an algebra, the representation problem would be 
solved by means of this imbedding theorem. In fact, this result fails to pro- 
vide a solution; and, moreover, the considerations upon which it is based do 
not permit us to go beyond the Boolean ring B.f 

4. Prime ideals. The ideals in a commutative ring may also be classified 
in terms of the relation of inclusion or divisibility. The three important types 
of ideal to be considered here are divisorless ideals, prime ideals, and primary 
ideals. An ideal a is said to be divisorless if it is distinct from the ideal e con- 
sisting of all the elements of the ring and has no ideal divisors other than 
a and e. An ideal a is said to be prime if it is distinct from e and if, whenever 
it contains the product ab, it contains at least one of the factors a and 6. 
Finally, an ideal a is said to be primary if it is distinct from e and if, whenever 
it contains the product ad but not the factor a, it contains some power, 6", 
of the other factor b. One of the chief problems of ideal theory is the investi- 
gation of the properties of ideal products, the factors of which belong to one 
or another of the three classes just described. It is important to consider 
when an arbitrary ideal can be represented as such a product; when such a 
representation is unique; and when there exist divisorless, prime, or primary 
ideals at all. The answers to such questions serve to develop, and also to 
delimit, the generalization of the familiar arithmetic theory of prime numbers 
to abstract rings. 

In the case of Boolean rings, we shall see that the arithmetic theory of 
prime ideals is equivalent to the theory of representations which is our major 
concern. It is therefore important that we study the properties of prime ideals 
in considerable detail. We shall begin with a series of conditions that an 
ideal be prime. 

THEOREM 33. The following assertions concerning an ideal a in a Boolean 
ring A are equivalent: a is divisorless, a is prime, a is primary. 


{ Further light is shed on these remarks by the work of MacNeille, The Theory of Partially 
Ordered Sets, Harvard doctoral dissertation (1935), and Tarski, Fundamenta Mathematicae, vol. 24 
(1935), pp. 177-198. See also the end of Chapter III, §3. 
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The last two assertions are obviously equivalent since 6" =) in accordance 
with Definition 1. If a is a divisorless ideal and a an element not in a, the 
ideal ava(a) must coincide with e since it is a divisor of a containing an 
element a not in a. Theorem 17 and the relation a va(a) =e show that an 
arbitrary element b can be expressed in the form b=c vd where c and d are 
in a and a(a) respectively. Since ad =d, we have d+c(a+d) =ad+<ac+ (ac) (ad) 
=ac vad=ab and hence d=ab+c(a+d), where c(a+d) is in a. It therefore 
follows that, when ad is in a, the element d, and hence also the element. 
b=c vd, is in a. Thus a must contain b whenever it contains ab but not a; 
in other words, a is a prime ideal. If a is a prime ideal and 6b an ideal divisor 
of a not coincident with a, we select an element a in 6 but not in a and form 
the ideal a v a(a); clearly we have acava(a) cb. If 6 is an arbitrary element 
we write b=(b+ab)+ ab where a(b+ab) =ab+ab=0 is in a and ab is in a(a). 
Since a is not in a while the product a(b+<b) is in a, the prime ideal a must 
contain b+<ab. It follows that b is in a va(a). Since b was arbitrary, we have 
a va(a)=e and hence b=e. Thus the ideal a is divisorless, as we wished to 
prove. 

In view of this theorem we need introduce only one symbol to denote the 
coincident classes of divisorless, prime, and primary ideals in a Boolean 
ring A; we shall use the letter € for this purpose. 

It is now convenient to restate the definition of a prime ideal in a Boolean 
ring in the following equivalent form, reposing in part upon Theorem 16: 


THEOREM 34. If the elements of a Boolean ring A be distributed between two 
non-void disjoint classes a and b, then in order that a be a prime ideal in A the 
following set of conditions is necessary and sufficient: 

(1) aea and bea imply av bea; 

(2) aea and beA imply abea; 

(3) aeb and beb imply abeb. 


We now have the following variation of this result: 


THEOREM 35. In Theorem 34, the condition (2) may be replaced by 
(2’) aeb and beA imply av beb. 


We have to prove that (2) and (2’) are equivalent in the presence of (1) 
and (3). To prove (2’) from (1), (2), and (3), we proceed as follows: if a is 
in 6 and 6 is arbitrary, the assumption that avd is in a leads through (2) 
and the relation a=avba=(avb)a to the contradiction that a is in a. To 
prove (2) from (1), (2’), and (3), we argue as follows: if a is in a and b is 
arbitrary, the assumption that ab is in 6 leads through (2’) and the relation 
a=avab to the contradiction that a is in b. 
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THEOREM 36. If the Boolean ring A has a unit, the condition (3) of the set 
(1), (2’), (3) of Theorem 35 may be replaced byt 

(3’) aeb implies a’ ea. 

The prime ideal a conte ins one, but not both, of the elements a and a’. 

We have to prove the equivalence of (3) and (3’) in the presence of (1) 
and (2’). To prove (3’) from (1), (2), (3), we proceed as follows: if a is in b, 
then the assumption that a’ is in b leads through (3) and the relation 0=a’a 
to the result that 0 is in 6 and hence through (2’) and the relation c=c v0 
to the contradiction that 6 contains every element c. To prove (3) from (1), 
(2’), (3’), we argue as follows: if a and 6 are in b, the assumption that ab is 
in a leads through (1) and (3’) to the result that a’ vb is in a and hence 
through (2’) and the relation a’ v ab=a’ vb to the contradiction that a’ v ab 
is also in 6. Since the class a is a prime ideal under conditions (1), (2’), (3’), 
it contains the product a’a=0 and hence contains at least one of the factors 
a and a’. Since a cannot contain e=a’ va without coinciding with e against 
hypothesis, we see that a cannot contain both the elements a and a’. 

As an application of the criteria given in Theorems 34-36 we have the 
following result: 


THEOREM 37. The Boolean ring B of Theorem1 contains A as a prime ideal 
when A has no unit; and the system § is a prime ideal in $* when BX P*. 


In Theorem 32 we have already proved that A and § are ideals. In order 
to show that they are prime ideals it is sufficient to establish condition (3) of 
Theorem 34. If we consider the Boolean ring of pairs (a, a) introduced in 
Theorem 1, we see that (a, €)(b, «)=(ab+a+b, €) and hence that the ele- 
ments of B which are not in A have the property demanded by (3). 
Similarly, the ideals in $* but not in $ have by virtue of the relation 
a’(a)a’(b) =a’(a vb) of Theorem 32 (2) the property demanded by (3). 

We next investigate the connections between the classification of the 
present section and that of §3. They are indicated in the following theorem; 


THEOREM 38. In a Boolean ring A, the classes ©, N, and $* satisfy the 
inclusion relation EX ¢ B*. More precisely, an ideal » is both prime and normal 
if and only if p=a'(a) where a is an atomic element; and a prime ideal » fails to 


be normal if and only if p’ =o. 


+ This theorem should be compared with recent work of Huntington, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 127-136 and pp. 137-142. It is easily seen that a Boolean 
ring with unit together with two subclasses a and b possessing properties (1), (2’), and (3’) is a sys- 
tem satisfying Huntington’s postulates P1i—P11 (on pp. 139-140); and, conversely, that any system 
satisfying those postulates is a Boolean ring with unit together with such subclasses a and 6. Hunting- 
ton’s postulates may therefore be regarded 1s postulates for a Boolean ring with unit together with a 


prime ideal. 
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If p is any prime ideal, the fact that p is divisorless taken together with the 
fact that p’’>p shows that one of the relations p’’ =p, p’’ =e must be true. 
If p’’ =e, then p is not normal and the relation p’ =0 is valid. If p’’ =p, then p 
is normal and p’~o. When p’ #0, we let a be an arbitrary element in p’ such 
that a0. Since p’>a(a) and a’(a)#e, we see that p=p’’ ca’(a) and hence 
that p=a’(a). This result shows that p’=a(a) contains just one element a 
distinct from 0; in other words, that <a implies b=0 or b=a. The element 
a is therefore atomic in accordance with Definition 3. To complete our proof, 
we must show that any ideal a’(a), where a is an atomic element, is both 
prime and normal. Theorem 23 shows that a’(a) is normal. To show that 
a’(a) is prime we proceed as follows: if b and ¢ are elements not belonging to 
a’(a), we have ab#0, ac¥0, and hence, by virtue of the fact that a is an 
atomic element, ab=a, ac=a; in consequence, we have a(bc) =(ab)(ac) 
=aa=a+0 and conclude that bc is not in a’(a); with the help of Theorem 34 
(3), we thus find that p=a’(a) is a prime ideal. 

We shall now turn to the consideration of prime ideals in connection with 
operations upon ideals and the inclusion or divisibility relation between 
jdeals. We first have 


THEOREM 39. If p is a prime ideal in a Boolean ring A and ais an arbitrary 
ideal, then 

(1) the relations acy, ap=p, av p=p are equivalent; 

(2) the relations a¢p, ap~p, av pp are equivalent; 

(3) one and only one of these two sets of mutually equivalent relations is valid. 
In case » is normal, the relations ap’ =o and ap’ =p’, where p’ Xo, are respec- 
tively equivalent to the relations in (1) and (2) respectively. 


We first prove the equivalence of the relations (1): a ¢ p obviously implies 
ap =a; ap=a implies a v p=ap v p=p; and a v p=p obviously implies ac p. We 
next observe that one and only one of the relations a vp =p, a v p=e is valid, 
since p is divisorless and a v p is a divisor of p. Consequently, the relations (2) 
are simply the negations of the mutually equivalent relations in (1). Thus (2) 
and (3) both follow from (1). In case p is normal, we know from Theorem 38 
that p is semiprincipal and that p’~o. Thus ap’ =o implies a=ae=a(p vp’) 
=ap; and ap’ ~o implies pcp vap’ ~p, p vap’ =e, pva=pva(pvp’) =(p vap) 
vap’=pvap’=e, and ap’=(pvap’)p’=ep’ =p’. The final statement of the 
theorem is thus evident. 


THEOREM 40. If p is a prime ideal divisor of the ideal product ab in a Boolean 
ring A, then » is a divisor of at least one of the factors a and b; in other words, 
p>ab implies pra or pad. 
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If » divides neither a nor 6, we have avp=bvp=e, in accordance with 
the preceding theorem. By Theorem 18 (6), we see that the relation ab cp 
leads to the absurd result p=abvp=(avp)(bvp)=ee=e. Hence » must 
divide a or 6. We point out that a corresponding result does not hold for 
infinite ideal products, as will be seen later. The failure to generalize Theorem 
18 (6) to infinite products accounts for the distinction which we have to 
make here. 


THEOREM 41. If p is a prime ideal in a Boolean ring A and a is an arbitrary 
ideal, then at least one of the relations acy, a’ cp is valid; if a is simple, then 
only one is valid. 


Since p>0=a’a, at least one of the relations must hold by virtue of 
Theorem 40. If a is simple and if both relations were to hold, we should have 
poava’ =e, p=e, against hypothesis. 

In accordance with the introductory remarks of the present section and 
the result reached in Theorem 40, we may formulate for consideration the 
following statement: 


FUNDAMENTAL PROPOSITION OF IDEAL ARITHMETIC. In a Boolean ring A, 
every ideal other than e is the product of all its prime ideal divisors. 


Our comments upon Theorem 40 indicate the possibility that an ideal 
may be expressible as the product merely of some, rather than of all, of its 


prime ideal divisors; and we shall see later that this possibility is realized 
in general. Now it is clear that the Fundamental Proposition of Ideal Arith- 
metic, and, indeed, all the preceding theorems concerning prime ideals, lack 
either meaning or content unless we can establish the following result: 


FUNDAMENTAL EXISTENCE Proposition. In a Boolean ring A containing 
at least two elements, there exists at least one prime ideal. 


The exclusion of one-element Boolean rings is essential here since such a 
ring contains only the ideal o=e, which is not prime. We shall prove this 
proposition in Chapter IV, by means of transfinite methods; and we shall 
show that, if this proposition be true for every A, then the Fundamental 
Proposition of Ideal Arithmetic is true also for every A. The relation of these 
two central propositions to the theory of representations will be treated in 
Chapter IV. 

5. Congruences, ideals, and homomorphisms. We must now consider the 
specialization of the general properties of ring-homomorphisms to the case 
of Boolean rings. We may first recall the principal results for arbitrary com- 
mutative rings. We denote a homomorphism from A to B by A—B, referring 
to B as homomorphic to A or as a homomorph of A; and similarly we denote 
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an isomorphism from A to B by A+—B, referring to B as isomorphic to A 
or as an isomorph of A. Any system with double composition homomorphic 
to a ring (or to a commutative ring) is itself a ring (or commutative ring). 
Here we confine our attention to the case of commutative rings. As we have 
previously remarked the determination of the homomorphs of an arbitrary 
algebraic system reduces essentially to the determination of all the con- 
gruences in the system. In the case of commutative rings, it is found that 
every congruence is a modular congruence. The modular congruences in a 
ring A are those defined in terms of the ideals of A by setting a=d if and only 
if a—b is an element of a specified ideal a; in order to exhibit the ideal a in 
our notation, we write a=b (mod a). It is easily verified that the modular 
congruences in a ring are congruences in the sense previously indicated. The 
proof that an arbitrary congruence is modular is easily given: the class a of 
all elements a such that a=0 is an ideal since, if it contains a and J, it con- 
tains a—b by virtue of the relations a—b=0—0=0, and since, if it contains a, 
it contains ac by virtue of the relations ac=0c=0; and the relation a=d is 
equivalent to the relation a—b=0 and hence to the relation a—bea. If Cisa 
congruence with the ideal a as its modulus, we can introduce C as the funda- 
mental equality in the given ring A so as to obtain the homomorph A®, as 
previously indicated; we can also group the elements of A in classes of 
mutually congruent elements (mod a) and define the operations + and - for 
these classes in the usual way so as to obtain the quotient ring A/a; and we 
see at once that A° and A/a are isomorphic. The chief theorem concerning 
the homomorphs of a ring A now asserts that every such homomorph is an 
isomorph of A° and of A/a, where C is the congruence (mod a) and a is the 
ideal consisting of all the elements of A which are carried into the zero ele- 
ment of the given homomorph. 
We begin the consideration of Boolean rings with the following result: 


THEOREM 42. [f the algebraic system B is homomor phic to a Boolean ring A 
with respect to the pair of operations + and - or with respect to the pair of 
operations v and -, then B is homomorphic to A with respect to all three of the 
operations +, v, and -; and B is a Boolean ring. If the algebraic system B is 
homomor phic to a Boolean ring A with unit with respect to the pair of operations 
+ and -,with respect to the pair of operations v and ', or with respect to the 
pair of operations v and -, then Bis homomorphic to A with respect to all four 
of the operations +, v, -, and’; and B is a Boolean ring with unit. The homo- 
morphism A—B carries the zero element of A into the zero element of B, and the 
unit element of A, if any exists, into the unit element of B. 


The first statement of the theorem evidently refers to the two character- 
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izations of Boolean rings presented in Theorem 4. If B is a system with double 
composition homomorphic to a Boolean ring A under the operations + and -, 
then B is certainly a ring under the corresponding operations + and - re- 
spectively. The law of idempotence is carried over from A to B by the given 
homomorphism, so that B is a Boolean ring. If the operation v is now intro- 
duced in A and in B through the equation avb=a+b-+ab, the behavior of 
the homomorphism relative to the operations + and - governs its behavior 
relative to the operation v ; we thus see that the given homomorphism can 
be extended to cover the operation v as well as the operations + and ., since 
the image in B of the element avd in A is evidently equal to the result of 
applying the operation v to the images in B of the elements a and 6 respec- 
tively. On the other hand, if B is homomorphic to A under the operations 
v and -, we can show that the properties (11), (22), (31), (41), (51), (52), (61) 
and (6) hold in B as well as in A. All of these properties except (5;) and (5:) 
are identities in A and are therefore carried over by the homomorphism as 
identities in B. For example, if a* is an arbitrary element of B and 0* is the 
image in B of the zero element 0 in A, we can show that a* v0* =a* in B: 
for there exists an element a in A which has a* as its image in B, and the 
relation a v0=<a is carried by the given homomorphism into the relation to 
be proved. We may thus confine our attention to properties (5;) and (5:2). 
If a* and b* are arbitrary elements in B satisfying the relation b*a* =a", 
we have to show that the system 2* v a* =b*, x*a* =0* has a solution in B. 
There exist elements c and b in A which have a* and b* as their respective 
images in B under the given homomorphism. If we put a=bdc, then 
ba =b(bc) =bc =a; and the image of a is b*a*=a*. Consequently, the equa- 
tions x va=b, xa=0 have a solution x. If we now take «* as the image in B 
of the element x, we see that the equations satisfied by x in A are carried by 
the given homomorphism into the equations under consideration in B, and 
that «* is the desired solution of these equations. Thus B is a generalized 
Boolean algebra and hence a Boolean ring in terms of the operations + and -, 
as shown in Theorem 4. We have to show that the image of the element a+) 
in A is equal to the element a*+0* in B, where a* and b* are the images of 
a and b respectively. Since a+ is the unique solution of the system 
x vab=avb, x(ab) =0, we see that its image is a solution of the equations 
x* v a*b* =a* v b*, x*(a*b*) =0*; and since the latter equations have a*+)* 
as their unique solution in B, the desired result follows immediately. The 
homomorphism A—B can thus be extended to cover the operation + as well 
as the operations v and - with respect to which it was originally assumed to 
hold. The remaining statements cf the theorem refer in a similar way to the 
characterizations of Boolean rings with unit presented in Theorems 2 and 4; 
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they can be established by similar, and slightly simpler, arguments. If A and 
B are Boolean rings, the homomorphism A—B carries the element 0 in A 
into an element 0* in B which has the characteristic property of the zero 
element of B: for if a* is any element of B and a an element of A with a* as its 
image, the relation a+0=<a is carried by the homomorphism into the relation 
a*+0* =a*. Similarly if A has a unit e, the homomorphism A-—B carries e 
into an element e* in B which has the characteristic property of a unit ele- 
ment in B: for if a* is any element of B and a an element of A with a* as its 
image, the relation ea =a is carried by the homomorphism into the relation 
e*a* =a*. 

We next state the result which determines all the homomorphs of a 
Boolean ring; the proof has already been sketched above. 


THEOREM 43. In order that a Boolean ring B be homomorphic to a given 
Boolean ring A, it is necessary and sufficient that B be isomorphic to some 
quotient ring A/a, where a is an ideal in A; in particular, the homomorphism 
A-—B determines a as the class of all elements in A which have the zero element 
in B as their image. 


We may consider also the characterization of all congruences in a Boolean 
ring. We have the following result: 


THEOREM 44. The only congruences in a Boolean ring A are the modular 


congruences. In order that a=b (mod a), where a is an ideal in A, it is necessary 
and sufficient that a+b belong to a, or that there exist elements c and d in a for 
whichavc=bvd. 


That the only congruences in a commutative ring, and hence in a Boolean 
ring, are modular congruences, we have already proved in our introductory 
remarks. The relation a+ =a—b, which holds by virtue of Theorem 1, shows 
that a=b (mod a) if and only if a+0 belongs to a. Thus, if a=) (mod a), 
we have av (a+b) =a+(a+b)+a(a+b) =a+b+ab=avb=bv (a+b) and 
hence avc=bvd where c=d=a+b and a+ is in a. On the other hand, 
if avc=bvd where ¢ and d are in a, we have a+(c+ac) =b+(d+bd) where 
c+ac and d+bd are in a and hence a+b =(c+ac)+(d+5d) where the element 
on the right is in a; and we conclude that a=b (mod a). 

We shall next consider the behavior of subrings and ideals of a Boolean 
ring under an arbitrary homomorphism. 


THEOREM 45. Jf A; and Az are Boolean rings, if %, and U2 are the classes of 
all subrings of A; and of Az respectively, and if the homomorphism A,—A:z 
determines the ideal a, in A, then the indicated homomorphism induces a homo- 
mor phism UA» with respect to the operation of unrestricted addition. In par- 
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ticular, the correspondences A,—A2, %:—A2 have the following properties: 

(1) if b; is a subring of Ay, the images of its elements under the homomor- 
phism A,—Az constitute a subring 62 of Az corresponding to it under the homo- 
mor phism A, Ao; 

(2) if b: is the subring generated by a non-void subclass 8, of Ax, then its 
image bz under the homomorphisms A,—Az and %,—As is the sili generated 
by the class % of all images of elements of 81; 

(3) if be is a subring of As, the class b, of all elements of A, with images in by 
is a subring of A, with bz as its image under the homomorphisms A,—Az and 
Wi Ae; 

(4) if b; and c are subrings of A, with respective images bz and cz in Az, then 
the relations b; Vv a,=¢: V a; and b2=¢» are equivalent. 


The proof is outlined essentially in (1), (2), and (3). The homomorphism 
A,—A, takes the subring 6; into a subclass 6: of Ae. If a, and be are in be, 
they are images respectively of elements a, and }; in 6;. It follows that 
a.+b, and deb, are the images respectively of a,:+0, and a,b; in 6; and hence 
belong to b.. Thus 62 is a subring of A». The correspondence from %, to part 
of % thus set up proves to be the desired homomorphism %,—%:2. By the 
part of (1) now established, we see that the subring 6, generated by a non-void 
subclass 8, of A; is carried into a subring cz of Az containing the image of &, 
which we have denoted by 8. Hence cz contains the subring b. generated 
by 82. On the other hand, every element of ¢2 is equal to a polynomial in terms 
of elements of 82, by virtue of the construction of b; in terms of 8. Hence cz 
is contained in b,. We see therefore that b,=c, as we wished to prove. By 
the parts of (1) and (2) now established, we see that the class 6; of all elements 
in A, with images in a given subring 6. of Az generates a subring c, whose 
image in A, is the subring generated by b, and is thus b itself. By definition, 
b; contains c:. Hence 6; coincides with ¢; and is therefore a subring of A; with 
b. as its image. By the part of (3) thus established, we see that the corre- 
spondence %,—%. previously set up is a univocal correspondence taking the 
entire class %, into the entire class %. In view of the part of (2) already 
proved and in view of the definition of the sum of subrings as the least sub- 
ring containing all the summands, we now see that the correspondence 
%:—%, is a homomorphism with respect to the operation of unrestricted 
addition. All parts of the theorem, except (4), are thus proved. To establish 
(4), we first note that the image of the ideal a, under the correspondence 
%i—W%. is the ideal o2 consisting of the zero element in A: alone. If 6; and q 
have the respective images 6b, and c. under the homomorphism %,—Y%2, then 
bi Va; and ¢; Va; have the respective images b: v 02 = be, and ¢2 Vv 02 =¢z. It fol- 
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lows that b; v a: =c: va; implies 6b: =c.. Furthermore if a; is any element with 
image b. in be, then there exists an element 0} in 6, which also has 02 as its im- 
age. The fact that a; and b, have the same image implies that a:=0, (mod a), 
and hence that a:=6:+(ai:+0;) belongs to 6; va;. Thus 6; va is the class of 
all elements in A, with images in be. Similarly, ¢: v a; is the class of all elements 
in A, with images in ¢c2. In consequence, b2=c2 implies 6; vai=c: va. This 
completes the proof of (4). Evidently the homomorphism %,—%. determines 
a relation of congruence which is explicitly characterized by (4). We point 
out that the homomorphism %,—%2 cannot in general be extended to hold 
with respect to the multiplication of subrings. If a; is an ideal other than 
01 OF ¢,, we may determine elements }; and cq in A; such that +a, 
6:40; (mod a), 4:40, (mod a;), b:=c; (mod a). If Az is isomorphic to 
A/a, then the homomorphism A,—A, takes b; and ¢ into the same element 
be~02. If now 6b; and ¢; are the subrings consisting of 0,, 6; and of 01, c: re- 
spectively, and if 6, is the subring consisting of 02 and bk, we see that 
bic: =01, bi—be, tobe, biti 02 b2=beb2. This example indicates the im- 
possibility of so extending the homomorphism. 


THEOREM 46. If A; and Az are Boolean rings, if 3: and %2 are the classes 
of all ideals in A, and in Az respectively, and if the homomorphism A,—Az de- 
termines the ideal a, in Aj, then the indicated homomorphism induces a homo- 
morphism 3:—Q2 with respect to the operations of unrestricted addition and 
finite multiplication. In particular, the correspondences A,—Az and 3:32 
have properties (1)—(4) of Theorem 45 with the term “subring” everywhere re- 
placed by the term “ideal.” 


Since ideals are subrings and since the sum of ideals is an ideal in accord- 
ance with Theorem 18, we can prove all assertions of the present theorem, 
except (2) and those dealing with ideal multiplication, by showing that the 
correspondence %,—%, takes $1 into 3, and then specializing Theorem 45 
in the obvious way. Now, if 6; is an ideal in A, its image b, in A: is a subring. 
Furthermore, if b2 and c, are elements of bz and Az respectively, there exist 
elements }, and ¢ in 6; and A; respectively with b. and c as their respective 
images; and hence bec2 is the image of 6,c,, an element in 6,, and accordingly 
belongs to b:. Thus 62 is an ideal. On the other hand, if b: is an ideal in Ao, 
the class b; of all elements in A; with images in 6, is a subring. Also, if 6; and 
are in b; and A; respectively, their respective images b, and c belong to be 
and Az, respectively; and hence ),c; has the image bec: in 6, and accordingly 
belongs to b;. Thus 6, is an ideal. The correspondence %,—%, takes 3; into $2, 
as we wished to prove. We next discuss (2). The ideal a;(8:) generated by a 
non-void subclass 8, of A; has as its image an ideal 6b. which contains &, the 
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image of 8. It follows that 6, contains the ideal a2(.) generated by 8. On the 
other hand, the class 6; of all elements in A; with images in a2(8) is an ideal 
which contains 8, and hence also a,(8,). It follows that a2(%2) contains be. 
We therefore conclude that a2(8.) is the image of a:(8:), as we wished to prove. 
We still have to establish the assertion that the correspondence $:— 2: is a 
homomorphism with respect to finite multiplication. Since it is evident that 
the image of the product b,c; of ideals b; and ¢ in A; is an ideal contained 
in the images b, and cz of b; and ce respectively, we see that the image is 
contained also in the product b.c.. On the other hand, if a2 is an arbitrary 
element of bece, it is expressible in the form @2=bec2, where be is in b: and ¢ 
in ¢2, as we have proved in Theorem 18; and the elements 02 and ¢2 are the 
images of elements }, and c, respectively in b; and ¢ respectively. Thus a2 
is the image of the element },c; in b,c; and hence belongs to the image of bic1. 
We conclude therefore that the image of b,c, coincides with the product bec. 
of the images of b, and ¢ respectively, and thereby bring the proof to a close. 

We may point out that the homomorphism 9$:1— 9:2 cannot be extended 
to the operation of orthocomplementation. This we shall show by examples 
cited in connection with the following theorem. 

Our next result deals with the behavior of ideals relative to the classifica- 
tion of §3. We have 


THEOREM 47. If A; and Az are Boolean rings, the homomorphism A,—Az 
carries every principal (semiprincipal, simple) ideal in A, into a principal 
(semiprincipal, simple) ideal in Az; but it may carry a normal ideal in A, into 
a non-normal ideal in A>. 


If 6; is a principal ideal in A,, its image in A: is an ideal which, considered 
as a Boolean ring, is homomorphic to 6; and hence has a unit in accordance 
with Theorem 42. It follows that 6, is a principal ideal in Az. We pass next 
to the case of a simple ideal 6, in A;. The images of 6; and b/ in A: are ideals 
b. and ¢2 respectively. The relation 6,b/ =o, implies the relation bece=o2 in 
accordance with Theorem 46 and hence the relation c.¢b/. The rela- 
tion b,v6/ =e: similarly implies the relation b.vc.=¢e. Thus we have 
bo v bf D> be Veo =e2, be V bY =ee. It follows that b, is a simple ideal. In case b, 
is semiprincipal but not principal, b/ is principal. The image 62 of b, is 
simple by the result just established; and the image c: of b/ is principal. 
Thus b/ = bd ¢: = bs (be V co) = bs co = cg by virtue of the relations noted above. 
Since b, is simple and b/ is principal, it follows that b.=6/’ is semiprincipal, 
as we wished to prove. In order to show that similar results do not hold in 
the case of normal ideals, let us consider the case where the homomorphism 
A,—A, determines an ideal a; which is normal but not simple, with a view to 
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showing that the normal ideal a/ is carried into a non-normal ideal b:. The 
homomorphism carries a; into 02, a: vai into b.. We shall show that b,+e», 
b? =02, so that the relation b’ = b, is impossible. It is then clear that b» is not 
normal. Since a, vai #e:, we see with the aid of Theorem 46 (4) that be. 
Now let c: be the class of all elements in A; with images in b/. By virtue of 
Theorem 46, the image of the ideal ¢:(a: v ay ) is by (02 v be) = 02. Hence we have 
(avai) Cm, cay =cr(a, vay Jay Caay =01, cay =01, ¢, Cas’ =a, and b/ = oe, 
as we wished to show. The fact that the homomorphism A,—Ap>2 does not 
always carry normal ideals into normal ideals shows that the induced homo- 
morphism $:—$2 does not always hold relative to the operation of ortho- 
complementation, since an ideal 6; in A; may satisfy the relation bj’ =b, and 
yet have an image b, for which b/’ ¥ bp. 

We shall also consider the behavior of prime ideals under a homomor- 
phism, obtaining the following result: 


THEOREM 48. Jf A; and Az are Boolean rings and if a, ts the ideal deter- 
mined in A, by the homomorphism A,—Az2, then the indicated homomorphism 
carries a prime ideal ); in A, into an ideal 2 in Az which is prime or coincides 
with e, according as ; contains a, or not. If p2 is a prime ideal in Az, the class 
p: of all elements in A, with images in )2 is a prime ideal in A. 


If p: is prime, then p: vai:=p; or pi Vai=¢:, according as p; contains a; 
or not, as we have proved in Theorem 39. Since p; and p; v a; have a common 
image pz in As, we see that poe: or po=e2 according as p; contains a, or not. 
In case p22, let b2 be an ideal which contains pe, and let b; be the ideal 
consisting of all elements in A; with images in b:. Since b, evidently contains 
pi, we must have either b, =p; or 6:=e, and hence either b.=p2 or bp =e.. It 
follows that p2 is divisorless and therefore prime, by virtue of Theorem 33. 
If p: is a prime ideal in Ag, the ideal p, consisting of all elements in A; with 
images in p2 evidently contains a;. Since po#e2, we have p:~e; likewise. If b, 
is an ideal containing ,, its image b, contains p, and must therefore coincide 
with p. or with e.. When b,.=)2, we must have b; va:=p; vai by Theorem 46 
(4); but since b> p13, this relation implies 6;=p,. Similarly, when b.=e2, 
we must have b; va, =¢; va; and hence 6, =¢;. It follows that p; is divisorless 
and therefore prime. 

The final theorem concerning homomorphisms offers a new criterion to 
determine whether an ideal is prime or not. 


THEOREM 49. In order that an ideal » in a Boolean ring A be prime, it is 
necessary and sufficient that A/» be a two-element Boolean ring. 


If A/p is a two-element Boolean ring, it consists of a zero element 0* and 
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a unit element e*. An element a in A belongs to p or not according as its image 
under the homomorphism A—4A/p is 0* or e*. The homomorphism cannot 
take the product ab into 0* if it takes a and b both into e*; in other words, 
if p contains ab, it contains at least one of the elements a and 3, and is there- 
fore prime. If p is prime, then A/p contains no divisors of zero. For if a* and 
b* are elements of A/p such that a*b* =0*, they are images of elements a and } 
in A such that abd is in p; since p is prime, at least one of these elements is in p, 
and at least one of the elements a* and b* is equal to 0*. By Theorem 1, 
the Boolean ring A/p cannot have more than two elements. On the other 
hand, the relation pe shows that A/p has at least two elements. The proof 
is thus completed. 

6. Direct sums. In the case of Boolean rings, the theory of representa- 
tions has a very close connection with the concept of the direct sum and the 
problem of representing a given Boolean ring as a direct sum. We shall there- 
for close the present chapter with a brief section devoted to this topic. The 
direct sum of Boolean rings A, where the index a ranges over an arbitrary 
finite or infinite class A is the algebraic system S,,4A.4 described as follows: 
the elements of the system are all the functions f defined over A with values 
f(a) in A,; the relation of equality in the system is defined by putting f =g if 
and only if f(a) =g(a) for every a; the fundamental operations of the system 
are addition and multiplication, the sum {+g being defined as the function / 
such that h(a) =f(a)+g(a) in A. for every a and the product fg being defined 
as the function k such that k(a)=f(a)g(a) in Aq for every a. In case the 
class A consists of the integers 1 and 2, we denote the direct sum of the 
Boolean rings A, by A: v A2; this direct sum may evidently be described as 
the class of all ordered pairs (ai, a2) where a, and a2 are elements of A; and 
of A, respectively, with (ai, @2)=(0i, be) if and only if a:=b; and a,=b, and 
with (a, @2)+(b1, be) =(ai+b1, d2+be2), (a1, d2)(b1, be) = (aibi, debe). The follow- 
ing properties of the direct sum may be stated without formal proof: 


THEOREM 50. The direct sum S,.,Aa of Boolean rings Aq where a ranges 
over the class A is a Boolean ring. Its zero element is the function 0 which for 
each a has as its value O(a) the zero element of Aq. It has a unit if and only if 
every A, has a unit; if Aq has a unit e, for every a, then the function e which for 
each a has the value e(a«) =e is the unit of the direct sum. 


It is an important problem to determine when a Boolean ring is isomor- 
phic to a direct sum of Boolean rings in a non-trivial manner. Since the direct 
sum of a Boolean ring A with a one-element Boolean ring is isomorphic to A, 
we must evidently exclude one-element summands as trivial. A Boolean ring 
which is representable as the direct sum of two or more Boolean rings, each 
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with at least two elements, is said to be reducible; and a Boolean ring which 
is not so representable is said to be irreducible. The reducibility of a Boolean 
ring is correlated with its ideal structure by virtue of the following result: 


THEOREM 51. Jf a is a simple ideal in a Boolean ring A, then A——>(A/a) 
v (A/a’), a-——A/a’, a’ A/a. Conversely, if A, Ai, and Az are Boolean 
rings such that AA—>A, Vv Ap, then there exists a simple ideal a in A such that 
A\——A/a, Ax A/a’. 


If a is a simple ideal in A, then every element a in A can be represented 
in a unique manner as the sum a@;+4 of elements a; and az in a and a’ respec- 
tively. To establish the representation, we note that a and a’ are simple by 
Theorem 30 and hence that a(a)a and a(a)a’ are principal ideals a(a,) and 
a(a2) by Theorem 26. The relations a(a;) ca, a(a2) ca’, a(ai+a2) =a(a1) +a(a2) 
=a(a)a+a(a)a’ =a(a)(a+a’) =a(a)(a+a’+aa’) =a(a)(a va’) =a(a)e =a(a) 
show that a; is in a, that a, is in a’, and that a,:+a,=a. If a has a second repre- 
sentation a=b,+ 5, where bd, and 6, are in a and a’ respectively, the relation 
a,+a2;=6,+b, implies the relation a,+0,=a.+2, which shows that a+); 
and a2.+, belong both to a and to a’. Hence we have a+),;=a2.+).=0, 
a,=b;, d2=b.. The representation is therefore unique. In terms of this repre- 
sentation we set up a biunivocal correspondence from A to the class of 
ordered pairs (ai, d2) where a; is in a and a in a’: we put a—>(a, a») if and 
only if a=a,+4. It is evident that this correspondence has the property that 
a—>(qh, a2) and b<—>(h, be) imply a+b—>(ai+b1, d2+be), ab—>(ayb;, debe). 
Consequently, we see that, if we regard a and a’ as Boolean rings, their direct 
sum is isomorphic to A. Furthermore, if a=a,+ a2 and b=),+ 2, we see that 
a=a, (mod a), b=b. (mod a), a+b=a2+b. (mod a), and ab=azb, (mod a). 
We conclude at once that, if we regard a’ as a Boolean ring, then a’ is isomor- 
phic to A/a. Since a’ is simple and (a’)’=a, the isomorphism a-—>A/a’ is 
also valid. The fact that A is isomorphic to the direct sum of a and a’ shows 
that A is also isomorphic to the direct sum of their isomorphs A/a and A/a’, 
taken in inverted order. 

If AA, v Ao, we see that the class a; of all pairs (a, 02) in Ai v A is 
an ideal; and similarly that the class a of all pairs (0;, a2) is an ideal. If the 
ideals a, and a, are regarded as Boolean rings they are isomorphic to A; and 
to Az respectively. It is furthermore evident that a,a2 consists of the zero 
element (0;, 02) in A; v Az and that a; v a2 consists of all elements (q:, a2) in 
A,v A:. Thus if we pass to the Boolean ring A by means of the isomorphism 
A:+—A,Vv Az, we see that A contains ideals 6 and a isomorphic to a; and a2 
respectively and hence also to A, and Az respectively, these ideals satis- 
fying the relations ab=o0, avb=e. Since ab=o implies a’>6, we see that 
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ava’>avb=e and hence that a is simple. Similarly 6 is simple. Since 
a’ =a’e=a’(a vb) =a’b, we have a’ cb and hence a’=b, b’=a. The isomor- 
phisms A,;—>b, b—-—>A/b’ thus lead to the isomorphism A,;—>A/a. The 
isomorphisms A,——>a, a-—A/a’ lead similarly to the isomorphism 
A, A/a’. 

An immediate consequence of Theorem 51 is the following proposition 
about reducibility: 


THEOREM 52. A Boolean ring A is reducible if and only if it has more than 
two elements. 


From the preceding theorem we see that A is reducible if and only if the 
class © of all simple ideals contains an ideal a other than 0 or e, the relations 
a’ ~e, a’ ~o being equivalent to the relations ao, ae respectively. Since the 
class $ of all principal ideals is contained in S and has the same cardinal 
number as A, we see that, whenever A contains more than two elements, 
S contains more than the two ideals o and e and A is reducible. If A has one 
or two elements, then A has a unit by Theorem 1 and © coincides with $ by 
Theorem 25. Thus © contains only the ideals o and e, and A is irreducible. 

We conclude with the consideration of the direct sums of two-element 
Boolean rings, that is, of non-trivial irreducible Boolean rings. We have 


THEOREM 53. A Boolean ring A is isomorphic to the direct sum of two- 
element Boolean rings Aq, where a ranges over the class A, if and only if it is 
isomor phic to the algebra of all subclasses of A. 


It is evidently sufficient for us to prove that the direct sum of identical 
two-element Boolean rings A., where a is in A, is isomorphic to the algebra 
of all subclasses of A. To a function f in the direct sum we order the class A, 
of all elements a@ such that f(a) =e. It is then evident that A;=A, if and only 
if f=g, that Ay,,=AyAA,, and that A;,=A;A,. It follows that the corre- 
spondence f-—>A,; determines an isomorphism between A and an algebra of 
subclasses of A. That the latter algebra is the algebra of all subclasses of A 
we see as follows: if B is an arbitrary subclass of A, the function f which is 
equal to ¢ or to 0 according as a is in B or not is an element of the direct sum 
and has the property that A;=B. 

This theorem is significant from two points of view. In the first place, it 
shows that, although every Boolean ring of more than two elements is re- 
ducible, such a ring need not be completely reducible in the sense that it is 
representable as the direct sum of irreducible summands or components. 
The complete reduction of finite Boolean rings is possible in accordance with 
Theorem 12; but that of infinite Boolean rings is in general impossible. In 
the second place, the theorem shows the existence of a connection between 
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the theory of direct sums and that of the representation of Boolean rings by 
algebras of classes. 


CHAPTER III. ALGEBRAS OF CLASSES 


1. The construction of algebras of classes. By an algebra of classes or 
concrete Boolean ring we shall mean a Boolean ring which has as elements 
certain subclasses of a fixed finite or infinite class and as operations those of 
forming the union (modulo 2) (or symmetric difference) and the intersection 
of classes. It is easily verified that the class of all subclasses of a fixed class 
is such a concrete Boolean ring, in accordance with Definition 1. Furthermore, 
this algebra of classes contains as a subring every concrete Boolean ring with 
elements which are subclasses of the same fixed class. The object of the 
present chapter is to discuss the structure of concrete Boolean rings in terms 
of the general theory developed in the preceding pages. 

While the explicit construction of algebras of classes is not of primary 
concern to us here, some brief remarks upon this subject will permit us to 
review briefly a few of the points of contact between the present abstract 
theory and other branches of mathematics, and also to illustrate some of the 
concepts which we have had occasion to introduce. The methods available 
for constructing concrete Boolean rings on the basis of an entirely abstract 
class are essentially those indicated in Chapter II, §§1-2. To them we may 
add the use of cardinal numbers in forming rings and ideals: thus the count- 
able subclasses of a non-countable class, the finite subclasses of an infinite 
class afford examples of Boolean rings which are ideals in the algebras of all 
subclasses of the respective basic classes. Since the union of classes corre- 
sponds in the case of a concrete Boolean ring to the abstract element av), 
we have been at some pains, particularly in Theorems 14, 16, and 17, to 
show how the operation v can be used in place of the operation + in carrying 
out such constructions. It is only in the case of a class in which there are given 
relations, operations, and properties other than those of the pure logic of 
classes that other methods of construction can be applied to obtain algebras 
of classes. For example, in the theory of measure in euclidean space of m 
dimensions, it is the combination of the geometrical and topological proper- 
ties of the space with the operations of the logic of classes which leads to the 
study of the various concrete Boolean rings consisting respectively of the 
subclasses described as follows: Lebesgue measurable sets, Borel measurable 
sets, Lebesgue measurable sets of finite measure, Borel measurable sets of 
finite measure, and sets of zero measure. It will be noted that the last-named 
algebra of classes is an ideal in the algebra of all subsets of the given space. 
Again, in general topology, analogous circumstances lead to the study of 
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Boolean rings consisting of the subclasses variously described as follows: 
Borel sets, nowhere dense sets, and sets of the first category. It will be noted 
that the two last named algebras of classes are ideals in the algebra of all 
subclasses of the basic topological space. Similar ideals are of such frequent 
occurrence and of such real importance in topology that they have been given 
the special designation “additive hereditary classes” by Kuratowski.t 

We may point out that some of the algebras of classes cited above are 
Boolean rings without unit. For instance, the finite subclasses of an infinite 
class and the Lebesgue measurable sets of finite measure constitute such rings. 
It is likewise possible to use these and similar concrete Boolean rings to 
illustrate other points raised in the development of the general theory. At 
the end of the present chapter we shall discuss the Boolean ring of Lebesgue 
measurable sets of finite measure in sufficient detail to uncover a number of 
such illustrative properties. 

2. Reduction and equivalence. Before proceeding with the study of con- 
crete Boolean rings, we shall describe a canonical form for such rings, and 
show how any algebra of classes can be reduced to canonical form; that is, 
how it can be replaced by an isomorphic algebra of classes in that form. 


DeFINiTION 10. Jf A is a Boolean ring with elements a, b,c, --- which are 
subclasses of a fixed class E=E(A) with elements a, B, y,- ~~ , then A is said to 
be a reduced algebra of classes when it has the following property: every elemen 
a in E is contained in some element of A and is the only element of E common 
to all the elements of A containing it. 


We can now prove the following result: 


THEOREM 54. Every algebra of classes with more than one element is isomor- 
phic to a reduced algebra of classes, by virtue of an element-to-element corre- 
spondence of the basic classes. 


The case of a one-element algebra of classes is trivial, since it is isomorphic 
to the algebra of all subclasses of a void class E. In case A is an algebra of two 
or more subclasses of a class E, we construct an isomorphic reduced algebra 
of classes B with elements which are classes of subclasses of E. We observe 
that the zero element 0 of A must be the void class: for if a is any element of 
A, the equation a+a=0 identifies 0 as the symmetric difference of the class a 
with itself. We observe also that the union of all subclasses of E belonging to 
A is a non-void subclass H of E. If a is any element of H, the intersection 
of all those classes a in A which contain a is a non-void class E(a) contained 


t Kuratowski, Topologie, vol. 1, Warsaw-Lwow, 1933, p. 29. 





1936] BOOLEAN ALGEBRAS 91 


in H and containing a. We shall now show that two such classes E(a) and 
E(8) have an element 7 in common if and only if they coincide. Let a and } 
be arbitrary classes belonging to A and containing a and £ respectively. 
If E(a)E(8) contains 7 then ab also contains y. Since ab(a+b) =0, where 0 
is the void class, the symmetric difference a+ cannot contain y; further- 
more it cannot contain a or B without containing E(a) or E(8) and hence y. 
Since a and £ belong to a and to b respectively but not to a+b, they must 
belong to ab and hence to both a and b. It thus follows that E(a) =E(@). 
In consequence of this result, we see that a class a belonging to A has a non- 
void intersection with a class E(a) if and only if a contains E(a): for if @ is 
common to a and E(a), then 6 is common to E(8), which is contained in a, 
and E(a); and E(a) = E(8). We denote by © the class of all classes E(a) and 
by (a) the class of all classes E(a) which are contained in the class a be- 
longing to A. It is evident that the correspondence a—(a) has the fol- 
lowing properties: 6(a)=6(b) if and only if a=b; S(a+6) =H(a)AGH(d); 
$(ab) = $(a)H(b). Thus the class of all classes S(a) is an algebra of classes B 
isomorphic to A. The correspondence a—(a) may evidently be regarded as 
induced by the correspondence a—E(a) carrying H into §. We still have to 
show that B is a reduced algebra of classes. Since every a in H is contained 
in some class a belonging to A, it is clear that every E(q) in H is contained in 
some class 6(a) belonging to B. The classes (a) containing an arbitrary 
E(a) in are those for which a is a class containing a; and hence, for any B 
such that E(@) ~E(a), there is some such a with the property that a does not 
contain E(8), S(a) does not contain E(@). It follows that E(a) is the sole 
element common to the classes §(a) containing it. Thus B is a reduced algebra 
of classes in accordance with Definition 10. 

Obviously, if A is any reduced algebra of classes we can construct iso- 
morphic algebras of classes which are not reduced: we have only to replace 
single elements of the basic class E by two or more elements and to adjoin 
superfluous elements, in a reversal of the process of reduction described in 
the proof of Theorem 54. 

We shall consider also a relation of equivalence between algebras of 
classes, defined as follows: 

Derimition 11. Jf A and B are algebras of subclasses of classes E, and Eg 
respectively and if there exists a biunivocal correspondence between E, and Eg 
which induces an isomorphism A—B, then the algebras A and B are said 
to be equivalent. 


Concerning this relation of equivalence, we may state the following the- 
orem without formal proof: 
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THEOREM 55. If A, B, and C dre‘algebras of classes, then the relation of 
equivalence introduced in Definition 11 has the following properties: 

(1) A is equivalent to A; 

(2) if A is equivalent to B, then B is equivalent to A; 

(3) if A is equivalent to B and B to C, then A is equivalent to C; 

(4) if A is a reduced algebra of classes and B is equivalent to A, then Bis a 
reduced algebra of classes. 


It is not true that two isomorphic reduced algebras of classes are neces- 
sarily equivalent. Illustrative examples are easily constructed on the basis of 
the following result: 


THEOREM 56. If A is a reduced algebra of subclasses a of a class E and if H 
is any subclass of E, then the classes Ha constitute a reduced algebra B of sub- 
classes of U homomorphic to A under the correspondence a—Ha. This homo- 
mor phism is an isomorphism if and only if the intersection Ha is non-void for 
every non-void ain A. 


The relations H(a+6) = (Ha) +(Hb), H(ab) = (Ha)(Hd) hold in the algebra 
of all subclasses of E and show that the correspondence a—Ha determines a 
homomorphism A—B. It is evident that B is a reduced algebra of classes. 
If the indicated homomorphism is an isomorphism, then Ha=Hbd implies 
a=b; in particular, for )>=0, we must have a=0 whenever Ha=0. On the 
other hand, if H(a+6)=0 implies a+b=0, we see that Ha=Hd implies 
H(a+b) =Ha+Hb=0 and hence a+5=0, or, equivalently, a=); and the 
indicated homomorphism is therefore an isomorphism. 

In view of Theorems 54 and 55, we may properly confine our attention 
to reduced algebras of classes; and we may regard equivalent algebras of 
classes as abstractly identical. We shall therefore assume in the remainder 
of the present chapter that we are dealing with reduced algebras of classes 
exclusively. 

3. The analysis of algebras of classes. If A is an algebra of subclasses of 
a class E and if a is an ideal in A, we can form the union E(a) of all those sub- 
classes of E which belong to the ideal a. On the other hand, if H is an arbitrary 
subclass of E, we can form the ideal a(H) in A consisting of all those classes 
which belong to A and are contained in H. The chief task of the present 
section is to study the two correspondences thus defined between ideals in 
A and subclasses of E. 

We commence with the following theorem: 


THEOREM 57. Let A be an algebra of subclasses a of a class E; let a be an 
arbitrary ideal in A; and let E(a) be the union of all those subclasses of E which 
are elements of the ideal a. Then the following relations are valid: 
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(1) if B is any non-void class of ideals in A, then 


S,E(a) = E(S a) : ILE(a) > E(P a); 


(2) if a and b are ideals in A, then E(ab) = E(a)E(b); 

(3) if a and b are ideals in A, then a cb implies E(a) ¢ E(b); 

(4) if a and 6 are ideals in A, then E(a) =E(b) implies a’ =b’; 

(5) the ideal a’ consists of those and only those subclasses of E which belong 

to A and are contained in E’(a); and E(a’) cE’(a). 
The correspondence a—E(a) defines a homomorphism from the system & of all 
ideals in A (with unrestricted addition and finite multiplication as operations) 
to the system of all classes E(a) (with the operations of forming arbitrary unions 
and finite intersections), in accordance with (1) and (2) above. This correspond- 
ence has the following special properties: 

(6) if ais a principal ideal a(a), then E(a(a)) =a; 

(7) if ais a simple ideal, then E(a’) =E’(a); 

(8) if a and b are normal ideals, then E(a) =E(b) implies a=b; 

(9) if p is a prime ideal, then E'(p) contains at most one element. 
If the correspondence a—E(a) is restricted to normal ideals it is biunivocal; if it 
is restricted to simple, semiprincipal, or principal ideals, it defines an isomor- 
phism and the corresponding classes E(a) constitute an algebra of classes. 


Properties (3) and (6) are evident from the definition of the class E(a). 
From (3), we have 


3,E(a) c E(S.a), ILE(a) > E(P.a) : 


To complete the proof of (1) we must therefore show that 


JB) ” KS, a) 


or, equivalently, that 


> E(a) >a for every ain Sa. 
aeB aeB 


Now by Theorem 17 such an element a can be expressed in the form 
a=a,V :-~- Va, where d,--- , ad, belong respectively to ideals a1, --- , Qn 
in $; and we thus have 


> E(a) > E(ai)u +++ UE(a,)2a,;V +--+ Va, =a, 
de 


as we wished to prove. In order to prove (2), it is now sufficient to show that 
E(a)E(6) c E(ab). We have 
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E(a)E(6) = = a= b = Zab c E(ab) 
beb 


since ab evidently belongs to the ideal ab. We next prove (5). In order that 
the class a be an element of the ideal a’ it is necessary and sufficient 
that a(a)a=o. By (2) and (6), the latter relation holds if and only if 
aE(a) = E(a(a))E(a) = E(a(a)a) = E(0) =0, where 0 is the void class and the 
zero element of A. We thus conclude that ac E’(a) and that E(a’) cE’(a). 
The first part of (5) obviously implies (4). If we combine (4) with a result 
noted in Theorem 28, we obtain (8). To prove (7), we apply (1) and (2) to 
the relations ava’=e, aa’=o, which hold when a is simple, finding that 
E(a) u E(a’) = E(a va’) = E(e) =E, E(a)E(a’) = E(aa’) = E(o) =0 and hence that 
E(a’) =E’(a). Finally, we consider (9). If E’(p) contains elements a and B 
where a8, the fact that A is a reduced algebra of classes shows that there 
exists a class a in A which contains a but not £. Since a does not belong to p, 
we have pva(a)=e in accordance with Theorem 39. Thus we see that 
E(p) ua=E(p) u E(a(a)) = E(p va(a)) =E(e) =E. Since @ is not an element of 
E(p), it must be an element of a, contrary to hypothesis. Hence (9) is estab- 
lished. It is now evident that the correspondence a—E(a) sets up a homo- 
morphism as stated in the theorem. We note that the congruence determined 
in & by this homomorphism, namely, the relation a=b equivalent to 
E(a) = E(6), has by (4) the property that it implies the congruence C of Theo- 
rem 38. It follows that the system of classes E(a) has the system $° of The- 
orem 28 as a homomorph. The specialization of this correspondence to the 
various special classes of ideals now follows at once from Theorems 28-32 
and Theorem 42. 


THEOREM 58. Let A be an algebra of subclasses a of a class E; let H be an 
arbitrary subclass of E; and let a(H) be the class of all elements a in A which are 
subclasses of H. Then a(H) is an ideal in A with the following properties: 

(1) a(H,) va(He) ca(Hiu He); 

(2) a(H,)a(H2) = a(HiHs); 

(3) H,c He im plies a(H;) c a(He); 


(4) a(H) is prime if and only if H’ has exactly one element. 
In connection with Theorem 57, the following relations are found to hold: 


(5) a(E(b)) > b; (6) E(a(H)) cH; (7) b’ = a(E(b)). 
It is easily verified that a(H), which always contains the void class 0, 


that is, the zero element in A, is an ideal in A. Properties (1), (3), (5), and (6) 
are evident; and (7) is a restatement of Theorem 57 (5). Since the relation 
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a(H,)a(H2) >a(HiH2) follows from (3), we can prove (2) by showing that 
a(H,)a(H.) is contained in a(H,H:2). If @ is in the ideal a(H,)a(H2), Theorem 18 
shows that a=bc, where b and ¢ are in a(H;) and a(He) respectively. It is 
thus clear that a is contained in H,H2 and hence that a(H;)a(He) ¢ a(HiH.), 
as we wished to prove. Finally, we consider (4). If a(H) is prime, then E’(a(H)) 
contains at most one element by Theorem 57 (9). Hence H’ contains at most 
one element by (6) above. It is clear, however, that H’ must contain at least 
one element, since H’ =0 would imply a(H) =a(E) =e, contrary to hypothesis. 
On the other hand, if H’ contains exactly one element a, a(H) consists of those 
classes in A which do not contain a; and the remaining classes in A all con- 
tain a and constitute a class b, which cannot be void since A is a reduced 
algebra of classes. It is evident that the classes a(H) and b have the properties 
enumerated in Theorem 34, and hence that a(H) is a prime ideal. 

It is now desirable that we consider in greater detail two special cases 
corresponding to the possible extremes under Theorem 57 (4): the cases 
where the relation E(a) = E(b) is equivalent to the relations a=b, and a’ =b’ 
respectively. For subsequent considerations, it is helpful to introduce the 
following terminology in the first case: 


DEFINITION 12. An algebra A of subclasses of a class E is said to be perfect if 
E(a) =E(b) implies a=b; that is, if the homomorphism of Theorem 57 is an 
isomor phism. 


The characterization of perfect algebras of classes involves the following 
connection with the closing remarks of Chapter II, §4: 


THEOREM 59. In order that an algebra A of subclasses of a class E be per- 
fect, it is necessary and sufficient that 

(1) the Fundamental Proposition of Ideal Arithmetic hold in A; 

(2) E’(p) be a one-element class whenever » is a prime ideal. 


If the algebra A is perfect then E(a)=E=E(e) implies a=e. Theorem 57 
(9) therefore shows, by virtue of the relation E(p)e, that E’(p) is a one- 
element class whenever p is a prime ideal. If a is an arbitrary ideal not equal 
to e, then the prime ideal p is a divisor of a if and only if pa =a; the latter rela- 
tion is equivalent to E(pa) =E(a), since A is perfect, and hence to the rela- 
tions E(p)E(a) = E(pa) = E(a), E(a) ¢ E(p). If a is an element not contained in 
E(a) *E, the class H of all elements in E not equal to a determines a prime 
ideal p=a(H) in accordance with Theorem 58 (4). By Theorem 58 (6), 
E(p) ¢H; since E’(p) is a one-element class by the preceding results, it follows 
that E(p) =H > E(a) and hence that p>a. Thus the class % of all prime ideal 
divisors of a is non-void and consists of the ideals p=a(H) where H > E(a) and 
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H’ is a one-element class. We can now show that a=P,.9p. By Theorem 57 (1) 
and the relation E(p) =H, we have E(P»ep) CII,.gE(p) =E(a). On the other 
hand, the relation ac P,sp shows that E(a) Cc E(P»ep). It follows that 
E(a) =E(P,.ep) and, since A is perfect, that a= P,.gp, as we wished to prove. 

Now let us suppose that A is an algebra of classes in which conditions 
(1) and (2) are satisfied. If a and b are distinct ideals, there must exist a prime 
ideal p containing one but not both of these ideals, in accordance with (1). 
Let us suppose that our notation is so chosen that p contains a but not b. 
By Theorem 57 (3) we have E(p) > E(a). On the other hand, (2) shows that 
E’(p) is a one-element class and hence that a(E(p)) is a prime ideal divisor of p 
in accordance with Theorem 58, (4) and (5). It follows that p=a(E(p)). If 
the relation E(p) > E(6) were true, we should have b ca(E(b)) ca(E(p)) =p, 
contrary to hypothesis. Thus E(p) contains E(a) but not E(6), so that 
E(a) #E(b). We therefore conclude that A is perfect. 

We now turn to the second case, that in which E(a) = E(6) and a’ =b’ are 
equivalent relations. In view of Theorem 57 (4), we have merely to ascertain 
the conditions under which a’ = 6’ implies E(a) = E(6). 


THEOREM 60. The following assertions concerning an algebra A of subclasses 
of a class E are equivalent: 

(1) a’=b’ implies E(a) =E(b); 

(2) every one-element subclass of E is an element of A; 

(3) a(Hi) =a(He) implies Hi =H; 

(4) E(a(H)) =H for every subclass H of E; 

(5) E(a’) =E’(a) for every ideal a in A; 

(6) a(H) is a normal ideal for every H; 

(7) a(E(b)) =b’’ for every ideal b in A; 

(8) a(Hy)va(He) =a(H,uH) for all H, and He. 
When these conditions are satisfied, the Boolean ring Nt of all normal ideals in A 
described in Theorem 29 is isomorphic to the algebra of all subclasses of E. Con- 
versely, if the Boolean ring Nt of all normal ideals in an abstract Boolean ring B 
is isomorphic to the algebra of all subclasses of a class E, then B is isomorphic 
to a reduced algebra A of subclasses of E in which these conditions are satisfied. 


We begin by establishing the implications 1—2—3-—4—5—6—7-1, 
4— 8, and 8-6. If (1) holds and H is a one-element subclass of E, then a (H’) 
is prime by Theorem 58 (4), E(a(H’)) =H’ by Theorem 57 (9) and Theorem 
58 (6), and a’(H’) ¥0 since (1) and a’(H’) =e’ would imply H’ = E(a(H’)) =E(e) 
=E; and it is therefore evident that H, as the only subclass of H distinct from 
0, must be an element of A. If (2) holds, the ideal a(H) contains those and 
only those one-element classes which are subclasses of H; it is thus clear that 
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a(Hi) =a(H2) implies Hi = He. If (3) holds, we have a(E(a(H))) =a(H) by Theo- 
rem 58, (3), (5), and (6), and hence E(a(H)) =H for every H. If (4) holds, we 
have a’=a(E’(a)) by Theorem 58 (7), and hence E(a’) = E(a(E’(a))), so that 
E(a’) =E’(a). If (5) holds, we have E(a’’(H)) = E’(a’(H)) = E’’(a(H)) = E(a(H)) 
and hence a’’(H) ca(E(a’’(H))) =a(E(a(H))) =a(H) ca’’(H) by Theorem 58, 
(3), (5), and (6), so that a(H) =a’’(H) and a(H) is normal for every H. If (6) 
holds, we have a(E(6))b’ =a(E(6))a(E’(6)) =a(E(6)E’(b)) =a(0) =o, a(E(6)) 3b 
by Theorem 58, (2), (5), and (7), and hence b’’ > a(E(b)) =a’’(E(b)) 3 6’’, so 
that a(E(b))=b’’. If (7) holds, then E(b) = E(a(E(b))) =E(6’’) by Theorem 
57 (3) and Theorem 58, (5) and (6), so that a’=b’ implies a’’=b6’’ and 
E(a) = E(a’’) =E(b’’) =E(6). If (4) holds, we have E(a(H, uH:)) =HiuH2 
= E(a(H;)) u E(a(H2)) by Theorem 57 (1) and hence a’(H; u He) = (a(H:) v a(He))’ 
by Theorem 57 (4); and, since (4) implies (6), we have a(H:)va(H2) 
= (a(H;) v a(H))’’ =a’’(H, u H:) =a(H; u He), in accordance with Definition 9. 
If (8) holds, we have a’’(H) =a(H)va(0) =a(H v0) =a(H). The equivalence of 
assertions (1)—(8) is thus established. 

The correspondence H—a(H) takes the class of all subclasses of E into a 
subclass of the Boolean ring % of all normal ideals in A by virtue of (6); 
and does so in a biunivocal manner in accordance with (3). If b is any 
normal ideal, and H=E(b6), then a(H)=a(E(b)) =b’’=b by (7), so that the 
correspondence takes the class of all subclasses of E into the entire class Jt. 
By Theorem 58 (2) and (8) above, this correspondence determines the iso- 
morphism described in the statement of the theorem. Let us suppose con- 
versely that the Boolean ring % associated with an abstract Boolean ring B 
is isomorphic to the algebra of all subclasses of a class E. Since B is isomorphic 
to the subring of principal ideals $, it is evident that B is also isomorphic 
to an algebra A of subclasses of E. If H is an arbitrary one-element subclass 
of E, it corresponds in the isomorphism to a normal ideal a distinct from 0. 
Since every element of B which belongs to the ideal a corresponds to a sub- 
class of H, we see that a must consist of exactly two elements corresponding 
respectively to H and to the void class. It follows that H is an element of the 
algebra A. Since A has property (2) of the present theorem by the result just 
proved, A is evidently a reduced algebra of classes in accordance with Defini- 
tion 10; and it has all the other properties (1)—(8). 

We see that Theorem 60 can be made to yield information about abstract 
Boolean rings by virtue of the following result: 


THEOREM 61. Jn order that an abstract Boolean ring B be isomorphic to 
an algebra A of subclasses of a class E with the property (2) of Theorem 60, it is 
necessary and sufficient that B contain a complete atomic system. 
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The sufficiency of the condition is evident from Theorem 8. The necessity 
follows at once from the observation that the one-element subclasses of E 
constitute a complete atomic system in A in accordance with Definition 5: 
for the image of this system in B under the isomorphism A<«-—B is also a 
complete atomic system. 

We have on the basis of Theorems 60 and 61 the following proposition: 


THEOREM 62. In order that an abstract Boolean ring B be isomorphic to the 
algebra A of all subclasses of a class E it is necessary and sufficient that every 
normal ideal in B be principal and that B contain a complete atomic system. 


The existence of a complete atomic system in B is necessary and sufficient 
for the existence of an isomorphism B«-—A, where A is an algebra of classes 
with property (2) of Theorem 60, as we have just proved in Theorem 61. In 
order that every subclass of the basic class belong to such an isomorphic 
algebra A, it is necessary and sufficient, by virtue of Theorem 60, that every 
normal ideal in A be principal: for the normal ideals in A are precisely the 
ideals a(H); and such an ideal is principal if and only if the generating class H 
is an element of A. The isomorphism A~-—>B shows that A has the indicated 
property if and only if every normal ideal in B is principal. The proof is thus 
completed. ; 

We may remark that Theorems 60 and 61 furnish the basis for our com- 
ments concerning the class Xt of normal ideals at the end of Chapter II, §3. 
Since a Boolean ring does not necessarily contain any atomic element, let 
alone a complete atomic system, Xt cannot in general be isomorphic to an 
algebra of all subclasses of an appropriate fixed class. 

4. An illustration. We shall now consider, by way of illustration, the ap- 
plication of the results of §3 to the algebra A of all Lebesgue measurable sub- 
sets of finite measure in the euclidean plane E. Since every one-element set 
belongs to A, we see that A has property (2) of Theorem 60. Hence the normal 
ideals in A are precisely the ideals a(H), consisting of all sets belonging to A 
and contained in the arbitrary set H. In order that an ideal be principal, it 
must be normal and hence must be expressible in the form a(H) where H is an 
element of A. We can now determine the simple ideals in A on the basis of 
Theorem 26 as follows: every simple ideal is normal and can therefore be 
expressed as a(H); in order that a(H) be simple, the product a(H)a(Hi) = a(HH;) 
must be principal whenever a(H,) is principal, and conversely; in other words 
a(H) is simple if and only if H has the characteristic property of Lebesgue 
measurable sets, that HH; is in A whenever H; is in A. The semiprincipal ideals 
which are not principal are now seen to be the ideals a(H) where the comple- 
ment of H belongs to A. From these characterizations of the ideals in A, we 
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see that the classes 2, B*, S, and N are distinct. Furthermore, since the sets 
of zero measure constitute an ideal in A which obviously cannot be put in 
the form a(H), the classes % and § are also distinct. The prime ideals be- 
longing to Nt are evidently given by a(H) where the complement of H is a one- 
element class. Hence no normal prime ideal in A can contain every set of 
zero measure; and, if the ideal of sets of zero measure has a prime ideal di- 
visor in A, the latter ideal cannot be normal. This familiar example therefore 
shows that the classifications discussed in Chapter II, §§3 and 4, are not de- 
generate except in special Boolean rings. 


CHAPTER IV. REPRESENTATION THEORY 


1. General remarks. We come now to the problem of constructing an al- 
gebra of classes isomorphic to a given abstract Boolean ring. Indeed, we shall 
consider the broader problem of determining all algebras of classes homo- 
morphic to a given Boolean ring. In view of the results of Chapter III, §2, 
we may confine our attention to reduced algebras of classes and we may re- 
gard representations by equivalent algebras of classes as abstractly identical. 
Thus the general problem of representation theory can be formulated in the 
following precise terms: if A is any Boolean ring, it is required to construct 
a family of reduced algebras of classes homomorphic to A so that any algebra 
of classes homomorphic to A is equivalent, after the reduction described in 
Theorem 54, to an algebra belonging to this family. We shall be able to solve 
this problem completely in the present chapter. 

The results of Chapter III, §3, are sufficient to indicate that the repre- 
sentation problem is closely bound up with the theory of ideals, particularly 
the prime ideals. Suppose that the Boolean ring A has a homomorph B with 
elements which are subclasses of a fixed class E. Then each element of E is 
associated by Theorem 58 (4) with a prime ideal in B and hence, by virtue 
of Theorem 48, with a prime ideal in A. We may therefore suppose that each 
element of E is replaced by the associated prime ideal, so that A is represented 
by an algebra of classes of its own prime ideals. If this representation be 
further analyzed, it becomes clear that a given element a in A must be repre- 
sented by the class of those prime ideals which are thus determined by the 
given basic class E and do not contain a as an element. Thus any attempt to 
solve the representation problem must be based upon a preliminary theory 
of the existence and divisibility properties of prime ideals. In particular, in 
order to show that A has an isomorphic representation, it is evidently neces- 
sary to prove that whenever a and b are unequal elements of A there exists a 
prime ideal containing one, but not both, of these elements. It is not difficult 
to see that the existence theorem thus suggested is equivalent to the Funda- 
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mental Proposition of Ideal Arithmetic, stated at the close of Chapter IT, §4. 

Our program for solving the representation problem is thus prescribed: 
we first prove the Fundamental Existence Proposition and the Fundamental 
Proposition of Ideal Arithmetic, as previously stated; we then determine a 
representation by subclasses of the class € of all prime ideals, noting that 
this algebra of classes must be perfect in accordance with Definition 12 and 
Theorem 59; and we then show that all other representations can be con- 
structed from this perfect representation by the process discussed in Theorem 
56. It will be observed that the indicated perfect representation also affords 
an isomorphic representation of the class of all ideals under the operations 
of unrestricted addition and finite multiplication, in accordance with Theo- 
rem 57 and Definition 12. 

It will be evident from a closer inspection of our solution of the represen- 
tation problem, that the relations thereby revealed are of such a nature that 
they can appropriately be stated in topological terms. Once such a statement 
has been made, a number of interesting topological connections are suggested. 
The further development of the theory in the indicated direction will be car- 
ried out in another paper.t 

2. Existence and divisibility properties of prime ideals. In view of the re- 
marks made in the preceding section, we shall now resume the study of prime 
ideals at the point where we broke off in Chapter II, $4. We first establish the 
Fundamental Existence Proposition. 


THEOREM 63. In a Boolean ring A containing at least two elements, there 
exists at least one prime ideal. 


We shall give two proofs, both based upon the principle of transfinite in- 
duction.§ In view of Theorems 34-36 and 39, we see that the construction of 
a prime ideal, or, alternatively, the construction of a homomorphism A—B 


t The construction of this perfect representation was described in a communication to the 
Society, abstracted in its Bulletin, abstract 39-3-86, received January 24, 1933, and also in Proceed- 
ings of the National Academy of Sciences, vol. 20 (1934), pp. 197-202. A more general representation 
theorem (for C-lattices or distributive lattices) was discovered independently and only slightly later 
by Garrett Birkhoff, see Proceedings of the Cambridge Philosophical Society, vol. 29 (1933), pp. 441- 
464, Theorem 25.2. Since MacNeille has shown in his doctoral dissertation The Theory of Partially 
Ordered Sets (1935), not yet published, that every distributive lattice can be algebraically imbedded 
in a Boolean algebra, or Boolean ring, Birkhoff’s result may now be regarded as included in those 
given here. 

t See Stone, Proceedings of the National Academy of Sciences, vol. 20 (1934), pp. 197-202. 

§ Still another proof is given by von Neumann and Stone, Fundamenta Mathematicae, vol. 25 
(1935), pp. 353-378; a paper by Tarski, Fundamenta Mathematicae, vol. 15 (1930), pp. 42-50, al- 
though couched in the language of the theory of measure, also gives a proof which could be adapted 
to the present situation. 
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where B is a two-element Boolean ring necessitates the distribution of the 
elements of A between two subclasses according to certain prescribed rules, 
and hence requires the examination and allocation of those elements to sub- 
classes in some orderly fashion. In general, therefore, we can hardly expect to 
devise a method of construction which does not involve the well-ordering 
hypothesis. 

In our first proof, we work with the class $% of all ideals in A. We choose 
an ordinal number w so that the ideals in A can be put in biunivocal corre- 
spondence with the ordinals y such that y<w; and we may even suppose 
that w is the first ordinal number available for this purpose. Since A has more 
than one element, we can select an element a not equal to 0. We now define 
a prime ideal p by transfinite induction, first forming ideals 6, for all a<w 
and then putting p=S.cwbe. If a: is the first ideal in 3, we define 6; as equal 
to o or to a1, according as a belongs to a; or not; and, if 6. has been defined for 
all ordinals a such that a<@ where B <w, we define bs as the ideal S.<sb. or 
as the ideal ag vS.<sb. according as a belongs to the latter ideal or not. By 
the principle of transfinite induction, p exists and is an ideal in A. We shall 
now show that p is divisorless and hence prime in accordance with Theorem 
33. We first prove that pe; in particular, that p does not contain the element 
a. Since a< implies 6, ¢ bg by construction, we see that, if p contained a, 
Theorem 17 would establish the existence of ordinals Bi< --- <8,<w such 
that a belongs to bg, =bs, v --- vbs,. Similarly, if 6s contained the element a 
for 8>1, Theorem 17 would establish the existence of an ordinal a<8 such 
that 6, contains a: tor the fact that bs is assumed to contain a excludes the 
relation bg =ag V Sa<sb, and thus implies bg = S.<sba. We see therefore that, if p 
contained a, there would be a first ordinal a such that 6, contains @ and this 
ordinal would necessarily be a=1. By construction, however, 6; does not con- 
tain a. Next we prove that if a is an ideal divisor of p, then a=p or a=e. 
In the first place let us suppose that a does not contain a. If y is the ordinal as- 
signed to a, we then have a=a,>)p>S.<76. and hence p> b, =a, V Sa<yba =a, 
since a, does not contain a. Thus in this case we have a=a, =p. In the second 
place we suppose that a contains a and hence that a>pva(a). Since the 
ideal a’(a) is equal to a; for an appropriate ordinal number 4, and since 
a(a) Cas V Sacsba would imply 


a(a) = a(a)as;va(a) S ba = a(a) S bac S bacp, 
a<é a<é a<é 


contrary to the fact that p does not contain a, we have 


a’(a) =a;Ca;v S b. = bs cp 
a<é 
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and hence 
a>pva(a)>a’(a) va(a) =e, a=e. 

The proof that p is a prime ideal is thus completed. It is of interest to indi- 
cate a slight modification of the foregoing construction. The hypothesis that 
A has two or more elements is equivalent to the hypothesis that A contains 
two or more ideals. If, then, a and 6 are two ideals such that 6 is not divisible 
by a, we may suppose that the numbering of 9 is arranged so that a,=a and 
we may choose a as an element which is in 6 but not in a and hence is different 
from 0. The construction given above then yields a prime ideal p which is a 
divisor of a but not of 6. We note also that, when A has a unit e, the proof 
that p is a prime ideal given above assumes a slightly simpler form if one 
takes a=e at the outset. 

In our second proof, which is reminiscent of the discussion of simple ex- 
tensions of a commutative field, we begin by considering the case of a Boolean 
ring A with unit e. Let the elements of A be placed in biunivocal correspond- 
ence with the ordinal numbers y less than an appropriately chosen ordinal 
number w, the element a corresponding to y being denoted by a,. We may 
suppose that in this correspondence a; =e, and that az is different from 0 and e 
when A has more than two elements and is chosen at pleasure as any element 
a subject to this restriction. We denote by ag the subring of A generated by 
the class of all elements a., a<8, 1<8<w; and by bg the subring of A gen- 
erated by the class of all elements a., a<8, 1<6<w. It is then evident that 
bq C Aq ¢ bs Cas for a<B; that as=bs v {as}, 8>1, where {ag} is the subring 
generated by the element ag; and that bs=S.<s2, B>1. We shall now 
show with the help of the principle of transfinite induction that there exists a 
homomorphism A—B where B is a two-element Boolean ring. The subring 
a, =b. generated by a; =e +0 consists of the two elements 0 and e so that we 
can define a homomorphism (indeed, an isomorphism) from a, to B in just 
one way. Let us suppose that homomorphisms a,—8B have been defined for 
all ordinals a <8 in such a way that the correspondent in B of an element in 
a. is independent of a. Since bs=S.c<sta, it is then evident that the homo- 
morphisms a,—B together determine a homomorphism 6s—B: for, if b and c 
are elements of bs, there exists an ordinal a <§ such that b and c are elements 
of a., as we see by reference to the properties of the subrings a, noted above; 
and the homomorphism a,—B8 implies that the elements )+c, bc have the 
correspondents b* +c*, b*c* respectively, where b* and c* are the fixed corre- 
spondents in B of b and c respectively. Now the subring 6s evidently contains 
the element a, =e. Theorem 14 therefore shows that the subring a = bs v {as} 
consists of those and only those elements of A which are expressible in the 
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form xag+yaj =xagv yas where x and y are elements of bs. Since we have 
(xag+yiag )+(x2a3+ yeas ) = (x1 +x2)ast+(yity)as , (xiast+yniag )(x2a3+yea4 ) 
= (x1%2)as+(yiye)ag , we see that ag is a homomorph of the Boolean ring Bs, 
obtained as the direct sum of bg with itself, this homomorphism being given 
explicitly by the correspondence (x, y)—>xas+yaj . The ideal cs determined by 
this correspondence consists of those and only those elements (x, y) in Bg 
such that xas+yaj =0, or, equivalently, xag=yaj =0; and ag is isomorphic 
to the quotient ring 8s/cs in accordance with Theorem 43. We note that, if 
(x, y) is in cs, then xy=0 since xy =xye =xy(ag Vag ) =xyag Vxyag =O v0=0. 
Now the homomorphism bs—B evidently induces a homomorphism $;—>C, 
where C is a four-element Boolean ring obtained as the direct sum of B with 
itself. The image of the ideal cs under the latter homomorphism is an ideal ¢ 
in C, by virtue of Theorem 46. The ideal ¢ cannot contain the unit element 
(e*, e*) in C since, if an element (x, y) in cs has the correspondent (x*, y*) in 
C, then xy=0 implies x*y* =0* (the unit and zero elements in B being de- 
noted by e* and 0* respectively). The four elements of C are (0*, 0*), (0*, e*), 
(e*, 0*), (e*, e*); and the ideal c must clearly be a principal ideal generated 
by one of the three elements (0*, 0*), (0*, e*), (e*, 0*). It is easily verified that 
the quotient ring C/c is homomorphic to $3/cs and hence also to as. We now 
have three cases to consider, according to the nature of the ideal c. First, if ¢ 
is the principal ideal generated by the element (e*, 0*), C/c is a two-element 
ring which is isomorphic to B in one and only one way. Now, if x is an element 
of bs with correspondent x* in B under the homomorphism b;—B, the homo- 
morphism $s;->C takes («, x) into («*, «*); the homomorphism as—C/c there- 
fore takes x=xag+xaj into the class of elements congruent (mod c) to 
(x*, x*); and the isomorphism C/c—B takes this class, which consists of the 
two elements (e*, x*), (0*, x*), into the element x* in B. Hence the induced 
homomorphism as—B takes each element of bg ¢ ag into its correspondent un- 
der the homomorphism 6s—B. A similar result obtains in case ¢ is the princi- 
pal ideal generated by the element (0*, e*). Finally, if ¢ is the principal ideal 
generated by the element (0*, 0*), the quotient ring C/c is isomorphic to C. 
In this case, we can define a homomorphism C—C/)<-—>B by choosing the 
ideal d as the principal ideal generated by (e*, 0*) or by (0*, e*), thus obtain- 
ing, as in the two preceding cases, a homomorphism ag—B which takes each 
element of bg cag into its correspondent under the homomorphism bs—B. 
From the hypothesis that there exist homomorphisms a,—B for all a<8 we 
therefore conclude that there exists a homomorphism as—B, with the precise 
properties indicated above. The principle of transfinite induction thus estab- 
lishes the existence of a homomorphism as—B for 8 <w, such that, when a <8, 
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this homomorphism takes each element of a, into its correspondent under the 
homomorphism a,—B. Since we have A =Sg<.as, we conclude finally that 
there exists a homomorphism A—B which carries each element of ag into its 
correspondent under the homomorphism as—B. By Theorem 49 the ideal p 
determined in A by this homomorphism is a prime ideal. If A contains an 
element a not equal to 0 or to e, we may suppose that a does not belong to p. 
For, if we take a,=a, we see that the subring a: consists of the four elements 
0, a, a’, e, and hence that we can define the homomorphism a:—B by the 
relations 0—0*, a’—0*, a—e*, e—e*. It is now possible to treat the case of a 
Boolean ring without unit: we have only to imbed the given ring A in a ring 
with unit in accordance with Theorem 1 and to construct a homomorphism 
from the imbedding ring to a two-element Boolean ring B in such a manner 
that an element a0 in A has as its correspondent in B the element e*. This 
homomorphism evidently determines a homomorphism A—B and hence a 
prime ideal p in A; and we may in particular require that p shall not contain a 
specified element a0. It should be noted that the foregoing construction 
of a prime ideal consists essentially in the assignment, step-by-step, of the 
correspondents in B of the elements of A; and that at each step the construc- 
tion reveals automatically whether the assignment is determined by the pre- 
ceding steps or not. By-particularizing the initial steps of the construction a 
little more, we can obtain a slightly sharper result. Let A be a Boolean ring 
with more than two elements and unit e; and let a and b be elements such 
that ae, b¥e, ab¥a. We may then carry out the construction of the homo- 
morphism A—B as before, setting a:=e, d2=a, a;=b and determining the 
homomorphism a;—B as the correspondence which takes 0, b, a’, a’ vb, ab, 
a’b, a’b’, and abva’b’ into 0* and takes a, e, b’, avb, avb’, a’ vb’, ab’, and 
a’'b v ab’ into e*. We leave the details to the reader, noting that a; is in general 
a ring of sixteen elements which may reduce to one of eight or of four ele- 
ments by virtue of equalities, such as a’ =}, not incompatible with the rela- 
tions a~e, be, ab¥a. We then see that the homomorphism A—B takes a 
into e* and b into 0*, so that the resulting prime ideal p contains b but not a. 
In the case of a Boolean ring A without unit, we obtain a similar result by 
imbedding A in a ring with unit, constructing a homomorphism from the im- 
bedding ring to the two-element Boolean ring B so that the elements a and b 
in A with aba are carried into e* and 0* respectively, and then determining 
p from the restricted homomorphism A—B. 

In proving Theorem 63, we have obtained certain additional information 
concerning prime ideals. We now formulate this information as a separate 
theorem. 
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THEOREM 64. If A is a Boolean ring containing elements a and b such that 
aba or, equivalently, such that a<b is false, then there exists a prime ideal » 
in A which contains b and not a; and, if A is a Boolean ring containing ideals 
a and b such that 6 is not a divisor of a, then there exists a prime ideal » in A 
which is divisor of a but not of b. 


We may restrict our reliance upon transfinite methods, however, by prov- 
ing the following result: 

THEOREM 65. Theorem 64 follows from Theorem 63 without the intervention 
of transfinite methods or of the well-ordering hypothesis. 


We are now to assume that every Boolean ring containing two unequal 
elements contains a prime ideal. Let A be a Boolean ring containing elements 
a and 6 such that aba. Then the ideal c=a(b) va’(a) cannot contain a(a), 
and, in particular, cannot coincide with the ideal e: for the relation a(a) cc 
would imply a(a) =a(a)c=a(a)a(b) ca(b) and hence a=ab, contrary to hy- 
pothesis. Since c~e, the quotient ring A/c contains two or more elements and 
hence contains a prime ideal q. The elements of A which are carried by the 
homomorphism A—A/c into elements of q constitute a prime ideal p in ac- 
cordance with Theorem 46. It is evident that » is a divisor of ¢ and hence also 
of a(b). On the other hand, » is not a divisor of a(a): for, if p> a(a@), we should 
have p>a(a) vc=a(a) va(b) va'(a) =e, p=e. Thus p contains 6 but not a. 
Now let A be a Boolean ring containing ideals a and 6 where 6 is not a divisor 
of a. The quotient ring A/b contains an ideal c consisting of all the images of 
elements of a under the homomorphism A—A/b, as we showed in Theorem 
46. Since 6 is not a divisor of a, the ideal c contains an element other than the 
zero element. If we apply the first part of the theorem to the Boolean ring 
A/b, its zero element, and the indicated element of c, we see that A/b con- 
tains a prime ideal q which does not contain the specified element of c and 
hence does not contain c. The elements of A which have images in q under the 
homomorphism A—A/b thus constitute a prime ideal p which contains b 
but not a, in accordance with Theorem 46. 

It is now easy to establish the Fundamental Proposition of Ideal Arithme- 
tic for Boolean rings. 

THEOREM 66. In a Boolean ring A, every ideal other than e is the product 


of all its prime ideal divisors. This result follows from Theorem 64 without the 
intervention of trans finite methods or of the well-ordering hypothesis. 


If a is an ideal in a Boolean ring A such that a#e, then Theorem 64 shows 
that there exists a prime ideal which is a divisor of a (but not of e), since e¢ a. 





106 M. H. STONE [July 


Hence the product of all the prime ideal divisors of a exists and is an ideal 
divisor 6 of a. If a were not also a divisor of b, Theorem 64 would establish 
the existence of a prime ideal containing a but not b, contrary to the definition 
of 6. The relations a c b, b ca together imply that a=6, as we wished to prove. 

3. The perfect representation. We shall now turn to the study of the 
representation problem. We can give the fundamental theorem of the theory 
without any further preliminaries. 


THEOREM 67. Let A be a Boolean ring, a an arbitrary ideal in A, & the class 
of all prime ideals in A, & the algebraic system of all ideals in A under the opera- 
tions of unrestricted addition and finite multiplication, &(a) the class of all prime 
ideals which are not divisors of a, and I(A) the algebraic system with the classes 
(a) as elements and with the operations of forming unrestricted unions and 
finite intersections. Then the correspondence a—€(a) determines an isomorphism 
Y<—— 1 (A) in accordance with the relations 

(1) €(a) = €(b) if and only if a=b; 

(2) if Bis any non-void class of ideals, then 

eS) = 200); 

(3) €(ab) = €(a)(6). 

Let &(a) denote the class-&(a(a)) corresponding to the principal ideal a(a); and 
let B(A) be the algebraic system with the classes €(a) as elements and with the 


operations of forming finite unions, symmetric differences (unions modulo 2), 
and finite intersections. Then B(A) is a concrete Boolean ring or algebra of classes 
isomorphic to A by virtue of the correspondence a—€(a) in accordance with the 
relations 


(4) €(a) = &(d) if and only if a = 5; 
(S) E(a + 6) = E(a) A E(); 

(6) E(avb) = E(a)c E(d); 

(7) €(ab) = E(a)E(0). 


The system B(A) is a perfect reduced algebra of classes. 


We first establish the numbered relations. Theorem 66 shows at once that 
(1) is valid. The relation (2) is equivalent to the assertion, obviously true, 
that a prime ideal fails to contain S,,ya if and only if it fails to contain at least 
one of the ideals a in %. Relation (3) is equivalent to the assertion that a 
prime ideal fails to contain ab if and only if it contains neither a nor 6, and 
hence to the assertion, already proved in Theorem 40, that a prime ideal con- 
tains ab if and only if it contains at least one of the ideals a and b. The rela- 
tions (4), (6), and (7) then follow immediately from (1), (2), and (3) respec- 
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tively by virtue of the respective relations (1), (3), and (4) of Theorem 31. 
The relation (5) is then an immediate consequence of (6) and (7) through the 
relations 


(a + b)uG(a)E(b) = E((a + 6) vab) = C(avb) = E(a)uG(d), 
(a + b)\E(a)E(b) = E((a + b)ab) = EO) = O, 


where © is the void subclass of ©. The fact that the correspondences a—€(a), 
a—€(a) set up isomorphisms §<—>/(A), A~-—>B(A) respectively is now 
evident from the numbered relations. It remains to show that B(A) is a per- 
fect reduced algebra of classes. If p is any prime ideal in A, then the classes 
(a) where a is in p constitute a prime ideal in B(A); and 


= E(a) = E(Sa(a)) = E(p) 
aep ae? 


in accordance with the relations (2); and, conversely, if the classes €(a) con- 
stitute a prime ideal in B(A), the corresponding elements a in A constitute a 
prime ideal p in A. The class &(p), where p is a prime ideal, clearly consists 
of all prime ideals other than p; and its complement €’(p) thus consists of p 
alone. The classes &(b) where d is not in p obviously have the ideal p in com- 
mon. If b is any such element and a is an arbitrary element in p, then )+ab 
cannot belong to » since it is congruent (mod p) to b; hence €(b+<ab) contains 
y and, by virtue of the relations €(a)€(b+ab) = €(a(b+ab)) =E(0) =O, is 
contained in the complement of (a). Thus we see that the intersection of the 
classes &(b) where 3 is not in » is contained in the class 


1€'(@) = (= E(a))’ = €'(p), 


and thus consists of the ideal p alone. These facts show that B(A) is a reduced 
algebra of classes in accordance with Definition 10; and a perfect algebra of 
classes in accordance with Definition 12, Theorem 59 and Theorem 66. 

We shall now introduce the following definition, justified by the result 
just established: 


DerFinitIon 13. The algebra of classes B(A) associated with a Boolean ring 
A by Theorem 67 is called the perfect representation of A. 


We call particular attention to the fact that, if A is a Boolean ring of just 
one element, the class € is void and B(A) is an algebra consisting of the void 
class alone. 

The application of Theorem 56 to the perfect representation opens the 
way to the determination of all representations of a given Boolean ring. We 
obtain the following result: 
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THEOREM 68. Let A, ©, E(a), 7(A), E(a), and B(A) have the meanings s peci- 
fied in Theorem 67. Let be an arbitrary subclass of ©; a(’) the ideal consisting 
of all elements a such that €(a) ¢ $'; I(A, §) the algebraic system of all classes 
HE(a) under the operations of forming unrestricted unions and finite intersec- 
tions; and B(A, §) the algebraic system of all classes S€(a) under the operations 
of forming finite unions, symmetric differences, and finite intersections. Then 
the correspondence €(a)—-€(a) determines homomorphisms I(A)—I(A,§), 
1(A,a(’))1(A,), the latter of which is an isomorphism if and only if 
€(a(S’)) =H’ or, equivalently, S=E'(a(H’)). Similarly the correspondence 
€(a)—HE(a) determines a homomorphism B(A)—B(A, $) and an isomorphism 
B(A, $)——B(A/a(’)). The algebra of classes B(A, ) is perfect if and only 
if E(a(S')) =H’; and, when this condition is satisfied, B(A, ) is equivalent 
to B(A/a(’)). If 6 is an arbitrary ideal, then we have in particular the result 
that B(A/b) is equivalent to B(A, &'(6)). The ideal a($') is equal to e when § 
is void and to the product of the prime ideals in otherwise. 


Theorem 56 establishes the homomorphism B(A)—B(A, §) at once; and 
an argument similar to that given in the proof of Theorem 56 shows that 
I(A)—I(A, §). Since the correspondence a—€(a)—>6€(a) defines a homo- 
morphism A—B(A, §) by virtue of Theorem 67 and the result just proved, we 
see that there exists an ideal 6 in A such that A/b—-—>B(A, ) in accordance 
with Theorem 43. Since a>€(a)— if and only if C(a) =O or, equivalently, 
€(a) ¢ §’, we see that this ideal coincides with the class a(’) described 
above. Now Theorems 46 and 48 give detailed information concerning the 
prime ideals in the Boolean rings A, A/b, and B(A, §) under the indicated 
correspondence. If p is a prime ideal divisor of b, then its image p* in A/b6 is a 
prime ideal, and the image of p* in B(A, ) is also a prime ideal; conversely, 
a prime ideal in B(A, ) is the image of a prime ideal p* in A/6, and p* is 
in turn the image of a unique prime ideal divisor of 6. Thus we see that the 
class of prime ideals in B(A, §) is in biunivocal correspondence with the class 
&* of prime ideals in A /6 and also with the class @’(6) of those prime ideals in A 
which divide 6. If an ideal a in A has the image a* in A/b, then the prime ideal 
divisors of a* are in biunivocal correspondence with those prime ideal divisors 
of a which contain 6. Hence the biunivocal correspondence between €’(6) and 
&* takes G’(6)E(a) into G*(a*); and &’(b)E(a:) = €’(b)E(a2s) whenever a; 
and a, have the same image in A/b. It follows that the correspondence 
a—€(a)—€(a) determines a correspondence &*(a*) >’ (b) E(a) > HE’ (b) E(a) 
= §G€(a) which is a homomorphism /(A/b)—/(A, $). We have here used the 
obvious fact that €(b) ¢ H’ to write SE’(b) =H. Since the principal ideal a* 
in A/6 is the image of at least one principal ideal a(a) in A, we may specialize 
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this homomorphism to the systems B(A/b6) and B(A, S). We shall now show 
that it becomes an isomorphism B(A/b)——>B(A, §) when so specialized. 
In order that the principal ideals a(a) and a(b) in A have the same image in 
A/b we must have a(a) vb=a(b) vb, hence avc,;=b vc where c; and ¢ are 
in b, and hence a=b (mod b), by Theorems 46, 16,and 44 respectively ; and the 
converse is also true. On the other hand, S€(a)=6€(b) is equivalent to 
HE(a+b) = HE(a)ASE(b) =H and hence to E(a+b) ¢ H’, a+b eb, and a=b 
(mod 6). It follows immediately that the asserted relation of isomorphism 
holds. In the case where § = ’(6) or, equivalently, €(b) = E(a(H’)) =H’, it is 
evident that the correspondence G*(a*)—€(a) = G’(b)€(a) yields an iso- 
morphism /(A/b)—J/(A, §). Furthermore, it is evident that the corre- 
spondence between G* and §=€’(b) renders the two algebras of classes 
B(A/b6) and B(A, §) equivalent. Thus B(A, §) is a perfect reduced algebra 
of classes in this case, in accordance with Theorems 67 and 55. On the other 
hand, if €(6)#’, there exists a prime ideal p in A which belongs to §’ but 
not to &(b). It follows that p>b and G(p) >. Since p is a divisor of b, its 
correspondent p* in A/b is a prime ideal; and the classes S€(a) where a 
is in p constitute a prime ideal in B(A, 9). Now the homomorphism 
I(A/%)—I(A, ) takes &*(p*) into SE(p) =H and therefore cannot be an 
isomorphism since it also takes €* = G*(e*) into §. Furthermore the union of 
the classes SC(a), where a is in p, is given by 


ZDE(s) = HZE(a(e)) = HE(Sa(a)) = GSE) = G. 


The algebra of classes B(A, §) therefore fails to have property (2) of Theorem 
59, and cannot be perfect. Finally we prove that 6 =a(’) is characterized in 
the manner indicated in the statement of the theorem. If is void, then 
(a) ¢ H’ for every a and a(’) is obviously equal to e. If § is not void, then 
the product of all the prime ideals in © is an ideal c. Since €(p) 3 a(’) when p 
is in §, it is evident that p> a(S’) when » is in §, and hence that c>a(’). 
On the other hand, if a is an element of c, we have a(a) cc cp for every p in 
§ or, equivalently, €(a) ¢ E(p) for every p in H. Since E(p) does not contain 
p, it follows that E(a) ¢ H’ and that a is in a(’). Thus we have cca(’) as 
well as a(’) ec, and conclude that c=a($’) as desired. This result shows in 
particular that, if S =€’(b) where 6 is an arbitrary ideal in A, then a(’) =b. 

We now complete the theory of representations by means of the following 
result: 


THEOREM 69. If B is an algebra of classes homomor phic to a Boolean ring A 
and if 6 is the ideal in A determined by the homomorphism A—B, then there 
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exists a class of prime ideals in A related to 6 through the equation a($') =b 
such that B is equivalent to B(A, ). In order that B be perfect it is necessary 
and sufficient that S = ©'(b). The only perfect algebras of classes isomorphic to A 
are those equivalent to B(A). 


The prime ideals in B are in biunivocal correspondence with the prime 
ideal divisors of 6 in A, by Theorem 48. Those prime ideals in B which de- 
termine one-element subclasses of the basic class E of B in accordance with 
Theorem 57 (9) thus define a subclass of &’(6). This correspondence be- 
tween E and ® is biunivocal and defines the equivalence between B and 
B(A, §): for if a is any element of A, the prime ideals which contain it and 
also contain 6 constitute the class €’(6)€’(a); these prime ideals are carried 
by the homomorphism A—B into the prime ideals in B which contain the 
image of a; of the latter ideals those and only those which determine one- 
element classes disjoint from the image of a can correspond to ideals in §; 
and the indicated correspondence between § and E thus takes HG’(a) into 
the complement of the image of a, SC€(a) into the image of a. Now those 
elements a which are taken by the homomorphism A-—B into the void class 
in B are precisely those for which (a) is void, as we see from the foregoing 
remarks. Thus it follows that the ideal 6 determined by the homomorphism 
in question coincides with the ideal a(’). If B is perfect, then every prime 
ideal in B determines a one-element class by Theorem 59; and it follows that 
= &’(6). On the other hand, if 6 = €’(b), then B(A, ) is perfect by Theo- 
rem 68; and B, being equivalent to B(A, §), is obviously perfect also. If B 
is isomorphic to A, then b=o. Since § = €’(b) = G@’(o0) =€ in this case, B is 
thus equivalent to B(A, ©), and hence to B(A), if it is perfect. Since B(A) is 
isomorphic to A and is perfect, any algebra of classes equivalent to B(A) also 
has these properties. 

We may bring the discussion to a close by formulating in precise terms our 
remarks in §1 concerning the relation between the representation theory and 
the Fundamental Proposition of Ideal Arithmetic. We have 


THEOREM 70. The following propositions are equivalent without the use of 
transfinite methods or the well-ordering hypothesis: 

(1) every Boolean ring possesses an isomorphic algebra of classes; 

(2) the Fundamental Proposition of Ideal Arithmetic is valid in every 
Boolean ring. 

In Theorem 67, we have shown that (2) implies (1), without the use of 
transfinite arguments. In Theorem 58 (4) we showed without the use of such 
arguments that (1) implies the existence of a prime ideal in any Boolean ring 
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which is a reduced algebra of classes with a basic class E which is non-void; 
and hence that (1) implies the Fundamental Existence Proposition, proved as 
Theorem 63 by other methods. The work of §2 shows that Theorem 63 implies 
(2), without the use of transfinite arguments, as indicated in Theorem 66. 
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SIMPLE ALGEBRAS OF DEGREE p* OVER A 
CENTRUM OF CHARACTERISTIC p* 


BY 
A. ADRIAN ALBERT 


1. Introduction. The study of normal simple algebras A over a field F 
has been reduced to the case where the degree of A is a power of a prime p. 
The theory then splits sharply into two cases distinguished by the hypothesis 
that the characteristic of F is or is not p. We shall restrict our attention to 
the former case. 

It is well known that every normal simple algebra A over F is similar to 
a crossed product B. But this result is of little aid in a study of A, since in 
fact the degree of B is in general not a power of p. We shall prove here, how- 
ever, that in our case every A is similar to a cyclic algebra whose degree is a 
power of p. 

If K is obtained from F by adjoining the p*th roots of quantities of F 
to F, for fixed e, then K is said to have exponent e over F. We shall show that 
the exponent of an algebra A is p* where e is the exponent of the above K of 
least exponent, which splits A. Moreover A has exponent /* only if A is simi- 
lar to a direct product of cyclic division algebras D; whose exponents and de- 
grees are equal to p*‘< p*, D, of degree p*. 

2. Commutative division algebras over F. Let F be an infinite field of 
characteristic p¥0 and K be a commutative division algebra of order m over 
F. A quantity & of K is called separablet or inseparable according as its 
minimum equation has not or has multiple roots. We shall also say that K 
is separable or inseparable according as K does not or does contain insepara- 
ble quantities. 

Every separable K is a simple algebraic extension Z = F(a) of F, where a 
is separable of degree m over F. Conversely if a is separable so is any poly- 
nomial in a, so that Z=F(a) is separable. We notice that then every sub- 
field of Z is separable. Moreover if F(a”) # F(a) =Z, then a? =v has the prop- 
erty that Z=Z,(a), a? =v in Z2. But the equation a” =2 is inseparable. Hence 
we have 


* Presented to the Society, September 13, 1935; received by the editors July 22, 1935. 

+ For these definitions and elementary properties see B. L. van der Waerden, Moderne Algebra, 
vol. I. I believe they are due to E. Steinitz. See also Deuring’s Algebren, Springer, 1935, for refer- 
ences to the numerous concepts used here. These are in the algebraic part of Deuring’s book and the 
references are principally to work of Dickso., Wedderburn, Hasse, Brauer, Noether, and myself. 
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THEOREM 1. Let Z=F(x) be separable of degree n over F. Then Z=F(x?). 
The largest separable sub-field Ko of an inseparable field K is a field whose 
degree mo is called* the reduced degree of K. Every quantity a of K has the 
property 
(1) a” = ao in Ko. 
If moreover a" is not in Ky for some a of K we shall call e the exponent 
of K. The field K is obviously obtained by adjoining certain p*th roots of 


quantities of Ky to Ko. If Ko=F we shall call K a Kummer field over F. We 
now prove 


THEOREM 2. Let Z be a separable field of degree m over a Kummer field K 
of exponent e over F, and Z,y be the largest sub-field over F of Z, Z contain K. 
Then Z is the direct product 


(2) Z=1X | 
Z, has degree m over F, Zo is the field of all quantities a” of Z, ain Z. 


For Z= K(é) where £ is a root of a separable equation 


(3) f(x) = a™+ayx™!+--- +a, =0 (a; in K), 
irreducible in K. Thus 7 = £” is a root of 
(4) g(y) = y™ + biy™* +--+ + bn = 0 (b; in F), 


where b;=a;”". By Theorem 1 we have Z = K(n), so that g(y) is irreducible in 
K. But then Z,=F(n) has degree over F and (2) holds. The largest separa- 
ble sub-field of Z must contain Z, and is a field F(¢) =F (¢”’) where £** is ob- 
viously in Zo. Hence Z, is the largest separable sub-field of Z. 

The fields Z and Z, of Theorem 2 are equivalent under the correspondence 
(not an isomorphism over F) 


(5) aa’ = ay (a in Z). 


If a¥B then ao#( since a” —B” =(a—B)”=0 only when a=6. Hence we 
have immediately 


THEOREM 3. Let Z and Z, be defined as in Theorem 2. Then Z is normal 
over K with automorphisms 


S: a— as 
if and only if Z, is normal over F with automorphisms 
$s ay — aS, ao = a’, ao = (aS), 


* See van der Waerden, loc. cit. 
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Corotiary I. The field Z is cyclic over K if and only if Zo is cyclic over F. 
Let K be a simple Kummer extension of exponent e over F, so that 
K=K,.=F(y), y” =7 in F. Then 
(6) K.>Kei>--->Ki>K =F, 
where 
(7) noe, K; = F(yi). 


The field K; has degree p‘ over F, degree p over K;-1, and 1, yi, - - - , yi?~t are 
linearly independent in K;_;. In particular every quantity k of K has the form 


(8) kR=kot kiyt---> + kpuy? (ki in K--1), 
and, if g=p*-!, then 
(9) k= kot kin tess + kpan (A, in F) 
is in F if and only if ki =ko= - - - =kp1=0. Thus we have proved 
THEOREM 4. A quantity k of K, generates K, if and only if k is not in K.-1. 
We shall require 
TueoreEM 5. Let Z be separable of degree m over K=K,.=F(y), y?*=y in F. 
Then there exists a quantity c in Z such that 
(10) w= Nzjx(c) 
has the property K =F(w), that is, w generates K. 
For Z=Z,XK, Z,)=F (x), x is a root of 


p-1 


(11) f(x) = » a(x)x' = 0, 


The polynomials a,(x”) have coefficients in F and at least one a;(x?) 0 for 
i=r 0, since x is separable. Hence a,(A”y”) is a polynomial in y? with coeffi- 
cients which are polynomials in \ with coefficients in F. These latter poly- 
nomials are not all identically zero, and thus there exists a \» in F such that 
a,(Ao?y”) #0, 


p—-1 
(12) f(r0v) = } biy', by = as(Ao?y”)A* in Kes. 


i=0 


The quantity f(Aoy) is not in K._; and, if c=x—Doy, then 
(13) g(c) = fle + Avy) = c™ + Byo™! +--+ + Baie + f(\ov) = 0. 
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But 
Nax(c) = (— 1)"fQoy) = w 
is in K, and not in K._;. By Theorem 4 we have K =F(c). 
The field K, has degree p over K,.1=F(y”) and, if 6 is in K.1, and w is 
as above, then éw is not in K,_;. This gives 
THEOREM 6. Let Z be as in Theorem 5 and 6 be in K. Then there exists a 
quantity c of Z such that 


(14) 69 = Nz x(c)é 
generates K, K =F (6). 


3. Matrices with elements in F. The theorems of the author’s paper* On 
normal simple algebras hold for an arbitrary infinite field F although they 
were derived for the case where F is non-modular. The extension to the more 
general case may be made by the elementary considerations of the next three 
sections. 

The matrix 


(15) 
0 0 0 ---1 








L On Qn—1 An-2°*** 
has 


(16) |Ar — A| = g(A) = A" — a"! — --- —a, = 0 


as its characteristic equation. It may be easily verified that the identity 
matrix J, A, A*,---, A”~! are linearly independent in any scalar field con- 
taining F and that ¢(A) =0 is actually the minimum equation of A. Moreover 
every n-rowed square matrix with ¢(A) =0 as minimum equation is similar 
in F to A. 

Every matrix B with elements in F is similar to a matrix 


(Ay 
(17) 


2 


where A; is a matrix whose characteristic equation is its minimum equation. 
The characteristic determinants D;(A) of the A; are called the invariant fac- 


* These Transactions, vol. 34 (1932), pp. 620-625. 
+ These are the classical results on matrices with elements in F. 
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tors of B and D,_,(A) is divisible by D(A), i=2, - - - , v. Thus D,(A) =0, and 
D,() =0 is in fact the minimum equation of the matrix B. It is evident that 
a matrix B is similar to B if and only if B has the same invariant factors and 
hence the same canonical form given by (15), (17) as B. 

When D,(A) is irreducible we must have every D;(A) =D, (A), 2 = my where 
A, has m rows. Thus 


(18) 


and B is similar to B if and only if B has the same irreducible minimum equa- 
tion as B. 

4. Sub-fields of M,,. Let M, be the algebra of all n-rowed square matrices 
with elements in F. If Z is a separable sub-field of M,, and Z is equivalent to Z, 
then Z=F(B), Z=F(B), where B and B have the same irreducible minimum 
equation. Hence B=PBP-' where P is a non-singular quantity of M,, and 
the inner automorphism of M,, defined by the transformation of its quanti- 
ties by P, carries B into B. If CB=BC then 
(19) C= (C;;) (i,j = 1,:-- ,») 
and C;;A,=A.C;;. But it is known* that then C;; is a polynomial in A; with 
coefficients in F. Hence the algebra of all quantities of 7, commutative with 
every quantity of Z is equivalent to a total matric algebra of degree v over Z, 
n=my, Z of degree m over F. 

The above result cannot be extended to inseparable sub-fields K of M, 
without further argument since the known proofs that C;;A1=A,.C;; if and 
only if C;; is in F(A,) depend upon the hypothesis that A; has its charac- 
teristic roots all distinct. Hence we must treat this case here. We first prove 

Lemma 1. Let F(y) be a sub-field of My, y?=¥y in F, F an infinite field of 
characteristic p. Then the only quantities of M, commutative with y are quanti- 
ties of F(y). 

For we have seen that we may take 
0 1 
0 0 


Sic 
Te 


0 0 0---1 
~ 0 0 “_* 0 
* Cf. the proof in Wedderburn’s Lectures on Matrices, pp. 26-27. 
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Since F is infinite there exists a £ in F such that £~0, 1,---, p—1. The 
matrix 


(é 
1 
(21) E+1- 
€+p—1) 
is non-singular and has the property yx =(x+1)y. An elementary computa- 
tion then gives 
_ [x-€+ 0D] [le- €+2]--- f’-€+0-1)] 
1-2---(p—1) 
where e;; is the matrix with unity in the 7th row and jth column and zeros 
elsewhere. Moreover it is well known* that 





(22) ei 


(23) Qj = yteny!,” 


But the relation yx =(x+1)y then implies that every quantity of M, is a 
linear combination of the p? quantities 


(24) vty? (i,j = 0, i,->--,9— 9). 


The algebra M, has order p? over F and hence (24) are linearly independent 
in F. Thus 1, y,--- , y?~" are left linearly independent in the commutative 
algebra F(x). This latter algebra is not a field, however. 

We now write z=)-?-)a;:(x)y‘ and have 


p-1 
(25) sy — ys = DO [a(x + 1) — ai(x)]y*! = 0, 
i=0 
so that a;(x)=a;(x+1), i=0,---, p—1. But then the element of the first 
row of a,(x) is a(€)=a,(E+1) so that a,(f)=a,(E+1) =a;(E+2)= --- 
=a,;(+p—1) and a,(x) is a scalar matrix. Hence z is in F(y). 
We now prove 


THEOREM 7. Let Z be any sub-field of degree m of M,,. Then the sub-algebra 
of M,, commutative with Z is a total matric algebra M, of degree v=nm-" over 
Z, and any sub-field Z of M,, equivalent to Z may be carried into Z by an inner 
automorphism of M,. 


The theorem is trivial when m =1. Hence assume it true for total algebras 


M, of degree v <n. 
Let Z, be the largest separable sub-field of Z. Then we have proved the 


* Cf. these Transactions, vol. 33 (1931), pp. 690-711, formula (20) on p. 702. Formula (18) was 
incorrectly printed there and should read e:,y*—! = ex. 
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above theorem for Z) and hence may carry the sub-field Z) of Z into Zp. 
Hence we take Z)=Z, and have proved that the algebra of all quantities of 
M,, commutative with Z, of degree m) over F is a total matric algebra of 
degree ny) =nm,—' over Zo. Every inner automorphism of M,,, over Zy is an 
inner automorphism of M, leaving Z, invariant and M,,, contains both Z 
and Z. If Z)>#F then m)<mn and we may carry Z into Z by an inner auto- 
morphism of M,,,; the algebra of all quantities of M,,, commutative with Z is 
a total matric algebra of degree momr' over Z. But Z has degree m, over 
Z), M=M\M, Nom,'=nm-'=v and the algebra of all quantities of M,, 
commutative with Z is M, over Z. Hence let Z)> =F, Z be a Kummer field of 
degree m= py over F. Then Z has degree wu over K=F(y), y?=yin F. 

The minimum equation of y is irreducible in F and Z>K=F(%), 7° =y, 
j may be carried into y by an inner automorphism of M,. Thus we take y=9, 
K =K, and y in the form (18) with A; given by (20). By Lemma 1 the sub- 
algebra of M, commutative with y is M,, of degree »»-=np—! over K. More- 
over M,, contains Z, Z, and our induction states that there exists an inner 
automorphism of M,, carrying Z into Z, the sub-algebra of M,, commutative 
with Z is M, over Z, v=vou-!=nm~. This inner automorphism of M,, is an 
inner automorphism of M,, and M, is obviously the sub-algebra of M, com- 
mutative with Z. This-proves Theorem 7. 

5. Simple algebras over F. Let A be a simple algebra of degree ” over 
its centrum F and let Z be a sub-field of degree m of A. If Z, is the maximum 
separable sub-field of Z then the sub-algebra By over Z, of all quantities of 
A commutative with every quantity of Z» is well known to be a simple alge- 
bra of degree v» =m," over its centrum Z, of degree my over F. But we may 
in fact prove 


THEOREM 8. The sub-algebra of A commutative with Z is a normal simple 
algebra B of degree nm= over its centrum Z. Moreover if Z is a scalar field 
equivalent to Z then 


(26) Az = M,, X B, 


where B over Z is equivalent to B over Z. 


For it is obviously sufficient to prove the above theorem when Z)=F. 
There exists a separable splitting field X of A and Axy=M,, over X. But the 
composite Zx =(Z, X) is evidently an inseparable field of degree m over X 
and Theorem 6 states that the sub-algebra of Ax commutative with Zx is M, 
over Zx. Evidently M,=By so that B is normal simple of degree v over Z. 
The remainder of the proof is as in the non-modular case quoted* in §3. 


* These Transactions, vol. 34 (1932), pp. 620-625. 
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6. Kummer splitting fields and cyclic algebras. Let F have characteris- 
tic p and Q be a perfect extension of F. Then if A is any normal simple algebra 
of degree p* over F the algebra Ag is a total matric algebra.* The field 2 may 
be taken to consist of quantities 5 such that 6”* is in F for some s depending 
on 6, and thus every sub-field of Q of finite degree over F is a Kummer field 
over F. In particular the sub-field K of 2, which contains all of the coeffi- 
cients in the expression of an ordinary matric basis of Ag in terms of the 
basal units of A, has finite degree over F and splits A. We have proved 


THEOREM 9. Every normal simple algebra A of p* over F of characteristic 
p has a Kummer splitting field. 


We next prove 


THEOREM 10. Jf there exist no cyclic fields of degree p over F then there exist 
no normal division algebras of degree p* over F. 


For let D be a normal division algebra of degree p* over F. Theorem 9 
states that there exists a Kummer field K such that K does not split D but 
K(y), y?=7 in K, does split D. Thus Dx is similar to a normal division algebra 
E of degree p over K which is split by K(y). The author has then provedf 
that E=(y, Z, S) where Z is cyclic of degree » over K. By Theorem 2, 
Z=Z,XK where Z, is cyclic of degree p over F. 

If F possesses no cyclic extensions of degree p over F, then Theorem 10 
implies that every normal simple algebra of degree p* over F is a total matric 
algebra. This case is then complete, so we shall henceforth assume that there 
exist cyclic fields of degree p over F. 

The author has shownf that our above assumption then implies that there 
exist cyclic fields Z; of degree p/ over F for every f. Moreover if Z, is given 
then there exists a cyclic Z., e>f, such that Z, contains Z,. 

In particular let f=e—1. Then the author has proved that 


(27) Z. = F(x), x» =x+atnr (a in Z,_1, \ in F), 
with generating automorphism S given by that of Z, and 


(28) w= x+8. 


The quantities a, 8 are uniquely determined quantities of Z,_1, and the author 


* These Transactions, vol. 36 (1934), pp. 388-394. 

t See the paper On normal division algebras of degree p* over F of characteristic p, these Trans- 
actions, vol. 39 (1936), pp. 183-188. 

t Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 625-631. 
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has moreover proved that if a, 8, \ are given, x? =x+a+ is irreducible in 
Z.-1, F(x) =Z, is cyclic of degree p* over F. 

Our hypothesis that there exist cyclic fields of degree » over F then im- 
plies that there exist cyclic algebras of arbitrary degree p* over F. The author 
has proved* 


Lemna 2. Let (y, Z, S) be cyclic of degree n= p* over F and Y be the cyclic 
sub-field of Z of degree p*-'. Then 
(29) (y,Z,S)? = MP" X M, X (7, Y, S). 

As an immediate application of Lemma 2 we obtainf 


THEOREM 11. Let A =(y, Z, S) be cyclic of degree p* over F of characteristic 
p. Then Z is contained in a cyclic field Z of degree p**' over F, and the algebra 


(30) B = (y,Z, S) 
has the property 
(31) A~ BP, 


7. Theory of cyclic representations. A field F of characteristic p is said 
to be perfect if there are no Kummer fields of degree p over F. Then there 
are no normal division algebras of degree p* over F. This, combined with our 
previous discussion, shows that the theory of normal simple algebras of de- 


gree p* over F becomes trivial except when there exist both Kummer and 
cyclic fields of degree p over F. We may therefore restrict our attention to this 
remainingt non-trivial case, and have seen that there now exist cyclic and 
Kummer fields of arbitrary degree p* over F. 

A total matric algebra of degree p over F contains fields isomorphic to 
any fields of degree p over F. Every normal simple algebra A of degree p 
over F is either a total matric algebra or a normal division algebra, and the 
author has shown§ that in the latter case A is a cyclic algebra if and only if 
it has a simple Kummer sub-field of degree » over F. Thus we have the 
case e = 1 of , 


* See the American Journal of Mathematics, vol. 54 (1932), pp. 1-13, for my proof holding for 
any field. 

+t Theorem 11 is false when F does not have characteristic p, since in fact the algebra 
A=(l, i,j, ij), ?=j?=—1, ji= —ij, over the field R of rational numbers, is not similar to B? for any 
B of degree 4 over its centrum R. Note also that A~B, for normal simple algebras A and B, means 
A=MXD, B=M,XD where D is a division algebra, M and Mare total matric algebras. 

t We have actually assumed that the field F does not possess a certain type of algebraic closure. 
Such fields F of course exist and there do exist normal division algebras of degree p* over some 
fields F. 

§ These Transactions, vol. 39, loc. cit. 
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THEOREM 12. A normal simple algebra A of degree p* over F is cyclic if and 
only if A has a simple Kummer sub-field K =F(y) of degree p* over F. 


For we now assume the above theorem true for algebras of degree 
p, p?, -- +, pet and write yo=y"", yo? =y in F, K =F(y) of degree p* over F. 
The sub-algebra of A commutative with yo is a normal simple algebra C,, of 
degree p*-! over Ky =F (yo) by Theorem 8. The algebra C,, contains the simple 
Kummer field Ko(y) of degree p*-! over Ky and the hypothesis of our induc- 
tion states that C,, is a cyclic algebra (g, X, S) where X is cyclic of degree 
p*- over Ky and y is in Ko. If dis any quantity of X and 


(32) g = Nx x,(@)g, 


then C,,=(g’, X, S). Hence Theorem 6 states that we may choose g’ to gen- 
erate Ky. Obviously C,,=C, so that we may write C,,=(yo, X, S), 


(33) yx = xy (x in X), 


without loss of generality. 
Theorem 3 states that X =X 9X Ko where X>» is cyclic of degree p*-! over 
F and 


(34) yxo = xoSy (xo in Xo). 


The algebra Cx, of all quantities of A commutative with every x of Xo is a 
normal simple algebra of degree p over F by Theorem 8. If Cx, is a total 
matric algebra over Xo, then Cx, contains fields equivalent to any field of 
degree p over Xo. But then A contains cyclic fields of degree p* over F with Xo 
as sub-field and is a cyclic algebra. Hence let Cx, be a division algebra. 

The algebra Cx, contains the sub-field Ko =F (yo), yo? =, and the author 
has then proved* that Cx,=(v7, Z, S) where Z=X,(z) is cyclic of degree p 
over Xo, 


(35) 2=z+a, Yoo = (Xo + €)¥0 (a in Xo). 
Also we may take 
(36) e= (— 1)*' = Tx yr(6), 


where £ is given as in (28) and Tx,,r is the trace function. The quantity y 
transforms every quantity of X> into a quantity of X, and hence every quan- 
tity of Cx, into a quantity of Cx,. We thus write 


p—1 
(37) y¥o = oy, yoy! = zy = D> diye! (b; in Z). 


i=0 


* These Transactions, vol. 39, loc. cit. 
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But obviously yoz, = (zy+€)yo so that we have 
p—l p—l 

(38) Dd bilz + €)yo't! = eyo + Do b:(2) yoi*?. 
i=0 i=0 


Thus b;(z+e) =); is in Xo for i=1,---, m, while bo(ao>+e) =bo+e. Then 
bo =kz+6 with k an integer and 6 in Xo, k(s+e)+6=hkz+khe+6=kz+56+e, 
k=1, 


(39) z=z+P, P in X = Xo(yo). 
The transformation of z by powers of y then gives g=p*!, y7=yo, 
(40) yy-§ =ste=2+ Tx x(P), 


so that 7x;x(P—8)=0. The author has then demonstrated* the existence 
of quantity Q in X such that 

(41) B=P+Q-@Q. 

We write 


(42) ve =2z2+Q, 


and have yx.y~'=s+P+Q5=x.+8. Thus yor.yo'=x-+e satisfies a normed 
equation x.” =x,+a, where (x,+8)?=x.+6+a., 


(43) aS — a, = B? — 8B. 


But then F(x,) is cyclic of degree p* over F and A is a cyclic algebra. 
Conversely let A = (y, Z, S) be cyclic of degree p* over F. From Lemma 2, 
A=M(6, Y,S) where M isa total matric algebra and Y is the sub-field of Z 
of degree g = p/ over F, 5¥)” for any d of F. The algebra (6, Y, S) thus has a 
simple Kummer sub-field F(yo), yo!=6, and MXF(yo) contains a simple 
Kummer field F(y), y=, of degree p* over F. 
As a consequence of Theorem 12 we have 


THEOREM 13. Let A and B be cyclic algebras whose degrees are powers of the 
characteristic p of F. Then A XB is a cyclic algebra. 


For Theorem 12 states that B has a maximal simple Kummer sub-field 
K.=F(y). We write Ax =(y, Z, S) where Z is cyclic of degree p over K. 
By Theorem 6 we may take y; to generate K and thus Ax has a simple Kum- 
mer sub-field Ko =K(yo), Yo?® =31. Obviously Ko =F (yo), vo! =6 in F, Ko has 
degree g = p**/ over F. But the degree of A XB is g and A XB contains Ko. 
Hence Theorem 12 states that A XB is cyclic. 


* These Transactions, vol. 39, loc. cit. 
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A further consequence of Theorem 12 is given by 


THEOREM 14. A normal division algebra D of degree p’ over F is similar to a 
cyclic algebra if and only if D has a Kummer splitting field of degree p* over F. 


For by Theorem 12 algebra D has a Kummer splitting field of degree p* 
over F when D is similar to a cyclic algebra. 

Conversely let K split D. If K =F(y) is simple of degree p* over F, then 
e>f and Theorem 12 states that D is similar to a cyclic algebra of degree p* 
over F. Let then K=F (yi, - - - , y,) of degree p* be a splitting field of D and 
assume as the basis of an induction on r that our theorem is true for algebras 
with Kummer splitting fields with at most r—1 generators. We may also 
assume that no sub-field of K splits D. Then Ky=F(y:) does not split D and 
has degree p* over F, K =Ko(yo, - - - , yr) has degree p*-* over Ko. Thus D is 
similar to a normal simple algebra A of degree p* over F with K as maximal 
sub-field. The algebra B of all quantities of A commutative with y is a nor- 
mal simple algebra of degree p*-* over Ky and is split by K = Ko(yo, - - - , y,). 
By the hypothesis of our induction B is a cyclic algebra (y, Z, S) over Ko 
with y in Ko. Theorem 6 implies that we may take y to generate Ko, y=, 
and thus B contains a sub-field K(y), y* "=, y*=6 in F. By Theorem 12 
algebra A is a cyclic algebra. 

As an immediate corollary of Theorems 13 and 9 we have our principal 
result: 


THEOREM 15. Every normal division algebra of degree p’ over F of charac- 
teristic p is similar to a cyclic algebra of degree p*= p’. 


8. Theory of exponents. A cyclic field Z of degree y=" over F has the 
generation Z = F(x) where x is a root of a (separable) cyclic equation of de- 
gree v over F. Theorem 1 states that any quantity z of Z has the form 


v 
(44) z= bs agar), a inF. 
i=1 


As a consequence of (44) we may prove 


THEOREM 16. The exponent p= p* of a normal division algebra D of degree 
p* over F is the least integer p/ such that f is the exponent of a Kummer splitting 
field of D. 


For D is similar to a cyclic algebra (vy, Z, S) of degree v= p" over F. Let 
K be a Kummer splitting field of D of least exponent f over F so that Dx 
is a total matric algebra. Then y=Nz,/x(Z0), where 2 is in Zo>=Zx. The 
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quantity z=29" is in Z if g=p/ and hence y*=Nz;p(z). It is well known* that 
then the exponent p= p* is at most ~’, df. 

Conversely let p= p*. If ¢=1 then y? = Nz;r(z) where z in Z has the form 
(44). Write 


(45) Bi = a; 


Not every @; is in F, for otherwise z=) °j_,8a* is in Z, s=%, 
+? =[Nz;r(z:) |’, y must be the norm of z; when F has characteristic p. Then 
D is a total matric algebra contrary to hypothesis. But K = F((i, - - - ,8,) has 
exponent unity over F, z=2,? where % is in Zx,y=N2z,/x(a), K splits D. Thus 
f=o=1. 

We have proved Theorem 16 true for ¢=f=1. Assume it true for algebras 
of exponents pf, p*,---, p*', and let D have exponent p*. The algebra D? 
has exponent p* and the hypothesis of our induction implies that D? has 
a Kummer splitting field H of exponent ¢—1. The algebra (Dy)? is a total 
matric algebra so that Dy has exponent 1 or p. In either case Dy has a Kum- 
mer splitting field K =H of exponent at most unity over H, and K has ex- 
ponent Y<@ over F. Obviously K splits D so that ¢2y2=f. But we have 
proved that ¢<f so that ¢=/ and our theorem is proved. 

Let K be a Kummer field of degree p" and exponent unity over F. Then 


(46) K =K,>K,1>-+-->Ki>Ko=F, 


l/p 


where 


(47) Ki=Pl,’,->>,@ ) Kuda’), ainF, (j=1,---,7r). 
Obviously K,~F(6,!/”, - - - , B,!/”) for any 8; in F and s<r. We now prove 


THEOREM 17. Let A be a normal simple algebra of exponent p over F and p* 
be the minimum degree of all Kummer splitting fields of A of exponent unity. 
Then A is similar to an algebra 


(48) D, X D2 X--- XD, 
where D; is a cyclic division algebra of degree p over F. 


For we may assume that A is a normal simple algebra of degree p” over 
F with K as a maximal sub-field. If r=1 then K =F(a'/”) splits A and the 
author has shown that then A is a cyclic algebra (y, Z, S) of degree p over F. 
We make an induction on r and let H=K,_,. By hypothesis H does not 
split A, so that, by Theorem 8, the sub-algebra B of A of all quantities com- 


* American Journal of Mathematics, lec. cit. 
+ These Transactions, vol. 39, loc. cit. 
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mutative with every quantity of H is a normal division algebra of degree p 
over H. By our above case r=1, B=(a, Z, S) over H and, since Z=Z)XH, 
algebra B=(a1, Zo, S)XH=D,XH where D, is cyclic of degree p over F. 
Thus A =D, XA, where A; is a normal simple algebra of degree p’"—' with H 
as a maximal sub-field. If ro is the least integer for which A; has a Kummer 
splitting field of degree p’ over F and exponent unity, then the correspond- 
ing integer for A is at most ro>+1. Thus r<r,+1. But evidently ro<r—1, 
r=ro+1, ro=r—1. By our induction Ai1=D2X - - - XD,, A has the form (48) 
as desired. 
We shall finally prove 


THEOREM 18. Every normal simple algebra of exponent p* is similar to a 
direct product of cyclic normal division algebras 


(49) DX---XD, 


where the exponent and degree of D; are equal and at most p*, and where D, has 
exponent p*. 

For we have the above result when e=1. Let us then make an induction 
on e. The algebra A of exponent p* is such that A” has exponent p*. By 
the assumption of our induction A?7~B,X --- XB,, where B; is a cyclic 
normal division algebra of degree and exponent p< p*-!. If p/*<p°— for all 
values of 7, then the exponent of BX --- XB, is at most p*~*, a contradic- 
tion. Hence we may assume that the exponent of B,; is p*"'. By Theorem 11 
there exist cyclic normal division algebras D; of degree p/*+! such that 
D? ~B;,. Evidently D; has exponent p’*+!. Moreover 


A Pwr A é ’ 
where 


Ayg=D,X---XD,. 


But if Ag is reciprocal to Ao, the algebra (AA,~!)? is a total matric algebra. 
Either AA; is a total matric algebra and A is similar to Ao, or AAg has 
exponent p. In the latter case AAg!~D,41X --- XD, where D,+; has ex- 
ponent and degree p. Then 


A~DX--- XD, 


as desired. 

The above canonical form for A evidently yields an algebra of exponent #* 
if and only: if algebra B of exponent p given by g=p*!, B=D,"X -- - XD", 
is not a total matric algebra. Hence in (49) we assume that D,, - - - , D, have 
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degree and exponent p* while D,,:,---, D, have degree at most p*-!. We 
write 


D; = (vi, Zi, Ss), y: inF, 


where Z; is cyclic of degree p* over F. Then it is known* that the degree of D; 
is its exponent if and only if 


B; = (vi, Y;, S) 


is a division algebra, where Y; is the unique sub-field of degree p of Z;. Thus 
A has exponent /* if and only if Bix - -- XB, is not a total matric algebra. 

9. A conjecture. The structure of a normal division algebra relative to 
exponent has been in doubt since the author provedf the existence of primary 
norma! division algebras of degree eight and exponent four. The results of §8 
completely solve the problem for normal division algebras of degree p* over 
F of characteristic p. The only remaining case is that of division algebras of 
degree p* over F of characteristic not p, since the study of normal division 
algebras has been reduced to the case where the degree and exponent are a 
power of a prime. For this case we may hope to prove the 


CONJECTURAL THEOREM. A normal division algebra D has exponent p* only 
if D is similar to a direct product of normal division algebras 


DX::>XD, 


where the exponent of D; is its degree p*‘< p*, and D, has degree p*. 


Thus the author’s example of an algebra D of degree eight and exponent 
four may possibly be that of a normal division algebra D obtained by 


Ms. X D= D, X Da, 


where D, and D, are normal division algebras of degree and exponent four, 
M, is a total matric algebra of degree two. 

The author has not attempted to prove the above conjecture, but its 
proof is probably very difficult. It would be an important advance in the 
theory, however. 


* American Journal of Mathematics, loc. cit. 
t Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 265-277. 
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ASYMPTOTIC SOLUTIONS OF CERTAIN LINEAR 
DIFFERENTIAL EQUATIONS IN WHICH THE 
COEFFICIENT OF THE PARAMETER 
MAY HAVE A ZERO* 


BY 
HENRY SCHEFFE 


CHAPTER I. THE GIVEN EQUATION 
1. Introduction. Equations of the type 


du d”™—u d"~*4 ii 

age t Pale) > + pale) 2 + +++ + bbale) — pron() ju = 0 
have been studied by various mathematicians, including Birkhoff,f Schlesin- 
ger, and Horn, with regard to the asymptotic forms of the solutions for large 
complex values of the parameter p. The second-order case goes back to 
Liouville. The essential differences between the present treatment and pre- 
vious treatments of the mth-order case are the following: 

(1) Before this it has been necessary to assume the coefficient $"(z) to 
be bounded from zero. We permit it to have a zero of any integral order v. 

(2) The variable z has been confined to a finite interval of the real axis. 
We allow it to vary over complex values in a finite region. 

(3) In order that the forms be valid for all p in the neighborhood of 
p=, it has been necessary to require that the coefficient $"(z) be real, 
except possibly for a constant imaginary factor. We dispense with this 
restriction. 

Besides proving the existence of solutions asymptotic to ” simple inde- 
pendent expressions, we consider the following problem arising from the 
first of the above generalizations: What is the form of a solution determined 
by boundary values at the point where the coefficient ¢"(z) has its zero? 
At a point where $"(z) is different from zero the problem becomes elementary, 
since it is always possible to find a non-singular matrix of simple forms for 1 
solutions and their first n —1 derivatives which is valid in some neighborhood 
including the point. But in our case the simple forms are not valid at the 
zero. The problem is complicated by the Stokes phenomenon, that is, the dis- 
continuity, as a solution is taken across a “Stokes line,” of the coefficients 

* Presented to the Society, April 20, 1935; received by the editors July 3, 1935. 


t Birkhoff, On the asymptotic character, etc., these Transactions, vol. 9 (1908), p. 219, which 
contains references to the work of the other mathematicians mentioned above. 
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(hereafter called “Stokes multipliers”) that multiply the simple forms in the 
asymptotic expression of the solution. 

The case for m=2 has been studied by Langer.* Applications of his work 
not only have led to new results for some of the classical equations of physics 
(Bessel,* Weber,t Hermite,t Mathieut) but are of importance in quantum 
physics.§ Mathematically, perhaps the most alluring aspect of the problem 
is the Stokes phenomenon. In going to the uth-order case it is then of interest 
to discover how the quantitative dependence of the Stokes multipliers on v 
and how the location of the Stokes lines generalize. 

Langer was able to obtain a “related equation” solvable by Bessel func- 
tions and thus utilize the classical knowledge of their asymptotic properties. 
Because of the apparent lack of a suitable standard equation of the mth 
order for which the Stokes multipliers for the principal solutions are known, 
a considerable part of the work lies in developing this necessary adjunct. A 
feature of interest is the way in which the multipliers are found, by use of the 
Stokes formula. In his letter|| in the Abel memorial edition of the Acta 
Mathematica, Stokes forecasts the general applicability of this method of 
finding the multipliers for solutions appropriately expressible as power series 
with gamma function coefficients. The labor of calculating formal solutions 
at «© would be lessened in such cases, since the formula yields the leading 
terms, and the existence of true solutions asymptotic to the formal solutions 


could then be predicated upon one of the fundamental papers in that field.{] 

2. Canonical form. We assume the equation to be treated has undergone 
preliminary transformations leaving it in normal form and transferring the 
zero of $"(z) te the origin. The given equation 


* Langer, On the asymptotic solutions, etc., these Transactions, vol. 33 (1931), p. 23, and vol. 34 
(1932), p. 447. In the former article, but not the latter, z is restricted to real values. The region of 
validity R, need not be finite and v need only be positive, where $"(z)=(z—20)"¢1"(z) and ¢1"(z) is 
analytic and bounded from zero in R,. See also his symposium article, The asymptotic solutions, etc., 
Bulletin of the American Mathematical Society, vol. 40 (1934), p. 545, which contains further 
references to his work. 

t N. Schwid, The asymptotic forms of the Hermite and Weber functions, these Transactions, vol. 37 
(1935), p. 339. 

t Langer, The solutions of the Mathieu equation, etc., these Transactions, vol. 36 (1934), p. 637. 

§ Birkhoff, Quantum mechanics and asymptotic series, Bulletin of the American Mathematical 
Society, vol. 39 (1933), p. 681. 

|| Stokes, On the discontinuity of arbitrary constants, etc., Acta Mathematica, vol. 26 (1902), 
p. 393. 

{| Trijitzinsky, Analytic theory of linear differential equations, Acta Mathematica, vol. 62 (1933), 
p. 167, treats the subject with the greatest generality. The pioneer article is by Poincaré, Sur les 
intégrales irréguliéres des équations linéaires, Acta Mathematica, vol. 8 (1886), p. 295. Important ad- 
vances were made by Horn, Birkhoff. 
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(1) u™(z, p) +O + po(z)ul"-?(z, p) +--+ + {pn(z) — p*b"(z)}u(z, p) = 0 
is then subject to five hypotheses: 

(i) R. is a finite, closed, simply connected region, containing z=0 as in- 
terior point. 

(ii) The coefficients o"(z) and p,(z), 7=2, 3,---, , are analytic in R,. 

(iii) The coefficient o"(z) is of the form 2’pf(z), where v is a positive integer 
or zero, and of (z) <0 in R;. 

Hypothesis (iv), given in §5, implies a further restriction on the coefficient 


$"(z), while (v), which is most conveniently stated in §8, further qualifies 
the region R.. 


CHAPTER II. AN IMPORTANT SPECIAL CASE 
3. The t-equation: two sets of solutions. The simplest possible equation 
of the type (1) is 


y(%, p) — p*x"y(x, p) = 0, 
dx” 
and we shall consider this first. However, we shall find that the treatment 
of the general case can be based directly on the results for this special case. 
It is preferable to study the simpler transform 


n 


d 
(2) aa IO) = #y) = 0, 


which we shall designate the t-equation, and which we shall later force to 
serve as our standard equation of the mth order. The transformation to the 
t-equation is achieved by the substitution 

«= prt, 
where 

p=ntp. 

Power series for that set of solutions of (2) which is principal at the 

origin were obtained by an elegant method by M. H. Molins* in 1876; they 
are also easily found by the usual method. The seriest 


* Mémoires de l’Académie des Sciences, Inscriptions et Belles-Lettres de Toulouse, (7), vol. 8 
(1876), p. 167. 
t If this formula becomes indeterminate at t=0 we define y;“")(0) =lim;.o y;™(¢). We use the 
notation 
(a)m = a(a — 1)(a — 2)--+- (a—m-+1) (m = 1, 2,3,-++); (a)o = 1. 


Note (j)m=0 if 7 is an integer <™m. 
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im (lp + j)m 
eS ee 


l= 


yi) = t'p Gj, = = 0, 1, OS ae 1) 


l 
' TI ep +n 
k=1 


for the principal solutions and their derivatives converge for all ?. 

For later use it is desirable to express the coefficients of these power 
series as quotients of gamma functions. It is also of subsequent advantage to 
study the solutions of the ¢-equation on a &-plane by means of the mapping 


n/p 
(3) i= (2 ) 
n 


In the £-plane it is necessary to construct a Riemann surface with branch 
point at the origin, appropriate to the single-valued representation of arg &. 
It will suffice to employ the sector 


TT Tv 
(4) —-Q— Ss argt 3 O—: 
nN n 


Q is an even integer whose definition is conveniently postponed to $5; we 
may remark, however, that there is always more than one sheet. 
The functions* 


(5) yi (L) = a jmo jm(E) 


(=) 
= emir ms ’ 
n—1 
“* TI re + vm + 1) 


t=0 

ji 

ime -{ 
p 


where 





Qin = pinitem) /pyn(m—I)1 Pq 5, 


* The following remarks apply to formulas (5) et seq. 

(1) If m>j one of the gamma functions in the denominator of the term for /=0 is infinite, and 
the term is then defined to be zero, thus removing the apparent singularity. 

(2) In this and all subsequent formulas involving a real positive constant to a real power, the 
real positive value is to be used. 

(3) For purposes of calculation it might be desirable when »y<n—1 to replace the m gamma func- 
tions in the denominator by v gamma functions of the same type in the numerator and a single 
gamma function in the denominator. This is possible by applying the multiplication theorem of 
Gauss. See Whittaker and Watson’s Modery Analysis, §12-15,or Nielsen’s Handbuch der Theorie der 
Gammafunktion, §6. 
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and 


n—1 
Kj; = _T] TAijo + 1), 
J+ i=0 
are then single-valued* at every point of the ¢-surface (4). Furthermore, 
although under the transformation (3), corresponding to some point ¢ there 
may be several points on the £-surface, all with the same absolute value but 
with arguments differing by integral multiples of 27p/n, the value of y;‘™ (#) 
calculated from the formula (5) is the same for all these points &. 
The series (5) in ascending powers of ~ converge very slowly for large &. 
It is therefore natural to seek series in descending powers to satisfy the 
t-equation. Let wo, wi, - - - , @»-1 be the mth roots of unity, and define 


n—1 
2 





Then by formally differentiating the series 





eon bror  dxoe 
n= Site (k = 0,1,---,"-— 1) 


with respect to #, 


7 —— p\m'r — ewnk Dimi Dime 
(6) si™(t) = wi (2) seon{!+ : +> 2 +..} 








(m = 0,1,---,m), 


and substituting in the ¢-equation, one finds that the constants bio, can be 
successively determined and are unique. However, the series (6) are in gen- 
eral divergent and are hence called formal solutions. 

Beginning with Poincaré’s famous paperft in the Acta Mathematica in 
1886, and culminating in a recent paper by Trijitzinsky{ in the same journal, 
much progress has been made on the problem of showing that true solutions 
of a linear differential equation exist which under certain conditions are 
asymptotic to the formal solutions. The latter writer shows that for a very 
inclusive class of equations the neighborhood of « can be completely covered 
by a finite number of regions, associated with each of which there exists a 
full set of true solutions uniformly asymptotic in the region to the formal 
solutions. 

* It is to be understood here and hereafter that if arg Z is specified, the value to be chosen for 
arg Z4, uw real, isu arg Z. 


Tt Loc. cit. 
t Loc. cit. 
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It now becomes necessary to digress for a moment in order to subdivide 
the &-surface. The rays L, from the origin, 


Tv 


Z.3 arg§ = 0, =7r— =0,+1,+2,---,+Q), 
n 


divide it into 20 sectors S,, 
S;: 6,1 S arg é S8,, -—-Q0+187T89Q@. 


Although the system of S-sectors suffices for most of the discussion, a differ- 
ent system of sectors covering the £-surface is required to simplify the state- 
ment of our final results: Each of the rays Le,41, g integral, -O<2q+1<Q, 
is inclosed in a sector D,,,4: whose central angle 25 is small compared 
with z/n, 

Psatt: Boq+t —-d< arg & < Ooq41 + 6. 

The region between two successive D-sectors, and having as its bisector the 
line Lo,, g=0, +1, +2,---, +(Q/2-1), is denoted by T7,, 


ie Oog-1 + 6 S arg & S Oeaq41 — 4. 
The “left-over” regions are then called T 92 and T_92, 
Ta;2: $g-1+ 6 S argé S 4, 
T_g/2: 6_9 S argé S 6_941 — 6. 


All the S, D, and T regions are closed except at E=. 

The fundamental theorem* of Trjitzinsky’s paper applied to the ¢-equa- 
tion insures the existence of true solutions and their ¢-derivatives, {,¢"(#)}, 
k, m=0, 1, - - - ,m—1, analytic in ¢, such that 


(7) rIKE™ (t) ~ 5K (0) 


uniformly with respect to & for & in S,, that is, 


mv/p RE b m b .m— mT) re 
si) = oe(*) : — {t+ Se o}, 
n 


gr (6—- m)/p pe! ge 


where | -bim(E)| <M, for |t| [N, €in S,, w=1, 2,3,---. 

4. The Stokes multipliers. Corresponding to a region S,, the subscripts k 
of the nth roots of unity {w,} can be arranged so that the following ordering 
of the real parts of {w,£} is maintained for £ in S,: 





* Loc. cit., p. 208. For n>2 our regions 5S; are identical with Trjitzinsky’s regions R; and require 
no further subdivision into regions R{ and 8;"’ For n=2 the Trjitzinsky regions R; consist each of 
two of our quadrants S,, but in this case subdivision is necessary into R/ and R,’’, each of which 
may be taken as a quadrant S;. 
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R(woé) = R(or £) ag: = R(wn-1é). 


We shall call ,4 the dominant solution and ,f, the first sub-dominant solution 
in S,. The actual values of wo and w; for each of the regions S, are given in 
the table at the end of this section. 

Between the solutions {,%,} and the principal solutions {y;} a non- 
singular linear relationship must exist, 


n—1 


(8) ¥;= > rCjk rVk- 
k=0 
It is of the greatest importance for us to evaluate the Stokes multipliers 
{,cj.}, or at least the multipliers cj) and cj of the dominant and first sub- 
dominant solutions. To accomplish this we utilize* a formula of Stokes. 
By an ingenious method Stokes showed{ that a power series whose terms 
are of the type 





I] rd +a: + 1) w=s-—r>d, 
X; = = x', where < ai, ;, real, 
I] r@+ 64+ 1) ee 


t=1 


can be asymptotically summed for real positive x by the formula 





heed erx 
2X “ae | x@(2arx) HY /2yt/2 | ; 


where 


am Db — Da, 
7 i 
x =| xl, 


and the notation y= means lim,..,.(y/u) =1. 
If we denote by f;(£) the series on the right side of equation (5) for m=0, 
so that 


y(t) = ajo &"4/?f,(E), 


we see that f;(£) is directly amenable to the application of Stokes’ formula 
with x =(&/n)". The result 


* For the suggestion of this fundamental idea, as well as for other helpful advice, the author is 
indebted to Professor R. E. Langer. 

+ Note on the determination of arbitrary constants, etc., Proceedings of the Cambridge Philosophi- 
cal Society, vol. 6 (1889), p. 362. The formula can also be found in Bromwich, An Introduction to the 
Theory of Infinite Series, London, 1926, Chapter XII, §112. 
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il —(ni+vB)/p 
Si€G) i mceens (=) 


(27)’n'!?27|\n 


is then valid for x real and positive, that is, for £on L2,,g=0, +1, +2,---, 


+Q/2. 
After eliminating the absolute value signs by means of the identity 
&e 
al= =— p-2riaglhta 
re . ue 


on L2,, we obtain 


ett 
9 = - 
(9) = ats £8! p 


on L2,, where 


K pi! Pe@rialn) (nj+vB)/p 





(2m)8n!/2-¥8/ p 
and 


ox en 2ril/n, 


We shall now make the result (9) from Stokes’ formula yield us the multi- 
pliers ,cjo and ,cj.. 

First, we show that in any region S, which abuts on a ray L2,, the multi- 
plier -c jo of the dominant solution is the constant ,7; just found. The result (9) 
may be written 


9% 


e 
Fi Gti {1 + (é)}, 


&"8 Ip 


where ¢«(£)—0 as E> on L»,. Since Lz, is in S,, the asymptotic formulas (7) 


are valid: 
n—1 exert E(é) 
a eal Fe 


k=0 £”8/P Fd 


for |¢| [>N; here E(£) is a generic notation for functions of &, bounded for 
all £. Equating these expressions, and noting that w)=w‘ in S,, we obtain 


E nat E 
ww + =} - wilt +0} |= E ecnent-na {1 4 2 
k=1 


Since on Le, 


R(wrt — wot) = he | El, h, < 0, k#0, 
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it follows, on letting £2 on L,,, that 
1€j30 = @Vi- 


We have thus determined the multipliers of the dominant solutions in all 
the regions S,. 

Next, we observe that for two regions S2, and S2,-1 which abut along a 
ray Lo,1, —Q<2q—1<Q, the values for wo and w simply interchange as we 
cross Leg_1: 


wo of Seq = w, of Soq-1 = w!, 


@) of Soq = Wo of Seq-1 = qgt!, 


We are then able to prove that the multiplier of the first sub-dominant solu- 
tion on one side of L2,_; is the same as the multiplier of the dominant solution 
on the other side of L2,-1, and this latter we know. Equating 


n—1 n—1 
Vi = Do 2q-1Cik 2¢-1k = pS 2qC jk 2qVky 
k=0 k=0 


and utilizing the asymptotic formulas (7), which are valid on L»,-1 for 
{og15x} and {ogFx} , we obtain as before 


| {sesc| 1 + S] — 2qCj1 E + =} 
E 3 


é 
s 


+ ature J 1¢j1 [1 + =| = nil + |} |--0 


yee 
as £>0 on [y,_1. Now 
R(w% — wt) = 0 
on L2,-1, and therefore 
wt — wt = ih| él, 
where / is real and not zero. But if 
A(é) + e*lEIB(E) + 0 


as —>0 and 
Ati) >A, BEB, 
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2q—1Cj0 = agCj1 ANd 29-1651 = 2gCjo- 


The results of this section for a region S, are summarized in the following 
table: 


(10) 


T 


Wo 


@1 


7€50 


rCj 








2q 


w? 


wet 


avi 


q-1Vi 





wit 


avi 


at+1Vi 





24@+1 w? 




















At this stage the asymptotic description of our special case is available. 
Instead of pausing for this now, however, we shall proceed to attack the 
general case on the basis of the results now at hand. After the treatment of 
the general case has been completed, results for the special case, if desired, 
can obviously be obtained by specialization. 


CHAPTER III. A RELATED EQUATION 


5. The auxiliary variable —. Although the solutions discussed in this 
paper are known to be single-valued in z and p from the general existence 
theorem, our asymptotic formulas involve quantities multi-valued* in z and p, 
and for this reason we introduce cuts in the z- and p-planes. 

The function $(z)=2""¢.(z), in general not single-valued,f can be made 
so with the aid of a cut in the z-plane from the origin to the boundary of R,. 
The most convenient location of this cut will be specified later. Suppose 
tentatively some such cut, say that associated with the inequality 


—a<argzsr. 


With this convention the integral 


(11) (2) = f “o(2)dz 


* It is the essential multi-valuedness of these quantities that gives birth to the Stokes phe- 
nomenon when »y>O: Although one selects a definite branch of the multi-valued function, this 
eventually leads into another branch, and a change of coefficient becomes necessary to compensate 
for the change in the function. When v=0, the quantities are single-valued, and there is no Stokes 
phenomenon. 

7 For any given equation ¢;(z) may be chosen as an analytic function in n different ways, since 
only ¢;"(z) enters the equation through hypothesis (iii). It is assumed that a definite choice is now 
made, and adhered to henceforth. If » di-ides v, ¢(z) is then single-valued, but we make the cut 
nevertheless. 
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becomes single-valued and independent of path. It is evidently of the form 
@(z) = 2?/"h,(z), 


where ;,(z) is analytic in R, and ®,(0) #0. The following hypothesis is indis- 
pensable: 


(iv) ®,(z) 0 in R,. 


We now continuously deform the cut in the z-plane into the curve 
arg @(z) = £ ™; 
n 


the latter is continuous with continuously turning tangent and does not cross 
itself. The correspondence between points ® and z established by equation 
(11) can now be made one-to-one by using in the ®-plane a Riemann surface 
with branch point at the origin, in the form of a sector of central angle 


2rp/n: 


oe a<arg@s 
n 
The mapping of the z-plane on the ®-plane is then conformal except at the 
origin, where angles are multiplied by p/n. 
From the p-plane we delete a small circle about the origin and then cut 
it along a ray:* 
(12) |p| >h>0O, —a<argpSr. 


As in Langer’s work on the second-order case, we find that the key to the 
problem of stating in the simplest way the asymptotic formulas and their 
validity lies in the consideration of an auxiliary variable £, where we define 


(13) £ = pW(z). 


The ®-plane is thus mapped on the é-plane by a simple magnification and 
rotation of amount determined by p. 

In order to transform the ¢-equation into a related equation of the same 
type as the given equation, we now identify this auxiliary variable with the 
variable ~ already introduced in §3 in connection with the ¢-equation. With 
the following definition of the number Q of (4): 


0, v even, 
1, v odd, 


Qa mn+ort 4 


* The region (12) does not include the point p= ~. 
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we see that we have achieved a construction by which, in accordance with 
equation (11) and (13), there corresponds to any pair of points respectively 
in R, and the p-plane a single point in the &-surface. At the same time we 
have rendered single-valued the quantities p””, &/?, and %*/?, which enter 
into our asymptotic formulas. 

6. Transformation of ¢-equation into related equation. Suppose we de- 
fine v(z, p) from the equation 


y(t) = Y*(z)0(z, p), 
where y(¢) is any solution of the ¢-equation, and the variables ¢ and z are con- 
nected by equations (3) and (13). We shall prove that with proper definition 


of ¥(z), the function 2(z, p) satisfies a related equation in R.. 
We define 


$(z) 


(14) ¥(z) = $ir(z) 


Since arg ® is single-valued on the ®-surface, ¥(z) is single-valued in R,. 
The apparent singularity at z=0 is removed by the otherwise equivalent 
expression 


¢1(2) 


—ne 9 
&,’!/?(z) 


¥(z) = 


which shows that ¥(z) and also ¥~1(z) are analytic in R.. Furthermore, since 
y(z) is bounded from zero in R., it is possible to make a single-valued deter- 
mination of ¥*(z) even when B=(n—1)/2 is not integral, and this will be 
analytic in R,. 

Successive differentiations* of the above equation yield 


mv/p m 
(15) y%) = ponvin( 2) V(z) Do gmj(2)o'(s, p), 


j=0 


where g»j(z) is a polynomial in ¥~!; ~’, ~’’, - - - , ¥™ for mn, and is con- 
sequently analytic in R-; in particular, 


&mn(z) = ¥™(2), 
m 
£m,m—1(2) = 2 (n in m)p-"—1(z)p'(z). 
Substituting in the ¢-equation, we obtain the related equation 


* The differentiations indicated by the superscripts are with respect to ¢ on the left side of the 
equations and z on the right side. 
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(16) v™(z, p) + O + go(z)o("-®(z, p) +--+ + {gn(z) — p"b"(z) }0(z, ») = 0, 
where " 
gi(z) = ¥"(2)8ni(2) f 
is analytic in R.. ; 
The linear system (15), m=0, 1, - - - , »—1, can be inverted, i" 
m nN iv/ ft ‘ ci 
(17) £65, 0) = VHD oe)" Failed yO, i 
j=0 p ba 
the coefficients gm;() being analytic in R., and in particular, i 
Bnm(s) = ¥™(2). a 
Those solutions of the related equation which correspond to y(t) =-5x(é) My 
we shall denote by a 


r0x(Z, p) = W*(z) -Fu(Z). 
Since -y£ (¢) is analytic in a 


n/p 
i= prira) = a(t , 





it follows from (17) that ,7,(z, p) is an analytic function of z in R, and of p i A 
in the region (12). t 
In the next chapter we shall need the asymptotic formulas 





E(z, a a 


pr!P 


n\m!P 
(18) ou (z, p) = p™/”p™ 4(z) (*) {00 + 
for | &| <N, and 





; eer’ E(é) E(z, ) 
(19) , ™(z, p) = ithe i aay * -_ i — } 


ea oe 


Be oe Ee oy STO ECE het PS 


for £ in S, and || =>. Here as elsewhere in this paper the symbol E denotes 
a function of the indicated variables bounded for all values of those variables. 
The first of the formulas follows immediately from equation (17) and the 
fact that ,y‘* (¢), being a linear combination of ¢,,(&) (see (5) et seq.) with it 
constant coefficients, is bounded for |£| <N. The second follows from (17) RI 
together with the asymptotic expressions (7). a 


CHAPTER IV. COMPARISON OF SOLUTIONS he 


7. An equivalent integral equation. In this chapter we shall compare iH 
certain solutions of the given and related equations by an appropriate i 
modification of a method of Birkhoff.* | 


* On the asymptotic character, etc., loc. cit., especially p. 226 ff. 





140 HENRY SCHEFFE [July 


Since the index 7 is fixed for the course of the chapter, we shall drop it 
from the symbols { ,v{™(z, p)}. If {w,(z, p)} are defined from the equations* 
n—1 
v/™(z, p)w,(z, p) = bmn—1 (m = 0,1,---,m—1), 
j=0 
it is easily seen that they are analytic functions of z in R, and of p in (12). 
An integral equation equivalent to the given equation (1) is 


20) us,0) = Deidie e+ f {Dee owt, ob elus, e)lar, 
where 


n—2 


L[u(s, p)] = Dei gn-ilb) — Pas) Ju, 0), 
j=0 
and {c;} is a set of arbitrary constants (i.e., functions of p alone). If we 
contemplate only solutions of (20) analytic in R., the path of integration is 
evidently immaterial as long as it lies in R,. 

If the set {c;} is fixed, the existence and uniqueness of the solution of 
(20) which is analytic in z over R, follow from the fundamental existence 
theorem applied to (1); for the solution of (20) is identical with that solution 
of (1) which obeys the boundary conditions 


n—1 
(21) uv™(0, p) ” } cos” (0, p) (m = 0, 1, et a 1). 
j=0 


This solution and its derivatives are analytic in p if the constants {c;} are. 

For the purpose of showing that to each solution 3;(z, p) of the related 
equation there corresponds a solution a;,(z, p) of the given equation of a 
certain type, the integral in equation (20) is not yet in tractable form. A 
suitable form of the integral equation for a definite k is 


n—1 z k 
u(z, p) = = cj v,(z, p) + f ' > v;(z, p)w(f, pt clus, p) ]d¢ 
j=0 Z i=0 


(22) z n—1 
+ f ‘ > 3,(z, p)w,(f, pbotu, p) |de, 


j=k+1 
where Z is a fixed point of R.; and this results from the following transfor- 
mation of the constants: 


* §;; is the “Kronecker 6.” 
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Zz 
cj = cj -f w(t, p)L[u(s, p) ldt G = 0, , k), 
0 


cj; =c} G=k+1,---,n-—1). 


The solution* ii,(z, p) is now defined to be the solution of (22) for {cj =5;}. 
One would like to establish, for certain “admitted values” of arg p and 
|p| >i, the existence and uniqueness of this solution, together with its 
analyticity in p, after which it is easy to derive its asymptotic form. It is 
prerequisite, however, to inquire into the nature of suitable curves of inte- 
gration and the existence of certain bounds. It is therefore convenient to 
conclude this section with a lemma to whose proof we can return after de- 
veloping the necessary machinery. 

From (21) we see that the solution of (20) determined by the set {c;} is 


n—1 
u(z, p) _ ba c;U,(z, p), 
j=0 
where {U;(z, p)} are the solutions of (1) with the boundary values 
U ‘0, p) _ 5; (0, p) (m = 0, 1, SUS ee 1). 


Hence 


n—1 
(23) cf = D valoder. 
1=0 


The coefficients yj,(o) of this transformation are analytic in p, since the 
boundary values {3/™(0, p)}, and therefore the solutions {U;(z, p)}, and, 
as we have seen, the functions {w,(z, p)}, all have this property. 

If the following lemma is true, then, for admitted values of arg p and 
|p| >pi, a unique set {c;} analytic in p will correspond to the set {c/ =5,«}, 
and consequently by the statements associated with equation (21), we shall 
have established the existence, uniqueness, and analyticity of a@(z, p) for 
such p. 

Lemma. There exists a number p, such that, for |p| >p: and admitted values 
of arg p, the determinant | (yin(p))| of the system (23) can have no zero. 


8. Curves I’, regions 7, and configurations C. The quantity arg p now as- 
sumes critical significance, and it will simplify the notation to denote it by a 
single symbol X, 

\ = arg p. 


* This solution is evidently a function of Z and 7; we shall, however, drop these prescripts from 
the more precise notation z, ,#(z, p) until we reach the existence theorem at the end of the chapter. 
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By a rotation about the origin through an angle —X, the complex of rays L, 
and sectors S, of the &-surface is mapped back on the ®-surface, where we 
designate it by (cf. §3) 


L(x): arg @ = 0, —r = 9,(A), 


and 


S,(d): 6,1(A) S arg ® S 8,(A). 


Suppose we call the map of R. on the ®-surface Ry. With such parts of the 
complex of rays L,(A) and regions S,(A) as fall outside Ry, we shall not be 
concerned. 

Let Z be a fixed point of R., not the origin. The corresponding point 
#(Z) in Ry then lies in some region S,(A), where the subscript 7 is a step 
function of \. The following definitions are framed relative to some definite 
value of r. 

A curve Tz,,(d) is defined to have the following properties: 

[1] Jt is an ordinary curve connecting 0 and Z, lying in the cut region R:. 

A curve is here called ordinary if it is continuous and has a unique tangent 
everywhere except possibly at a finite number of points where there exist 
two tangents, one for each sense of approach. A positive sense of traversal 
of the curve can be established; we take this to be from 0 to Z. Now con- 
sider the map of T'z,,(A) on Ry. Let t be a unit vector directed along the 
tangent in the positive sense: 

[2] At every point* on the curve 


6,1(A) S arg t S 0,(A) 


for some determination of arg t. 

In order to see the significance of property [2], suppose z, and 23 are two 
points on a I’-curve. To signify that the curve is traversed in the positive 
sense in passing from z, to 23 we shall write 

Za < 2B. 
Let 
£; = p®(z;) G = a, B). 


The property [2] insures that if 2.23, 
(24)  — Rlwo(&s — )] 2 Rlwilts — fa)] 2 --- S Rlwons(&s — &a)). 


* At an exceptional point both values of t must satisfy [2]. 
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For n =2, the property [2] can be replaced* by the less stringent 
6,-1(A) S arg t S 6,4:(A), T even, 
6,-2(A) S arg t S 6,(A), t odd; 


[2’] 
together with 

[3] The map in Ry of Tz,,-(d) lies entirely in S,(d); 
and 

[4] There exists a number G, independent of Z, 7, , such that the length of 
all curves Tz,-(d) is <G. 

The properties [3] and [4] are implied by [2]. 

A region rz,-(X) in R, is defined to be a simply connected region containing 
0 and Z, every point of which lies on some curve Tz,,(d). 

Although L,(A) and S,(A) are originally constructed on Ry, and Tz,,(d) 
and rz.,(A) on R., no confusion will result from designating the curve or region 
and its map on the other surface by the same symbol. 

Evidently rz,,-(d) lies completely in S,(A). 

The method of comparison employed is valid for a region of the type 
rz.7(A). It is hence important to secure that, for each \ under consideration, 
every point of R, lies in some rz,,(A). Since it may be possible to accomplish 
this for the desired R, only for a range of \ more restricted than (12), we shall 
refer to admitted values of \. Necessary and sufficient is hypothesis 


(v) For each admitted value of \=arg p, every point z¥0 in R, can be con- 
nected to the origin by a curve Y,,,(A). 


The condition is necessary; for, if z lies in some rz,-(A), it lies on some 
curve I'z,,(A). The portion of the curve between 0 and z will serve as I.,,(A). 
On the other hand, suppose z lies on I,,,(A). Take Z =z; then z lies in an 
rz,-(X) consisting at least of this curve. Thus, the condition is also sufficient. 

A configuration Cz,, consists, for fixed Z, r, of all pairs of values (2, p) such 
that for each admitted \=arg p the corresponding z lies in rz,,(X). 

To clarify the nature of a configuration Cz,,, suppose Xo is an admitted 
value of \, and Z any point of R, not 0, henceforth held fixed. By the above 
hypothesis ®(Z) lies on some curve T'z,,(Ao). If m>2 the region rz,,(Ao) as 
seen on Ry will then consist at most of the parallelogram with vertices at 0 
and (Z) and a pair of sides along LZ,_:(Ao), L-(Ao). This maximum extent of 


* The anomaly of the second-order case is related to the following simple geometrical problem: 
A circle and a straight line lie in the same plane. The circle is divided into n equal parts by the points 
@0, @1,** * , @n-1. These are projected orthogonally into the points ao, a1, +++ , an, on the line. 
What is the maximum range of rotation of the circle about its center under the condition that no two 
points a;, a ore allowed to cross each other? The answer is +/n for n>2, but 2x/n for n=2. 
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rz.r(Xo) will be possible if and only if the boundary of Rg does not cut across 
the parallelogram. The minimum extent of rz,,(Ao) will be the curve I'z,-(Ao); 
in any case it lies entirely inside the closed region bounded by the parallelo- 
gram. All the pairs (z, p) for which z lies in rz,,(Ao) and arg p =o will form a 
subset Cz,,(Xo) of Cz,,. If we now permit \ to vary from Xo, the bounding 
parallelogram changes shape, the vertices 0, ®(Z) remaining fixed, as well as 
the angles, but the sides rotating with the complex of rays L,(A). There will 
evidently exist an interval \,, \:+-7/n in which the parallelogram varies 
between limiting positions in the form of the line segment from 0 to ®(Z), 
and beyond which \ can not vary without changing the 7 of our definitions. 
For each admitted X in the interval, the above discussion for \=Xp is valid 
and a subset Cz,,(A) of Cz,, is generated. The sum of the subsets Cz,,(A) for 
all admitted \ in the interval is identical with Cz,,. 

The bounding parallelogram maps conformally on R, except at the origin 
where the angle 7/n between the sides maps into an angle 7/p between the 
corresponding curvilinear segments. 

Because of the rotational symmetry about the origin, of the definitions 
with respect to integral multiples of the angle 2/n, it follows that if \» is an 
admitted value, all values \=Xo (mod z/m) in the interval (12) are also 
admissible. In particular, if the whole interval \i, \:+7/n is admitted, all of 
(12) is admissible. In this case Ry is characterized by the property that no 
ray from the origin re-enters Rg after once leaving it. This follows from the 
nature of the limiting positions of the bounding parallelograms. 

If we define the curves [ from the property [2] in the case n=2, the 
above discussion applies. If, however, we use [2’], [3], [4], the shape of the 
regions rz,-(A) is much more general. The implications of [1], [3], [4] are 
evident; [2’] implies the following characteristic: A region rz,-(A) has in 
common with any parallel to Z:(A) at most one segment (possibly a point). 
The modulus of congruence of the admitted values of \ then becomes 7 in- 
stead of 1/n. However, the shape of an Ry valid for all \ in (12) is of the 
same type as above. 

9. Calculation of bounds. Because the solutions are of two distinctly 
different types according as | | <N or |£| =N, we find it useful to define a 
function s as follows: 


4 |e] < N, 
$= 
1, || 2. 


pmn! peat 


vf (z, p) = form IIo djm(2,p) (j,m = 0,1,---,m—1). 
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From the formulas (18) and (19) we have for p in (12) and é in S,, 
| D jm(Z, p) | < M;. 
Again, if we write 


0,(z, p) 


(26) w (2, p) sd p*8n/ pEsrB/ pew t : 


we see that the {w,(z, p)} are determined from the equations 





n—1 


) d jm(Z, p)@,(z, P) = bmn—1 (m =0,1,--- , 1). 


j=0 





By solving (25) for the element jn(z, p) and utilizing the formula (19), the 
determinant A(z, p) of this system is obtained in the form 
E(t) | E(z, p) 
A(z, p) =| (o")| +—— + 
é pr!P 

for || =N and é in S,. The well known matrix (w;"), j,m=0,1,---,n—1, 
cannot have a zero determinant, and hence, after possibly necessary readjust- ia 
ment of the constant N to a larger value, the determinant A(z, p) is bounded 
from zero for |p| >some pz, £ in S,, and || =N. A similar result can be i 
obtained for || <N, since, by (18), y 





n\»nblp E(z, p) 4 
A(z, p) = (“) w[9¢0)] +. % 

p p”!P 

Here W is the Wronskian of the solutions {,#,(¢)}, and since these satisfy an : 


equation in normal form, W=constant, and since they are independent, 
W +0. We thus conclude for | p| >ps, and £ in S,, 


(27) | dim(z,p)| <M, — | (2, p)| <M. a 
Finally, if we write ) 


p(m—28) | pewp(t-E) “a 


A km(Z, , p) 





k 
D> 5 (z, p) w(t, p) = 
j=0 


£2» (B— m)/ pEsv(B—m)/p 


(28) = Fim(2, f, p)A km(2, f, p) ? 4 i 


n—1 
} 5” (z, p)w;(f, p) == Fim(zZ, f, p)Bim(z, f, p) ’ 


j=k+1 ne 






where it is now necessary to distinguish between £=p®(z) and E=p®(f), 
likewise s=f(£) and s=f(¢), we can prove that the functions Aim and Bim 
are bounded in the following manner for | p| >p; and é, Ein S;: 
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- 


| Aum(z, ¢, p)| < T, OZ: 
| Bum(z, ¢, p) | < T, 0<S¢ 


IA) tA) 
un 
HWA) IIA) 


NN 


(29) 


where T is independent of Z. From (25), (26), (27), 
| of (z, p)w,(f, p) | < | F in(2, f, p) | M?, 
But from (24) we know 
| F im(z, f, p) | = | Fem(2, g, p) | 

with the restriction 

cy cS2 (jg = 0,1,---,&), 

(3:52 GG=k+1,---,n—1). 
Combining these inequalities with (28), we have (29). 

We are now equipped with the necessary bounds to prove our lemma. It 
is convenient, however, first to write the equation (22) and those resulting 
from differentiation of (22) in a form exhibiting the functions {7@,,(z, p)} 
which are defined from 

pmn! Pere 


(m) ° S> ——. . 
(30) & (z, p) gsr (B—m)/p Qn(z, p); 


namely, with m=0,1,---,n-—1, 


n—1 z 
An(z, p) = Dy cj ei-*® 8D im (2, p) +f Arm(z, £, e)L[u(s, o) | ds 
j=0 z 


(31) 


+ f Bim(z, £, p)L[u(t, p) de, 


where 


n o-3 { gn—i(O) a prt) ai(E, p) 
L[u(s, e)] =U p” (28-1) pgs» (28-3) Ip ; 


j=0 





10. Proof of lemma; existence theorem. We now specify the path of inte- 
gration to be a curve I'z,,(A) whenever A is an admitted value. Suppose for 
some p with admitted \ the determinant | (vin(e))| has a zero. Then with 
{c} } all zero, a set {c,;} not all zero can be found to satisfy (23). That is, 
for this p there exists a solution u(z, p)40 of the equation (22) with {c/ } 
all zero. 

Let U(p) 0 be the maximum of |#@,(z, p)|, m=0, 1, - - - , m—1, in the 
region rz,,(A). Since the coefficients g,(z) and p,(z) are analytic in the closed 
region R,, 



























LINEAR DIFFERENTIAL EQUATIONS 





| gz) — pilz)| <D 
and hence from (31),* 


U(p) 


| @n(z, p)| < (n — 1)-T-D-G. ; 
CC os 





But for some m=m,(p) and some z=2;(p), 





“ee abe ea ae eae Ce 


e-i_ . ‘ 
—— U(p) <| an(z, p)|. Hy 
n mM 
Combining the last two inequalities, we see our lemma is verified with f 
, i 


pi = {n-T-D-Ghrn, 





With the machinery constructed to prove the lemma, we can easily de- $ 
rive the asymptotic forms of {#,™(z, p)} for (z, p) in the configuration C,,,. a 
If the constants {c/ } of (22) are specified to be {5;,}, the solution u(z, p) a 
becomes identical with a;(z, p), Mg 


uo™(z, p) = uh™(z, p). 





With a definition of U(p) analogous to the previous, we obtain from (31), 
for admitted X, 
U(p) 


| @n(z, p)| < M + (n — 1)-T-D-G-——, 
| p|n/» 


. + Ieee eae te ee 
Se I ge ee, Ne 


Sa fe 


and, as before, the left side may be replaced for some z, m by (n—1)U(p)/n. 
Hence 
2n 
Vig) < -—— 8 
n—1 

for 

|p| > po = 27/"p. 
We conclude now from (31) that, for | p| >po, 


2n-M-T-D-G 


| tm(Z, p) ‘ae Vim(2, p) | < | . [n/p ’ z 


On noting that this bound and pp are independent of Z, we are led to 





* Note 28—j21 if j<n—2; also recall the property [4] that G is a bound for the length of all 
T-curves. 
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THEOREM 1. Corresponding to any configuration Cz,, there exist n solutions 
{z,.tix(z, p)} of the given equation, which, for (z, p) in Cz,, and |p| >po, are 
analytic in p and satisfy the relations 


(32) zr (2, p) = 2d (z, p) + p(™Y™/PE(z, p) (k,m=0,1,---," — 1) 


when || <N, and 
wRe E E(z, 
(33) z.nitd™(2, p) = p™/%ary"-F(2) — \! + = - ; } 


&*(8-m)/p p”!P 


when |t| =N. Here the E-functions are bounded uniformly for all configura- 
tions Cz,,. 
The independence of these solutions is evident from their forms (33). 


CHAPTER V. BOUNDARY VALUE PROBLEM AT THE ZERO 
11. Forms for the solutions principal at the zero. The solutions { u;(z, p) } 
of the given equation, analytic in z and p, which satisfy the boundary condi- 
tions 
u (0, p) = Sim (j,m = 0, i,-**,8= 1), 
constitute the set we call principal at the origin. These must be linear combi- 
nations of the solutions described in Theorem 1, 


(34) ws, p) = 3 sBials) s.rfels, 9). 
k=0 


In order to derive the form of z,,8;x(p) for admitted \=arg p and |p| >po, 
let us hold Z, 7 fixed until further notice. Meanwhile, we shall drop these 


subscripts wherever they occur. 
For | £| <N, (z, p) in the configuration C, and | p| >o, we have from (32) 


E(z, ri 


pr? 


n—-1 
uj™(s, p) = fal2, p) D2 Bile) {nme + 


n mv |p 
Sm(z, p) = p™r/rpy™4(z) (“) , 
Pp 
Since {y,;} and {%,} are each sets of m independent solutions, the system (8) 
can be inverted, 


Ceiyt (k =0,1,---,2— 1), 


l=0 
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n—1 
D citer = 52. 
k=0 
Consequently 
) = E(z, p) 
(35) uj™(z, p) = fm(2, p) 2) Bix(0) {| = b éuyim | + rm — et ; 
k=0 1=0 ptr 
Now let z=0; then ¢=0, y,” =6,m, and thus 
c E(p) 
Sim = ful0; 0) 2 Bile) tim + —— 
k=0 p™'? 


This may be written 


n—1 E 
= Ll sx0, p)Bix(p)} {im + a. 


p”!P 


Compare with this the system 
n—l 
= Es XikCkm 
k=0 
whose solutions are evidently 
Xik = Cire 
It follows that a system 
E(p) 
Sim = > xix(p) {t= += — 
k=0 


has solutions 


E(p) 


p”!P : 


= Cp 
and hence 


1 E(p) 
(36) Bix(p) = 7,0, mike + = 


Substitution of this value in (35) and interchange of the order of summation 
yields the equation 


ui™(z, p) = Jolt al > yin cuts] + a *\ , 


F:(0, p) 1=0 k=0 p”!P 


os ee 4 ae Ree Se Pe ge ee . 
Pe Sie geht sae ER OE Ee TE PSR 
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= _ Sm, pf. E(2, p) 
leads? ov ee oe}. 


If we now resume the subscripts Z, r, we find that in the last equation 
they apply only to the E-function. But we were careful to note that the 
E-functions of Theorem 1 were uniformly bounded for all Z, 7. Consequently 
the present E-function inherits the same property, that is, it is bounded 
uniformly for all (z, p) for which z is in R., |p| >po, \ is an admitted value, 
and || <1. On this result we base 

THEOREM 2. For admitted values of arg p, p| > po, and z in R., the solutions 
of the _— equation principal at the origin, {uj (0, p) =5jm, j7, m=O, 1, - 
n—1}, have the form 


y” B E 
(37) ui™(z, p) = p(m™—Dn!l PK jpin™—? a ale im(é) + (z, ali 


when |§| <N. The series ojm(£) and constants x; are wi by equations (5) 
etl seq. 


n/p 


In unabbreviated notation, equation (36) becomes 





pin 2) ’ 
i E 
z.rBjx(p) = {i : \, 


p”!/p 


¥7*(0) 


where the E-function is uniformly bounded for all Z, r. Taking this and the 
forms (33) into (34), we obtain 


(m—j)n/p a ele y”8(z) A in (2, p) 
. n yi-8(0) gr G-™) Ip ‘ 





uj” (z,p) = 


n—1 ~ 
rH im(2, p) = Do went} cn + = + ot 4 | , 
k=0 é p”!P f 
and, for admitted \ and |p| >po, the E-functions are bounded uniformly 
when £ is in S, and |¢| =N. 
We recall that a region T, is bisected by the ray L2, (see §3), but that in 
both halves the number w, of the dominant solution has the same value w? 


(see (10)). In T, 
R(wrt — wot) S h| &], h<0, k #0; 


also, the multiplier of the dominant solution is the same in both halves of 7,, 
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namely, ,y;#0; hence with r=2q or 2¢+1, depending on which half of T, 
contains &, 


E E(z, 
@) ( a3 


rH jm(2, p) = ersommerte) + 
p”!P 


s 


By a similar method we can treat the case when & is in the sector Dy,o4: 
between T, and 7,4:; the results are contained in 


TuEorEM 3. When |¢| =>N, and for admitted values of arg p, |p| >po, and 
z in R., the principal solutions of the given equation are of the form 


(38) a j™(s, p) = aWim(s, Ot + - + = 
ala 


for Ein T,, and 





E 
(39) a j™(s, p) = aWim(z, aft + “ + 


Ex(z, a 


p”!/P 





E E2(z, 
+ a41¥ im(Z, Ot + = + & * 


pp 
for — in Dg .q41, where 


pi™-) nl Py pie 2rialn)((nj+vB) | p—m) y™-8(z) eet 


nil2+r(-B) (2) yi-8(Q) gr @—m) I 





(40) oY jm(Z, p=) = 


12. Discussion of results. Two sectors T, and 7,,, lie in the same posi- 
tion but in adjacent sheets of the &-surface. The analytic expressions given 
by Theorem 3 for u{™(z, p) differ for the two regions by a factor e?***i, where 


_ nmjtvB  anjt+r(n—1)- 
- p 2(n + v) . 








Qj 


that is, the expression for £ in T,,, is e**'i times that for in T,. This factor 
may be regarded as a measure of the Stokes phenomenon. 

We see that a; is independent of the region T, as well as the order m of 
the derivative. Evidently e****i will be unity, in other words, there will be 
no Stokes phenomenon, if and only if a; is integral. Thus, if y=0, none of the 
solutions will show a Stokes phenomenon. However, if vy >0, not all the solu- 
tions can lack it, since a; and a;4: differ by n/p and hence the a,’s cannot all 
be integers. In particular, for »=2 every principal solution manifests the 
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phenomenon, but for any >2 there are always some (v, 7) for which it fails 


to appear.* 
The results of Theorem 3 could have been expressed in the formt 


py y4(z) 
(m) (g = o(m—i)n/pf —_ me 
Uj ( ’ p) p ( yi-6(0) 


1 o—* E E 
ar eedinatnerte + (z, 2 


grG- m)/p 1-0 


(41) 
pr!P 


for | £| = N, where the multiplier ,d;, depends on which region S, contains &. 
The set {,d;} is a permutation of the set {,cj,}, such that, if w,=w! in S,, 
then ,c;,=,d;. To see that this is entirely equivalent to Theorem 3, we need 
only note that if £ is in T,, the sum on the right of (41) may be replaced by 
the dominant term, the other terms being absorbed into the corresponding 
E(z, p), giving formula (38). If ¢ is in a D-sector, two terms must be kept as 
in formula (39). 

Consider one of the terms of (41) for fixed /. It is dominant in the regions 
T,,, where g,=/(mod n). The sectors T,, are all in the same position but in 
different sheets of the £-surface, and are bisected by the rays L2,,. The rays 
L,,, T:=2l—mn (mod 2n), leave the origin in the opposite direction. With 
reference to the equation (41), the Stokes phenomenon could evidently be 
described as follows: The value of the multiplier ,d;, need be changed only 
when crossing a ray L,,, and then by the factor e’***i. Instead of this par- 
ticular ray, it would be equally compatible with our results to employ as 
Stokes line any simple curve from 0 to © on the &-surface not lying in T,, 
and the adjacent D-sectors. However, this location of the Stokes lines is more 
general than would be warranted if it were not for a certain insufficiency in 
our results, which we now bring to attention. 

Let u(z, p) be the solution of the given equation satisfying the boundary 
conditions 

uo™(0, p) = hn(p) (m = 0,1,---,"— 1). 
Then 


ul™(z, p) = > h;(p)uj/™(z, p). 


i=0 


* If n=2,v>0, then0<a;<1,7=0, 1. 

If n>2, v>0, we have the following: 
Case 1: n odd. For every v at least one a; is integral, namely, for j=(n—1)/2. 
Case 2: n even, v odd. No a; can be integral, since a;=odd/even. 
Case 3: m even, v even. There may or may not exist integral a; for a definite v. However, for 
v=n(n—2), ao and a@n_; are integral. 

t It is understood that the discussion iu this section applies only to such p as have admitted 
h=arg p and |p| >po. 
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Using the forms of Theorem 3, we have for || = and ¢ in T,, 





z E;() E,(z, p) 
(42)  u’™(z, p) = gAm(z, p) >, hyp) Bio) + : 4 me \, 
j=0 
where 
B,(p) = p-i”!” Bs. sitinashall 
a? i\P) = Pp nil ry i(Q) 


In order that the expression (42) be explicit to a factor 
E E(sz, 
(43) {1 + a += ”\ 


pr!P 


the following condition on the boundary values {;(p)} is sufficient, and, in 
the absence of further knowledge of the £;-functions, also necessary: The 


quantities 
p~#"!?h(p) 
n—1 


Dd «Bile)hi(o) 


l=0 





€i(e) = (Gj = 0,1,---,2— 1) 


are bounded. This follows from noting that the expression (42) is explicit to a 
factor 





i+ > & i(p) 


i=0 


n-t {Pe ‘ E,(2z, n, 


p"!P 


where the E’s are constant multiples of the E’s. For such p as satisfy the 
conditions, and | ¢| =>N, «‘™(z, p) then has the form 


n—1 
ui(e, 6) = {Antes ble) Bit {1 4=— + =P 
“j=0 g gre 
when £ is in T,, while for £ in Dj,44: the form is* the sum of two such expres- 
sions written respectively for g=g and g+1. From this it is easily seen that 
our formulas are not explicit to a factor (43) in a region which is not zero-free 
for u\™(z, p), m=0,1,---,n—1. 

This insufficiency of our formulas to describe the most general solution 
bears on the freedom of locating the Stokes lines: The only time we would 
need to know ,dj outside a region T,, and the adjoining D-sectors would be 
when we have such a combination of the principal solutions, 


n—1 n—1 


u™(z, p) = Do hi(o)ujk™(z, p) = Dy z.rBx(o) z,rt™(z, p) 


j=0 k=0 
* Providing ,C;(p) is bounded for g=g and g-+1. 
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that the dominant solution z,,a#"(z, p) fails to dominate the expression. But 
this can happen only in a case not covered by our formulas because of a 
lack of knowledge about the £-functions. If it were not for this lack, the loca- 
tion of the Stokes lines would have to be more restricted; thus, for the ¢-equa- 
tion it can be shown that the Stokes lines for ,d;, must be taken to lie in those 
regions of the £-surface which are reflections of T,, in the origin. 

We shall conclude with some mention of how our results specialize. Con- 
sider the case when v=0. We have already seen that there is then no Stokes 
phenomenon. A great simplification of the results can now be made since it 
is possible to assume | £| =>N always, by taking N =0. The constant N was 
introduced first in §3, where it can be taken as zero, since the series 


(m)(?) = on ee 
Sx = wre ’ F #2 


are now true solutions,* 

rHK™ (t) = s(t). 
We again encounter it in §6, where we find formula (19) with E(£) =0 is valid 
for all £. The comparison in Chapter IV can now be carried through with 
N =0, and again the formula (33) of Theorem 1 works for all — with E(é) =0. 
The method of deriving the forms of the multipliers z,,8;.(p) in §11 is then 


applicable without the assumption |£|<N. We can now dispense with 
Theorem 2 and use Theorem 3 for all £ with N =0, noting that 


E(t) = E,(é) = E2(g) = 0, 
and that the formula (40) now assumes the simple form 
e2tia(i—m)/n o™ (sz) 


n _—g-8(0) 


wt 





a jm(Z, p) ” pi 


Finally, a word about the case when the coefficient ¢"(z) is real on the 
real axis, or real except for a constant imaginary factor. By the transfer of a 
constant factor to the parameter p", ¢:"(z) may be made real and positive on 
the real axis. The cut in the z-plane can now be taken along the negative real 
axis and need not be deformed. The positive and negative real axis map 
respectively into the rays arg ®=0, p/n 7. It follows that if one is interested 
only in real z, all values (12) of arg p may be admitted. 


* Note §=/; also p=n and y¥(z)=¢(s). 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 





DIFFERENTIAL GEOMETRY OF A SURFACE 
AT A PLANAR POINT* 


BY 
V. G. GROVE 


1. INTRODUCTION 


We shall say that a point O of a surface S is a planar point of the third 
order if the surface has a tangent plane at O and if every curve on the surface 
through O has an inflexionf at O. It is the purpose of this paper to study the 
surface S in the neighborhood of such a planar point from a projective point 
of view by making use of the osculants{ of Bompiani of a plane section of S$ 
through an arbitrary tangent line through O. 

Lane and Su§ have used Bompiani’s osculants to study the plane sections 
of a surface at a non-parabolic point on the surface. In a sense every tangent 
line to a surface at a planar point is an asymptotic tangent. 

Downs|| has studied planar points of order from a metric point of view. 

In the last section we discuss the loci of certain points and lines intrinsi- 
cally associated with the sections of the surface through the arbitrary tangent 
line as this line generates a pencil. The loci so obtained are therefore covariant 


loci associated with the surface and not merely with the surface in its relation 
to the particular tangent line. 

We first find a canonical power series expansion for one non-homogeneous 
projective coordinate in terms of the two others. A complete geometrical de- 
scription will be given of the tetrahedron of reference giving rise to this canon- 
ical expansion. 


2. THE POWER SERIES EXPANSION 


Let the equation of the analytic surface S be 


z= f(x,y). 

* Presented to the Society, April 10, 1936; received by the editors October 14, 1935, and in re- 
vised form, January 11, 1936. 

¢ Each branch of the curve of intersection of the surface with its tangent plane at a planar point 
of third order has at least four-point contact with its tangent line at the point. 

YE. Bompiani, Per lo studio proiettivo-differenziale delle singolarita, Bollettino dell’ Unione 
Matematica, vol. 5 (1926), p. 118. Hereafter referred to as Bompiani. 

§ E. P. Lane, Plane sections through an asymptotic tangent of a surface, Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 285-290; B. Su, On certain quadratic cones projectively con- 
nected with a space curve and a surface, Téhoku Mathematical Journal, vol. 38 (1933), pp. 233-244. 

|| T. L. Downs, Asymptotic and principal directions at a planar point of a surface, Duke Mathe- 
matical Journal, vol. 1 (1935), pp. 316-327. 
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Let the system of coordinates be so chosen that the point O(0, 0, 0) is the 
planar point, and z=0 the equation of the tangent plane to S at O. The 
Taylor’s expansion of the function f(x, y) in the neighborhood of x=0, y=0 
will be of the form 


(1) z= A;(x, y) + Aa(x, y) + As(x, y) +°°-, 


wherein 
A3(x, y) = d30x* + aoix?y + aiexy? + aosy’, 
A g(x, y) = adgoxt + agix*y + doox?y? + aisxy® + aosy', 


(2) 
As(x, ¥) = asox® + agixty + asox>y? + do3x?y? + ayaxyt + dosy', 


The tangent plane z=0 at O intersects the surface in a curve with a triple 
point at O. The triple point tangents are given by 


(3) A;(x, y) = 0. 


The equation A;(x, y) =0 defines a cubic involution in the pencil of tan- 
gent lines to the surface at O, the triple lines being the triple point tangents 
to the curve of intersection of the surface S with its tangent plane at O. We 
shall assume that the tangent line y =z =0 is not one of the triple lines of the 
cubic involution defined by A;(x, y) =0. It follows that a3)+0. 


We propose first to derive a canonical form of the expansion (1) in which 
the edge y=z=0 of the tetrahedron of reference giving rise to the expansion 
is an arbitrary tangent line to the surface S at O except for the limitation 
noted above. 

If we make the transformation 


(4) sex’t+py, y=y, sme, 

on equation (1), and denote the new coefficients by dso, du, - - - , we find that 
= 430, Ger = 3yd30 + der, Gi2 = 3y?a30 + 2uae1 + aie, 

(5) = dso, G31 = 4udso + 31, G50 = 50, 
= Suds0 + d41, Geo = deo, -*- . 

Hence if we choose yp to satisfy the equation 

(6) 3ud30 + an = O, 


we may make d2,=0. We shall assume that this transformation has been 


effected on the series (1). 
We may give a simple geometrical characterization of the tangent line 
x=z=0 for the case in which a2,=0. The unique line of the involution defined 
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by A3(x, y) =0 corresponding to the line y=z=0, considered as a double line of 
the involution, is the line x =z =0 if and only if an =0. 
The transformation 


x’ + az’ y’ + Ba’ a 
x = ’ = ’ z= ’ 
1+ Lx’+ My’ . 1+ Lx’+ My’ 1+ Lx’+ My’ 








(7) 





does not change the edges x=z2=0, y=z=0 of the coordinate system, and 
does not affect the coefficients of the form A;(x, y). If again we denote the 
new coefficients by ds, ds1, - - - , we find that 

= — 2La30 + dso, G31 = — 2M azo + aa, 

= 3aa30 — 3Layo + 50, 

= 2Bazodi2 — 3Mago + au, 

al 3Ba0s — 3Mao, + 405, °°" - 


(8) 


We note from (8), that, with proper choice of a, L, M, we may make 
Gio = G31 = G59 = 0. If ai2X~0, we may choose @ in such a way that d,=0. If 
ay2=0, we may choose f so that do; =0. 

The Hessian H of the form 


A;(x, y) = a30x3 + ayexy® + aosy® 


is readily shown to be 


(9) H= 4[3ascai2x° + 9a30d03xy —_ ay |. 


Hence the tangent line y=z=0 (x =z=0) is one of the Hessian or neutral lines 
of the cubic involution determined by A;(x, y) =0 if and only if a2.=0. 

We shall say that y=z=0 is a Hessian tangent if a.=0. 

Let us suppose first that y=z=0 is not a Hessian tangent, and that the 
transformation (6) has been used to make 49 = d31 = d59 = da = 0. 

The transformation 


x’ y’ 3 


(10) ee ee ee 
1+ No’ 1+ No’ 1+ N2’ 


does not change the edges x =z=0, y=z=0 of the tetrahedron of reference, 
and does not affect the coefficients of the forms A;(x, y), Aa(x, y), As(x, y). 
The new coefficient dg is given by the formula 


Geo = — 2Nag0 + oo. 


Hence we may choose N in the transformation (10) in such a manner as to 
make ds)=0. We shall assume that this transformation has been effected. 
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If we change the unit point by the transformation 
(11) s= pr’, y=qy, s=rs', 


we find that, if a2+0, we may make d3)=d1.=a2,=1, by choosing , q, 7 to 
have the values 


3 3 
(12) p= 12/d22, 7 = + (12430) M? Jase, "= @12030/d22. 


Hence the power series expansion (1) may be written in the canonical form 
(13) 2 = a(x, y) + a(x, y) + as(x, y) + °°: 
wherein 
a3(x, y) = x3 + xy? + Ay’, 
a(x, y) = x?y? + aygxy® + aosyt, 
as(x, y) = Buby? + aogx?y* + ayxyt + aosy®, 
ag(x, y) = Cx5y+---, a(x, y) = Dx? + Exty+---, 
as(x, y) = Fa8+---, a(x, y) =Gx9+---. 


The edge y=z=0 is an arbitrary tangent line, not a tangent line to the curve of 
intersection of the surface with its tangent plane, and not a Hessian tangent. 
Every coefficient of thé canonical expansion (13) is an absolute invariant ex- 
pressing the relation between the surface S at the planar point O and the 
tangent line y=z=0. In the expressions (14) we have written only those 
terms which will be of use in the discussions to follow. 

If y=z=0 is a Hessian tangent we may, as was remarked previously, 
make use of the coefficient 8 of the transformation (7) to make ao;=0. We 
may as before choose the coefficient N of the transformation (10) to make 
ago =0. If the two Hessian tangents are not coincident, and if a220, by proper 
choice of the unit point we may make do = do3 = dz2 = 1. Hence the power series 
expansion (1) may be written in the canonical form 


= x8 + yF + xy? + A’xtyt--- + Bady+--- 


15 
site + C’x?+ D'ix8y+---+ E’x8+---4+ FPF e94+---. 


The edges y=2z=0, x=2=0 of the tetrahedron of reference are the Hessian tan- 
gent to S at O. Every coefficient of the expansion (15) is an absolute invariant 
of the surface. 


3. PLANE SECTIONS THROUGH A TANGENT LINE 


Let us first consider a surface S whose equation in non-homogeneous pro- 
jective coordinates (x, y, z) has been reduced to the form (13). Let us intro- 
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duce homogeneous projective coordinates (%1, %2, %3, xs) of a point whose non- 
homogeneous projective coordinates are (x, y, z) by placing 
Xe X3 X4 
Sw—>) =) =: 
Xx xy xX 
The plane whose equation is 
(16) y = nz, n #0, 
cuts the surface in a curve I whose projection C onto the tangent plane from 
O;(0, 0, 0, 1) has the equations 
y = nix? + xy? + Ay? + a?y? +--+ + Bady?+---4+Cxdy+--- |, 


(17 
aide z:=0. 


If we solve the series in (17) for y as a power series in x we obtain 


(18) y = m[x® + byx7? + bex® + box? + --- | 


wherein 
(19) b =nv’?+D, bg = n?+Cn+F, by = An? + Bn? + En+G. 


Equations (16) and (18) are the equations of an arbitrary plane section T 
of the surface S through an arbitrary tangent line not a Hessian tangent at a 
planar point O of S. 

Suppose next that the tangent line y=z=0 is a Hessian tangent line, and 
that the equation of the surface has been reduced to the form (15). The plane 
(16) intersects the surface S in a curve I whose projection C onto the tangent 
plane from O;(0, 0, 0, 1) has the equations 


(20) y = nlx + crx™ + cgx® + cox® + --- |, = 0, 
wherein 
(21) cp=An+C’, co=m+Bn+E, c=n+Dn+F’. 


4. BoMPIANI’S OSCULANTS AND THEIR LOCI 


We may use the expansions (18) and (20) to derive the equations of the 
osculants used by Bompiani in discussing the various neighborhoods of an 
inflexion of a plane curve. We observe first that the expansions (18) and (20) 
are identical in form with the expansion* (2) of Bompiani’s paper. 

Let us first discuss the equations (18) and z=0. These are the equations 
of the projection C of the curve I of intersection of the plane (16) with the 
surface S. 


* Bompiani, p. 119. 
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The equations of the cusped cubic with seven-point contact with C at O 
are 


(22) y = nx, s= 0. 


This cubic has of course an inflexion at O(1, 0, 0, 0) and its cusp is at the point 
O.(0, 0, 1, 0). The cusp tangent of the cubic is the line x: =%,=0. The locus 
of the cusps for all plane sections T through y=z=0 is therefore a line, namely, 
the edge x, =%2=0 of the tetrahedron of reference. The cusp locus of all six-point 
cusped cubics of the curve C is the line x=2=0 previously characterized as the 
line corresponding to the line y=z=0 considered as a double line in the cubic 
involution in the pencil of tangent lines determined by a;(x, y) =0. The cusp 
tangent intersects the tangent y =z=0 at the point O,(0, 1, 0, 0) of the tetra- 
hedron of reference. The edges x; = x2 =0, x, =x,=0 and the vertices O; and O, 
of the tetrahedron of reference giving rise to the canonical expansion (13) are 
therefore characterized geometrically. 

The locus of the cusped cubics for all plane sections [ is the cubic cone 


(23) z= x° 
with vertex at the cusp O, of the seven-point cusped cubic (22). 


The equations of the cubic having eight-point contact with [ at O and 
passing through the cusp of the seven-point cusped cubic of I are 


(24) ny = n*x® + bxy’, y = nz. 

The locus of the curve (24) for all sections through the given arbitrary 
tangent line is the algebraic surface of order three whose equation is 
(25) z= x3 + x(y? + Dz’). 

The surfaces (23) and (25) intersect in the line x =z =0, and in two plane 


curves whose projections from the point O; onto the tangent plane are the 
cusped cubics 


y= + (— D)"*z?, z= 0, 
and whose projections from the point O; onto the face of the tetrahedron op- 
posite O; are the straight lines 
y? + D2’, x= 0. 


The equations of the nine-point quartic curve passing through the point 
O,(0, 1, 0, 0), tangent to the cusp tangent x: =x,=0, having a node at the 
point O,(0, 0, 1, 0) with the cusp locus x, =x,;=0 for one nodal tangent are 


(26) ny = n*x3 + brxy? + dgxy’, z=0. 





1936] DIFFERENTIAL GEOMETRY OF A SURFACE 161 


The residual nodal tangent of the quartic (26) is the line having the equations 
(27) b7x1 a bsxe => 0, “m= 0. 


The locus of the nine-point quartic curve of the section I for all sections T° 
is the quartic surface whose equation is 


(28) z= x8 + x(y? + Dz) + x(y? + Cys + Fs’). 


The locus of the residual nodal tangent of the nine-point quartics of the sec- 
tions I is the cubic surface 


(29) y? + D2? + x(y? + Cyz + Fs?) = 0. 


The locus of the cusps x, =: =0 of the seven-point cusped cubics lies on the 
cubic surface (29). The tangent plane to the surface (29) at the point 
(0, 0, A, w) is the plane 


(30) (A? + Du?)x, + (A? + Cru + Fy?) xe = 0. 


The tangent plane (30) coincides with the plane determined by the locus of 
the cusps and by O if and only if 


2 + Du? = 0. 


There exist therefore two points P,, P2 on the locus of the cusps of the seven-point 
cusped cubics of plane sections through an arbitrary non-Hessian tangent at a 
planar point O such that the tangent plane to the locus of the residual nodal 
tangent of the nine-point nodal quartic coincides with the plane determined by the 
point O and the locus of the cusps of the seven-point cusped cubics. The vertex 
O;(0, 0, 0, 1) is determined on the locus of the cusps as the harmonic conjugate 
of the cusp Oz with respect to the points P,, P2. The four vertices of the tetra- 
hedron of reference giving rise to the expansion (13) have therefore been char- 
acterized geometrically. In the last section we shall characterize the unit 
point of the system of coordinates. 

The seven-point cusped cubic and the nine-point quartic of the projec- 
tion C of I intersect at O and also at the point 


( bz nb? ) 
—-—, ——; 0). 
bs bs 


The coordinates of the intersection of the seven-point cusped cubic and the 
nine-point quartic of the curve of section I are 


b7 nb? bf 
(31) —-—, ——, —-—-}. 
bs 538 b8 





162 V. G. GROVE [July 


The locus of this point for all sections I of the surface through the tangent 
y=z=0 is a rational curve of order seven tangent to y=z=0 at O. 
The line through O and the point (31) has the equations 


(32) b2y = nb? x, y = nz. 

The locus of this line is the quintic cone 

(33) x(y? + Dz?)? = 2(y? + Cys + Fz?)?. 

The lines x =z=0, y=2z=0 lie on the cone. The plane x —z=0 is tangent to the 
cone along the line x =z=0. The line y=z=0 is a singular line on the cone, the 


planes y?+ Dz? =0 being tangent to the cone along this generator. 
From (18) we find readily that 
y — nx® = n[bzx7 + bgx® +--+ |, 
b 


o = nx? hes xy? = n[bgx® + dox® +.--- l, 
nN 


b7 bs 
y — nx* — — zy? — — x*y? = nbgx® +---. 
n n 
It follows therefore that the seven-point cusped cubic has eight-point contact 
with T if and only if b;=0, the eight-point cubic (24) has nine-point 
contact with T if and only if bs=0, and the nine-point quartic has ten-point 
contact with T if and only if by)=0. There are two plane sections through an 
arbitrary tangent line at a planar point of a surface such that the seven-point 
cusped cubic of the section has eight-point contact with the section. The planes of 
these sections separate the planes y=0, z=0 harmonically. The face y=0 of the 
tetrahedron of reference giving rise to the canonical expansion (13) has 
therefore been given a simple geometrical characterization. 

Let us now consider the osculants of Bompiani for the curves of intersec- 
tion of the surface S by planes through a Hessian tangent line at the planar 
point. If use be made of equations (20), we find readily that the equations 
of the seven-point cusped cubic, the eight-point cubic, and the nine-point 
nodal quartic of the section [ through a Hessian tangent are respectively 
(35) y = nx, y = 3; 

(36) ny = n*x3 + c7xy?, y = NZ; 
(37) ny = n°?x* + crxy? + Cgx*y?’, y = nz. 

The loci of these curves are respectively 
(38) z= x3, 

(39) z= x3 + x2(A’y + C’z), 
(40) 2= x8 + x2(A’y + C’z) + 27(y? + B’yz + E's”). 





1936] DIFFERENTIAL GEOMETRY OF A SURFACE 


From (20) we find that 


y—n = nlerx? + cg + -- 1, 


C7 
y — nx — — xy? = n[cgx® + cox® + -- = |, 
n 


c c 
a ee a ee 
y y xy? = ncox 
n n 


It follows that through a Hessian tangent line there is only one plane sec- 
tion having eight-point contact with its seven-point cusped cubic, two sections 
having nine-point contact with their eight-point cubics, and three sections having 
ten-point contact with their nine-point quartics. 

The curves (35) and (37) intersect at O and at the point 


( 


The locus of the line joining O to this point is a quartic cone whose equation is 
(42) (y? + B’yz + E’2?)? = x2(A’y + C’s)?. 


Other discussions similar to those made for sections of the surface through 
a non-Hessian tangent could be made, but we shall carry this discussion no 
further. 
5. LocI RELATED TO THE SURFACE S AT O 


The points, curves, and surfaces discussed in the previous sections have, 
in the main, given properties of the configuration composed of the surface $ 
and the given tangent line used in making the sections of the surface. For 
example, the cusp of the seven-point cusped cubic of the projection of the 
plane section is a point intrinsically related to the tangent line through which 
the plane sections were made. Likewise the locus of this point is a straight 
line which is related to the particular tangent line through which the sections 
were made. 

In this section we propose to derive the necessary formulas for studying 
the loci of the various points, lines, and the envelopes of the surfaces derived 
in the previous sections as the given tangent line generates the pencil of tan- 
gent lines. Thus we obtain loci covariant to the surface S at the planar point. 

To the end in view we shall make the transformation 


(43) x= &, y = mé+t+ 5, z= 2, 
on the expansion (13). We obtain an expansion of the form 


(44) 2 = B3(#, 5) + BZ, 5) +---. 
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We now, by means of transformations similar to (4), (7), (10), and (11), re- 
duce (44) to the canonical form resembling the form (13) except that the line 
9 =2=0 is the arbitrary tangent line used as one edge of the tetrahedron of 
reference giving rise to the canonical expansion. 

The forms B;(#, 7), --- have coefficients d30, da, --- given by the for- 
mula 


1 d*aj44(1, m) 


45 é, = — —— 
(45) . k! dm* 


The canonical form of the expansion (44) with y’ =z’ =0 (¥=z=0) as one 
edge of the tetrahedron of reference is of the form 
(46) 2’ = az (x’, y’) tai(x’,y)+---. 
By means of (4), (7), (10), (11), and (43) the transformation of coordinates 
between the tetrahedron of reference used in the canonical form (13) to that 
of the canonical form (46) is 
pxy = xi + pLxd + g@Mxj + 7Nxi, 
px2 = pxt + gaxs + #(& + Ba)xi, 
px3 = pmxz + g(1 + mp)xs + 7(B + m(a + Ba) |xi, 


— =../ 
px = 1X4, 


(47) 


wherein @, 8, --- are defined by formulas used in reducing (1) to the form 
(13) but with a;,, replaced by dj, defined by (45). These formulas are 

3ds08 +d = 0, 2Gg0L = duo, 

20M = ds + 4dyf, 3030 = 3Ld yo — so, 

2G30B [30m + 2doig + dio] = 3Madgo — Gs. — Spids0, 


2d430N = d60 e 


(48) 


Denote by O, Oj, Os, Of the vertices of the tetrahedron giving rise to 
the canonical expansion (46) in such a manner that O/, O/, Oj have geo- 
metrical characterizations similar to Oi, O2, O3. 

By means of (47) and (48) we find readily that the parametric equations 
of the locus of the point O/ as the line y’ =z’ =0 generates the pencil of tan- 
gent lines are 


= m? + ai3m* + aoym*, 

= 2(1 + m? + Am’), 

= 2m(1 + m? + Am’), 
0. 


(49) 
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The locus of O/ of course passes through the point O;. Moreover the tangent 
line to the curve at O; is the line x,=2,;=0. Hence the envelope of the cusp 
tangents of the seven-point cusped cubics of the projections C of all sections of a 
surface at a planar point of the third order is a rational quartic curve. It follows 
also that the plane O{ , O/ , Of is tangent at O{ to the ruled surface generated by 
the line O{ Oj as the tangent y’ =z' =0 describes the pencil of tangent lines at the 
planar point O. 

If we eliminate m homogeneously from the parametric equations of the 
locus of Oj , we may write the equations of the locus of O/ in the form 


(50) 2(x3 + xy? + Ay?) = x?y? + argxy? + aosyt, z=0. 


Hence the locus of Of has a triple point at O, the triple point tangents being the 
tangents to the curve of intersection of the surface with its tangent plane at O. 

Equation (50) furnishes a rather simple interpretation of the form 
a(x, y). The line x:=x,=0 intersects the quartic (50) in four points. The 
equations of the four lines through O and these four points are 


a(x, y) = 0, z= 0. 
The equations of the conic tangent to the line y=z=0 at O and having 
three-point contact at O; with the curve (50) are 
(51) xf — 2xx2 = 0, x4 = 0. 


The parametric equations of the locus of the point O/ as y’ =z’ =0 gen- 
erates the pencil of tangent lines are readily found to be 
xy = 3(1 + m® + Am*)(2m + 3ai3m? + 4ao4m*) 
— 4(2m + 3Am?)(m? + ai3m* + aogm*), 
= — 2(1 + m? + Am')(2m + 3Am?), 
2(1 + m? + Am*)(m? + 3), 
= 0. 
The locus of the cusp Of of the seven-point cusped cubic is therefore a rational 
quintic curve. This curve has a triple point at O, the triple point tangents being 


the tangents to the curve of intersection of the surface with its tangent plane at O. 
The tangent to the curve (52) at O, has the equations 


(53) 2x4, + 3x2 = O, %, = 0. 
We have already characterized the vertices of the tetrahedron of reference 


giving rise to the expansion (13). We may characterize the unit point in the 
following manner. First the line (53) and the edges 1. =%,=0, x2=2,=0 en- 
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able us to characterize the line x; —x2=x,;=0 by means of a cross ratio. This 
latter line intersects the conic (51) in two points Q; and Q». Either of these 
two points and the points O,, O2 may be used to characterize the line 
X2—X3=x,=0 by means of a cross ratio. The choice of either Q; or Qe corre- 
sponds to the choice of sign in the double sign of g in (12). The point 
E(1, 1, 1, 0) is therefore characterized. The line EO; intersects the cone(23) 
in the unit point. 
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THE GENERALIZED THEOREM OF STOKES* 


BY 
STEWART S. CAIRNS 


The generalized theorem of Stokes is an identity between an integral over 
an orientable r-manifold, M,, and an integral over the boundary, B,_, of M,, 
where M, is on an n-space, R,. Proofst heretofore given have taken for R, the 
space of a single coordinate system and have either assumed M, to be analytic 
or imposed conditions not known to be fulfilled save by analytic manifolds. 
The present paper contains a proof for the case where R, is an n-manifold 
of class one,f and (M,, B,1) are made up, in a manner specified below, of 
continuously differentiable manifolds on R,. 

1. Statement of the theorem. An m-manifold, R,, of class one is defined 
by means of overlapping coordinate systems, called allowable systems, with 
regular transformations§ of class one between them. An r-cell on R,, will be 
called regular, if its closure can be parametrically defined by equations of the 
form 


(1.1) yi = fil, --- , Uy) (¢=1,---,n), 


where (y)=(1, - - - , Yn) is an allowable system, the f’s have continuous first 


partial derivatives, and the matrix (0f;/du,) is of rank r. 

An r-manifold, M,, on R, will mean a point set whose closure, M, 
=M,+B,1, is compact and connected and has the following properties: 
(1) Every point of M,has an r-cell for one of its neighborhoods on 1; (2) Any 
point, P, on B,_, has for one of its neighborhoods on M, the closure of an 
r-cell with P on its boundary. We will call B,_; the boundary of M,. If M, has 
no boundary, we refer to it as closed. Any point of M, will be called regular 
if it has a regular cell (open or closed) for one of its neighborhoods on M,. The 
manifold M, will be called regular if (1) every point of M, is regular and 


* Presented to the Society, October 29, 1932; received by the editors October 2, 1935, and, in re- 
vised form, February 26, 1936. 

t For examples, see Poincaré, Sur les résidus des intégrales doubles, Acta Mathematica, vol. 9 
(1887), pp. 321-380; Goursat, Sur les invariants intégraux, Journal de Mathématiques, (6), vol. 4 
(1908), pp. 331-367; R. Weitzenbick, Invariantentheorie, 1923, Chapter XIV, §§11, 12, 14; F. D. 
Murnaghan, Vector analysis and the theory of relativity, 1922, pp. 29-33. 

t Veblen and Whitehead, A set of axioms for differential geometry, Proceedings of the National 
Academy of Sciences, vol. 17 (1931), pp. 551-561; also The Foundations of Differential Geometry, 
Cambridge Tracts in Mathematics and Mathematical Physics, No. 29, 1932, Chapter 6. 

§ Such transformations are characterized by the existence of continuous first partial derivatives 
and of a non-vanishing jacobian. 
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(2) B,_1 is a set of distinct closed (r—1)-manifolds each made up of regular 
i-manifolds (7=0, - - - ,x—1) with the same sort of incidence relations as the 
i-cells of an (r—1)-dimensional complex.* Since any O-manifold is a point, 
we have here a recurrent definition of regular i-manifolds (i=0, - - - , m). 

The formulation and proof of Stokes’ theorem will be given for a regular 
manifold, M,, on R,. The method depends on the existence of a triangulation 
(c) of M, into regular cells. This aspect of the work is treated in two paperst 
by the writer. The first paper constructs the triangulation in the n-space of 
a single coordinate system. An extension of the construction to make it ap- 
plicable on an n-manifold of class one is given in the second paper, which 
deals explicitly only with the case where M, is closed. 

Let Y;,...;,1 be an alternating tensor such that the partial derivatives 
0(Y;,...:,.,)/0yi are defined and continuous in a neighborhood of M,. Thent 
(1.2) Dani —)o ne mae 

r! Oa, 
is called the Stokes tensor of Y;,...:,,. Here, and throughout the paper, we 
apply the summation convention of tensor analysis only to Greek indices. 

Taking (1.1) as the definition of a typical r-cell of (¢) and 


(1.3) , Ss tee gi(%1, ere Yp—1) 


as the definition of a typical (r—1)-cell of (¢) on B,1, we can formulate 
Stokes’ theorem as the identity 


O(Va, a Va,) 

f aDa,.::a, co Epes du,--- du, 
, Uy-** U, 

(1.4) ” : 





O( Ve; Oi Fu) 
+ rf OV pest dv, +++ dd,_1, 
B 


O(% as Vr-1) 


rl 


where (1) the integrals are to be evaluated over the separate cells of the tri- 
angulation and the results summed, and (2) the e’s are, on each cell, +1 or 
—1 according as the orientation of the cell by the parameters (), or (2), 
agrees or disagrees with arbitrarily preassigned orientations, of M, and B,_1. 


* O. Veblen, Analysis Situs, American Mathematical Society Colloquium Publications, vol. 5, 
1931, pp. 76, 77. 

Tt On the triangulation of regular loci, Annals of Mathematics, vol. 35 (1934), pp. 579-587; 
Triangulation of the manifold of class one, Bulletin of the American Mathematical Society, vol. 41 
(1935), pp. 549-553. 

¢ For the generalized Kronecker deltas, see O. Veblen, Invariants of Quadratic Differential 
Forms, Cambridge Tracts in Mathematics and Mathematical Physics, No. 24. For the tensor char- 
acter of Dj,...¢,, see the same reference or R. Weitzenbick, Invariantentheorie, Chapter XIV, §12. 
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The + in identity (1.4) depends on the relative orientations of M, and B,_1. 
It is necessary to note, in addition, that the integrals in the above identity 
are absolute integral invariants* under transformations of parameters and un- 
der transformations between allowable coordinate systems. The factor 7 in 
identity (1.4) drops out if the summations are made, on both sides, over all 
combinations of the a’s instead of being made as the a’s run independently 
from one to n. 

Extensions of Stokes’ theorem to various loci made up of regular mani- 
folds immediately suggest themselves. 

2. Reduction to a special case. We note first that it is sufficient to estab- 
lish identity (1.4) for a typical r-cell, o,, of (¢), for if the identity in this spe- 
cial case be applied to the sum of the r-cells of (¢), the contributions from any 
(r —1)-cell common to the boundaries of a pair of r-cells add up to zero. Since 
each coordinate system (y) can be interpreted as a homeomorphism between 
its domain and a region of euclidean n-space, we lose no generality in assum- 
ing that a, is a regular r-cell in the euclidean u-space of a rectangular cartesian 
coordinate system (y). We can, furthermore, select (y), for any o,, arbitrarily 
from all the allowable systems whose domains contain ¢,. This last possibility, 
together with the restrictions involved in constructing the triangulation (¢), 
permits us, in the course of our proof, to impose further conditions on a, 
[cf. §3(A) and §4(A) below]. 

3. The generalized divergence theorem. In the case r=n, the manifold 
M, becomes a region of the space in which it is imbedded. Stokes’ theorem, 
for this case, is equivalent [see §4(B) below] to the generalized divergence 
theorem, in which a vector field [Yi(y), - -- , Y,-(y)] plays the role of the 
tensor Y;,. , and the divergence 


OV a 


3.1 div Y = 
(3.1) ae: 


replaces the Stokes tensor. If we regard the y’s as rectangular cartesian co- 
ordinates in a euclidean space (see §2 above), we can express the divergence 
theorem for the region o, in the form 


(3.2) f (div Y)dV -f YaydB, 
o B 


r ri 


where £,_; is the boundary of o, and the y’s are the direction cosines of the 


outer normal to 8,_; at any point. 
The identity (3.2) will first be established for the special case of the field 


* For a proof, see R. Weitzenbick, loc. cit., §11. 
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(0,---,0, Y,) and a region p, of the following sort. Let p,_1 be the projection 
of p, onto (V1, - - - , Yr-1)-space. Then the boundary, },-1, of p, is made up of 
three parts (b', b?, b°) as follows: b' and b? are (r—1)-dimensional surfaces 
definable by equations 


(3.3) b?: + = f(y, . ae Yr-1) Li = 1, 2; (v1, 2 ae 0) on* Bri], 


where f?>/' on p,_; and both the f’s have continuous first partial derivatives 
on f,-1; b® is made up of the closed line-segments parallel to the y,-axis which 
join the boundaries of b' and 5. Some or all of these segments may be of 
length zero. 

In the case of p,, the divergence theorem for the field (0, - - - , 0, Y,) re- 
duces to 


(3.4) f —dV = f V,y"dB 

Pr Oy, br-1 
an identity which follows, as in the prooff for three dimensions, from the 
equivalence of multiple and iterated integrals. 

(A) We now require (see §2 above) that, for each value j=1,---, 7, ¢, 
can be regarded as the sum of a finite number of distinct parts, each satisfying 
the above description of the region p,, read with y; in place of y,. 

This condition holds, for example, if (1) ¢, is a sufficiently close approxi- 
mation to the r-simplex determined by its vertices and (2) the (y)-axes are 
suitably oriented. [Compare the “normal regions” of Kellogg’s treatment. ]f 

In equation (3.4), we can now replace r by the general subscript 7 and 
(p,, 6,1) by (¢,, 8,1). Summing the resulting identities, we obtain the identity 
(3.2). 

4. The generalized theorem of Stokes. Let y"***‘* denote the direction 
cosines{ of the tangent r-plane to a, (§2) at any point. 

(A) We impose on a, the conditions (see §2) (1) that, for some orientation 
of the (y)-axes and for every set (i, - - - , z,), 


(4.1) yirvct'+ 0 on Go; 


and (2) that the projection of o, on the r-space of (y;,, - - - , ¥i,) shall satisfy 


* The symbol for a point set, modified by a bar, denotes the closure of the set. 

t O. D. Kellogg, Foundations of Potential Theory, 1929, Chapter 4. The writer’s methods are 
similar to those used by Kellogg in 3-space. 

t See the writer’s paper, The direction cosines of a p-space in euclidean n-space, American Mathe- 
matical Monthly, vol. 39 (1932), pp. 518-523. We extend the definitions there given by the conven- 
tion that the direction cosines be alternating in their indices. This paper is referred to hereafter as 
Dir. Cos. 
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the restrictions [§3(A) ] imposed on a, in the proof of the generalized diver- 
gence theorem. 

We will obtain Stokes’ theorem by applying the divergence theorem to 
each projection and summing the resulting identities. 

Let B*:*****-: be direction cosines of the tangent (r—1)-plane to the ori- 
ented boundary, 8,1, of ¢, at any point. Then, for the euclidean case men- 
tioned in §2, Stokes’ theorem is equivalent (see Dir. Cos.) to the identity 


(4.2) f Da,..-0,¥%** “de = + rf V a,-+-a,_-,8% "dB. 
C, By-1 
(B) The identity (4.2), read for r=n, suggests the following form for the di- 
vergence theorem, where we are using the vector field of §3, and where the B’s 
are direction cosines of the tangent (r —1)-plane to B,-1: 


4 oY ; r 
(4.3) f ( > (- 1) av = +f ( j yapienerinn) a. 
o, \ i=l i Png \ tnt 


r 


To make the work of §3 apply to identity (4.3), we need only show that 
(4.4) yi = + (— 1)iBtrri ities (i=1,---,7), 


where the + depends on the orientation of 8,_;. Since the numerical equality 
of y‘ and 8'---#1-i+!---r follows easily from geometric considerations (see 
Dir. Cos.), we have only to show that the signs in (4.4) are correct. Using 
any point P on £,_; as origin, let (wm, - - - , #,) be a coordinate system where 
(1) the m-axis is the outer normal to 8,-; and (2) the (22, - - - , u,)-axes are 
on the tangent (r—1)-plane, L,_1, to 8,-: and orient L,_, positively. Then the 
agreement or disagreement in orientation between the (u)-system and the 
(y)-system depends on the orientation of 8,1. Let 


(4.5) Vi = Giatka 


be the transformation between the y’s and the w’s. If Aj denote the minor of 
ai: in the determinant | a;;|, then, since the «-axis is perpendicular to all the 
other u-axes, a value & exists such that 


(4.6) aia = (— 1)tkAa, 


where the sign of k depends on the orientation of 8,1. Since the direction 
cosines (y‘, 8'---*-1.i+1---r) have the signs of (ai, Aa) respectively (see Dir. 
Cos.), the signs in equations (4.4) are correct and our demonstration is com- 
plete. 

Now let (ji, ---, jr) be a fixed set of r distinct numbers from the set 
(1,---, ), and let (mm, ---, mn_,) be the complement of (j:, - - - , j,) with 
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respect to (1, - - - ,#), where the m’s are arranged in order of increasing mag- 
nitude. Let 


(4.7) Ymy = Smy(Viry** * > Viz) (p = ne »&— #) 
be defining equations of o,, where (y;,, -- - , ¥;,) is on the projection, a,’ , of 
o, on the y****#-plane. Applying identity (4.3) in (y;,, - - - , y;,)-space to the 
vector field* 

ZilViv ae , Vi,) = fe ae eee allele Vins SaudPin 7 rr Vi-ds 


(4.8) 
: » Sma Vins oe ae Fh ] 


we find 


(4.9) > (— ye hie = + D> Z;,Biv erie irdg’, 
oy k=l ayn By —, kel 
where @,_, is the boundary of ¢/ and hence the projection of 8,1, and where 
the ’s are direction cosines of the tangent (r —1)-plane to 8/_1, the orientation 
being determined by that of 6,,. This identity is now to be interpreted in 
terms of the Y’s, y’s, 6’s and integrals over o, and 6,-1. 
By equation (4.8) 


G1 Sha Set 5 > (= “inmates ore) 
OV i, Ovi, p=1 Vm, - 


=i, » 1). 








Hence 


MB OF b+ te aleoe*-*& 6] Mp 
(4.11) x ye = Die +E (4 (2) 


ihe k=1 p=1 OVm, OY}, 





From equations pe we obtain the following matrix, with rows permuted, 
for the positively oriented tangent r-plane to a, 





rows (m,--* , Mn_+r) 











* The arguments are permuted, for convenience, on the right side of equation (4.8). 
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Hence (see Dir. Cos.), if d;’...;, denote the determinant of rows (i, - - - 
in this matrix and A=(din<. .. <i; .-.s,)"?, then 


ee ( dn) 1 
lal = sen » iid —_— 
. A 


Of m 1 m 
yi ieampiet tir = (sgn yi ° ir) (=) (~) (2) yivccir, 
OV), A OV;, 


Therefore, substituting in equations (4.11), 


(4.12) 


r OZ ; 
> (— 1)! — = Dj,...;, 


k=1 OV ix 


r on—r fe a ne my te damped 
+ (- v*( ‘)( 
sy = 


k=1 p=1 my yi ° ae 


(4.13) 





By the definitions of direction cosines, 


do’ = + vy" irdo, 
(4.14) { 


Bars iiriety ++ indB! = Biv in-vintr + ird QB, 


Substituting from equations (4.13) and (4.14) into (4.9), we obtain 


f Divnienor ida 
oF 





_— a ere 
+ > dX<(- +( i teste 2) ie iamnine ted 


Cc, k=l p=1 Ym, 


‘ 
= DoF ine--fnmainaa--- 4, Bi" lesion ied, 


Br-1 k=1 


therefore the same for all sets (j:, - - - , 7). When we sum all the ,P, such 
identities as (4.15), the integrand of the second integral on the left becomes 


~ OF bse ceed 
(4.16) > y = (— D+( nh — 2) iene : 


iytttip k=1 p= Vmy 


where the + is determined by the relative orientations of o, and 6,_; and is 





Now let (s:, - - - , s,) be a fixed subset of (1, - - - , 2). In the summation (4.16), 
the superscripts of y become (s1, - - - , 5,) whenever 

" ji = S$; (i # k), 
(4.17) ar je ¢ (1, aa li » Se 


(c) My = Sk. 
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For each value of k, there are (w—r) sets (j:, -- - , j,) satisfying (4.17a) and 
(4.17b). Corresponding to each such set of j’s and value of k, there is just one 
value of p satisfying (4.17c). Hence the triple summation (4.16) reduces to 


, _ Ree a 
o-a SZ | Xi 14 aa 
én ** tip: Ue teal 





sp 


(4.18) 
= (n — r)Da,.--0,¥""'™; 


and the left side of identity (4.15) becomes 


(4.19) (n—r+ nf Da... .a "he. 


The term Y,,...,_,8%°"''r“, where the #’s are a fixed subset of (1,--- , 2), 
appears in the identity (4.15) if and only if (4, --- , ¢.) can be obtained 
from (j:,--- ,j-) by deleting one of the j’s. There are r possible positions 
in the set (j:, - - - ,j-), for the 7 which is to be deleted, and (n—r+1) possible 
values. Hence Y,,...:,_,8%°'''t+ appears in (n—r+1)r identities such as 
(4.15). When we sum all the identities such as (4.15), we therefore find 


(n—rt+ nf Da,---a,¥% "do 
= + (n —rt+ nr f Y «,---e,. °° dB 
8 


rg 


(4.20) 


which is equivalent to identity (4.2). As remarked in §2, the establishment of 
this identity completes our proof of the generalized theorem of Stokes. 


LenicH UNIVERSITY, 
BETHLEHEM, Pa. 











SUMMATION OF MULTIPLE FOURIER SERIES 
BY SPHERICAL MEANS* 


BY 
SALOMON BOCHNER 


Part I. AN OUTLINE OF THE RESULTS 
Let x=(m, - -- , #,) be a point in the k-dimensional Euclidean space and 


f(x) =f(a, +--+ , *,) a function of the Lebesgue class L having the period 27 
in each variable; let 


(1) f(x) ~~ bi Bigot tee) 


be its Fourier series, 


1 T rT 
(2) Bes---ng * — f cee f xje—imart-- taker dy, 
"Oped, SI ) 


We shall consider criteria for (convergence and) summability not of the rec- 
tangular partial sums 


Ni 


Nk 
(3) D2 YS aayeeengeimtrtetmeze) 


~My —Nx 
but of the spherical partial sums 
(4) Sr(x) = > Banga > vag ett nee? - vPro=ne+---+ne. 


ySR 


This means that we shall consider the series (1) as the simple series 


(5) > a Any. --npeiomartsstmkze) 

j=0 v=R- 
where R? is the sequence of all integers that can be represented as a sum of k 
squares of integers. (For k=4 the sequence consists of all non-negative in- 
tegers.) In summing series (5) we shall restrict ourselves to Toeplitz matrices 
{a@yq} in which a,,=¢(p/q). Thus we shall consider, and take the limit of, 
as Ro, the “partial sums” 


(6) Su(x) sie ro(-) Caps rr tee 


* Presented to the Society, April 20, 1935; received by the editors October 11, 1935. 
A brief summary of the results was published in the Proceedings of the National Academy of 
Sciences, vol. 21 (1935), pp. 353-355. 
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(the sum to be extended over all combinations of integers m, - - - , 2%), where 
¢(t) is a fixed function in 0<t<~ for which ¢(0) =1. We note that we shall 
allow the index R to range over all values 0< R< © and not only over the 
sequence {R;}. 

Interesting cases arise when ¢(é) is one of the following functions: 
(7) a Poisson-Abel summation, 
(8) al Gauss-Sommerfeld summation, 
(1—#)° forO<?t<1, 


0 for1 Sf, 


(9) K,(t) = { 


the latter being the important case of Riesz summation of order 6.* 
The spherical partial sums (6) have a great advantage over the rectangu- 
lar partial sums (3). This will be evident from the formula 


(10) Sr(x) = R f "fe(t)Ho(tR)d! 


which we are going to explain presently (its validity will be discussed later 
on). We shall use throughout the abbreviations 


, k—2 
(11) l= ) 
(12) 


(13) 


and by J,(u) we shall denote the Bessel function of order /. The kernel H4(c) 
depends only on ¢(¢) and not on f(x): 


1 ss u 
(14) H,(c) = — f o (“) ul] (u)du 
Cc 0 Cc 


(15) = ont f o(u)u'*!T (uc)du. 
0 


Thus 
2417 (1 oa 3) ctl 


qil2 (1 + c?) +8/2 





(16) H4(c) = if o(t) = e*, 


2i+1 
¢c 2 


(17) H.(c) = eres if o(t) = e-*’, 


Qit+1 


* It is more convenient to consider the Riesz factor (1—#)* than (1—#)°; see formula (18). 
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(18) Ho(c) = Ha(c) = 276+ ye. if p(t) = K,(t),* 


ci! 


and, in particular, 


Ji- 

(19) H,(c) = 2°0(a + 1) — << if (1) = Ke(t). 
Cc 
The factor f,(#) in the integral (10) is determined by the given function 
f(x) =f(%1, - - - , x,). Unlike f(x) it is a function of one variable only; its argu- 
ment ¢ ranges over the interval 0 <<. Its value is, apart from a factor de- 
pending only on k, the (k—1)-dimensional spherical mean of the function 
f(x) over a sphere whose radius is ¢ and whose center is at the point x. If ¢ 
denotes the unit sphere £? + - - - +£2 =1 and do; its (k —1)-dimensional vol- 
ume element, then 
1 

(20) J) = aa J Hot ty e+ Heder 


For k =1 the integral over the unit sphere is to be replaced by f(x+2) +f(x—2). 
We shall require the explicit value of f,(#) only for 


(21) f(x) = ei(mzrt-++nkzk) | 
In this case we have 
(22) f(t) = folt)f(x). 
Moreover 

J i(vt) 
(23) aie > 


In fact, it is easily seen that 


oo-t ui O(c3 k-2 
Solt) = (nyt eit 08 8(sin @)*-2d8, 
T 0 


where w, is the (k —1)-dimensional volume of the unit sphere £7 + - - - +&2 
=1. Now apply formula (6) in Watson, loc. cit., p. 48. 

As soon as formula (10) holds, what decides the convergence of the partial 
sums (6) at a given point x are only the spherical averages of the functions 
f(x) around the one point x and nothing else. It must be pointed out that 
formula (10), as it stands, involves the function f,(é) in its entire infinite in- 


* See G. N. Watson, Bessel Functions, p. 386, formula (6); p. 394, formula (4); p. 373, formula (1). 
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terval 0<¢<~ and not only in some such finite ¢-interval that might cover 
a fundamental domain of periodicity of f(x). However, if ¢(¢) has a sufficient 
number of derivatives which are sufficiently small at infinity or, in case - 
o(t) = K;(t), if 6>a, then the limit behaviour of Sp*(x), that is, its convergence 
or non-convergence as R-+*, depends only on the values of f,(#) in any in- 
terval 0<¢<é), no matter how small; in particular the partial sum S,*(x) 
converges to 0 if the function f(x) vanishes in some neighborhood of the point 
x (Theorem VI). 

This localization property is the more remarkable since it is highly char- 
acteristic of our spherical method of summation. In the case of “rectangular” 
or even “square” partial sums, that is, in case we consider 


(24) on(x) ‘és = o(! at) eee (- De 


a R 


it fails to hold for such a smooth summation function as ¢(¢) =e~‘ is (Theorem 
VIII). 

As far as our Theorems I and V are concerned, a function f(x) has a “limit” 
at a point x as soon as f,(/) is continuous for /=0. In the case of rectangular 
summation the corresponding condition requires continuity in “octants,” that 
is, the existence of the 2* limits f(a, +0, - - - , x,+0). This condition is rather 
more restrictive. The nearest approach to our limit “in spherical average” 
is the one occurring in C. N. Moore’s criterion for summation of “restricted” 
rectangular partial sums. The condition also requires continuity in “octants,” 
but the octants may be bounded by very general curves instead of by 
straight lines.* 

In order to safeguard the localization property under Riesz summation 
it is not only sufficient but also necessary to require that 6 >a. That the local- 
ization property no longer holds for 6<a@ suggests itself readily and can be 
proved rather easily. The situation is less obvious in the case of the critical 
exponent 6=a itself. For k=1, in which case a =0, it is a fundamental result 
of Riemann that the localization property holds for 6=a. But, as we shall 
see, the contrary is true for every k22. If k=2 then there exists a func- 
tion f(x) of Lebesgue class L vanishing in the neighborhood of the point 
0=(0,---,0) for which the partial sums S,*(0) are not bounded as R> 
(Theorem VII). 

However, the localization preperty does hold also for the critical ex- 


* C. N. Moore, On the summability of the double Fourier series of discontinuous functions, Mathe- 
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ponent 6=a if instead of Fourier series we consider Fourier integrals. Let 
f(x) be a (non-periodic) function belonging to class ZL over the whole space. 
Replacing (1), (2), (6) by 


(25) f(x) ~f. o- f a(my,- ++ , myetmart-tnkre dn, - ++ dny 


1 co) 
(26) a(n, Sy Ny) = aa a i f(a)emtmart s+ tnkzb dy, a dx; 


sos v 
(27) Sp(x) ~ ff. -- f 6(=) aim, sey mpetmatestneckhdy, .- + dn, 


the relations (10)—(20) remain valid without any change whatsoever. Many 
results are analogous for the two groups of expansions, and in fact the Fourier 
integrals are easier than the Fourier series. A study of spherical summation 
in case of Fourier integrals was made by the author some time ago,* and in 
the present paper we shall give a more detailed account. 

The spherical average f,(¢) and the critical exponent (12) for Riesz sum- 
mation of multiple Fourier series are not new. They have been known with 
reference to expansions in ultra-spherical functions. 

The elementary exponentials 


(28) u(x) = et(mart->-tnkze) 
(all m1, - - - , m, integers) are a complete set of regular solutions of the charac- 
teristic value problem 
(29) Au(x) = — Au(x), 
if this equation is being considered on the (closed) torus 
OS x, <24,---,0S x < 2x, 


and Au(x) is the Laplace operator with respect to the Euclidean metric on 
the torus, namely, 

O7u 07u 

Ox? Ox? 


Since \=n?+ --- +n, our way of writing series (1) in the form (5) 
satisfies the very natural principle of ordering the terms in series (1) accord- 
ing to the magnitude of the characteristic values \. Now the characteristic 


* See S. Bochner, Ein Konvergenzsatz fiir mehrvariablige Fouriersche Integrale, Mathematische 
Zeitschrift, vol. 34 (1931), pp. 440-447; analogous ideas are found also in earlier work of A. C. Berry, 
The Fourier transform theorem, Journal of Mathematics and Physics, Massachusetts Institute of 
Technology, vol. 8 (1929), pp. 106-118, and N. Wiener, Laplacians and continuous linear functionals, 
Acta Szeged, vol. 3 (1927), pp. 7-16. 
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value problem (29) may be treated on any closed k-dimensional space with a 
regular Riemann metric, if Aw(x) is understood to be the corresponding La- 
place-Beltrami operator. Hilbert has shown (explicitly for k =2)* that in all 
such cases the solutions of (29) form a complete set of functions on the space. 
In case the given space has constant curvature the solutions of (29) are es- 
sentially the ultra-spherical functions. Expansions in ultra-spherical functions 
have been studied by many authors; in the theory of Riesz summation, the 
exponent (12) again plays a decisive role. But the situation is slightly differ- 
ent. For expansions in ultra-spherical functions the localization property 
holds strictly only if 6=2a, whereas if 2a>6>a the antipode of the given 
point x has also some influence. 

The similarity of results relating to Fourier integrals and Fourier series 
suggests the investigation of larger classes of expansions. It would not be very 
profitable to include generalized Fourier integrals, but it will be rather il- 
luminating to consider Fourier series not only of periodic functions but of the 
larger class of almost periodic functions. On this larger basis it will be easier 
to understand why the Riesz summation of order (12) no longer obeys the 
localization property in case k=>2, and why all the trouble with the “cross- 
neighborhood” of the given point x which figures so prominently in the theory 
of summation by rectangular means is entirely eliminated in the case of 
spherical summation. 

The almost periodic functions we shall deal with will be the functions be- 
longing to a Stepanoff class S,, p=1.{ For our purposes we may character- 
terize these functions as follows. The function f(x) belongs to S, if it belongs 
to the Lebesgue class L, on every finite interval, and if there exists a sequence 
of exponential polynomials f"(x), that is, of functions each of which is a finite 
sum of the form 

> aula 
(the numbers m, - - - , 2, being arbitrary real numbers), such that, for every 
k-dimensional unit-sphere EZ of radius 1, and uniformly in a// such spheres, 


(30) lim f vee f | f(x) — fr(x) |?day--- dx, = 0. 


no 


* D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, 1912, Chapter 
XVIII. Grouping of terms by spherical shells suggests itself naturally in multiple Fourier series and 
other expansions arising in mathematical physics, for instance, in the discussion of vibrations of 
rectangular membranes. See Rayleigh, Theory of Sound, vol. I, 1894, Chapter IX. 

Tt See E. Kogbetliantz, Sommation des séries et intégrales divergentes par les moyennes arithmétiques 
et typiques, Mémorial des Sciences Mathématiques, Fasc. 51, 1931, pp. 70-73. 

t See A. S. Besicovitch, Almost Periodic Functions, Cambridge, 1932. 
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An almost periodic function determines, and is determined by a Fourier series 
of the form (1), the numbers m, - - - , m, being arbitrary real numbers. 

We shall see that the formulas and results concerning spherical summation 
extend very naturally to almost periodic functions in general. This explains 
the absence of conditions involving “cross-neighborhoods.” Such conditions 
imply discriminations between the various directions in the underlying space. 
But no such discriminations are likely to play a role with almost periodic 
functions, since the class of these functions is invariant with respect to affine 
transformations of the x-space. 

Part II. FOURIER INTEGRALS 


In the present section f(x) is a measurable function for which 


(31) Jo fil1@)| a+ dn <2 


and Sz*(x) is defined by (25)—(27). 
The function f,(¢), which was defined by (20), is measurable, and 


(32) flr | e-1dt < 0, 
Lema 1. The formula 
(10) Sp(x) = R f ” fe(t)Ho(tR)dt 
0 
holds if 
33 t)| t*ldt < @. 
(33) J | (2) | 2 


In the proof we may assume x= (0, - - - , 0). Substituting (26) in the re- 
lation (27) and changing the order of integrations (which is justified by (33)) 
we obtain 


(34) S;(0) = f tee f seoroan, -++ dxx, 


where 


1 - v 
F(x) = f eee f (~) en it(mart ++ +nkzk)d oo + Oxr. 
(x) (2x) Us R x1 Xk 


By an established formula* 


* S. Bochner, Vorlesungen tiber Fouriersche Integrale, 1932, p. 186, Satz 56. 
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- u 
(29) */?F (x1, +++ , Xx) rf (=) ult! (ut)du 
0 R 
Rt-**1H,(tR), 


where /??=x?+ --- +22. Substituting this in (34) and making the change of 
coordinates x, =/&, --- , x,=l&, we finally obtain 


(35) SiO) = Rf fl URVat. 


Lema 2. Let $(t) be either the Riesz kernel K;(t) with 6>a, or a (complex) 
function in0<t<@ having the following properties: 


(i) The inequality 
(36) f | p(t) | t*-1dt < (k — 1 = 21+ 1) 
0 


holds. 
(ii) If g is the integer defined by 


(37) §>i-g2 - i, 
then o(t) has (g+2) derivatives in 0St<«, each bounded in some neighborhood 
of t=0, such that* 


(38) lim | $(u)u| < 2, f | oY (u)u| du < © 
u— 2 0 


for 
9=@1,--+,¢4¢2 OSA 52+. 
Under these circumstances, H,(c) has the following properties: 


(39) | H4(c)| < 
(40) | H(c)| 


(41) Rf mcryat ¢(0)2‘T(l + 1), 


where A,, As, x are positive constants independent of c. 

For ¢(t)=K,(t) we have (18); (39) and (40) follow immediately, since 
J,(c) =O(c’) as c—0, and =O(c~'/?) as c>. As to (41), see Watson, loc. cit., 
p. 391, formula (1). 


* The conditions (38) are redundant for some values of y and X. 
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Now let ¢(é) satisfy hypothesis (i). Since | J,(uc)| <A (uc)', we have 


f (uF (ucd| < act f | p(1) | u?'+ldu, 
0 0 


and this proves (39). As to (40), what we have to prove is 
(42) f (=) ul] (udu = O(c-*), coo, 
0 Cc 


We shall prove more, namely, 


Lemma 3. If lis any real number = —}, and if a function $(t) satisfies hy- 
pothesis (ii) of Lemma 2, then (42) holds. 


We shall first treat the case }>/=>—4, that is, g=0. We observe that 
u'+1J ,(u) is the derivative of u'+'J,,,(u) and that the function 


P(u) -f u'T), (udu 
0 


has the properties 
P(u) = O(u?'+8) = O(u'*!/?) u— 0, 
P(u) = O(u'+/2) u—> oO, 


Making use of the various relations constituting (38) we can readily justify 
the following integrations by parts: 


Cy u 1 - u 
f 6(“) uw (udu = — —f “(“) ul 1. 1(u)du 
0 Cc c 0 c 


1 u 

-= 6"(“) P(u)du. 

c 0 Cc 
Majorizing P(u) by u'+'/? in the whole interval (0, ©), we obtain (42) with 
xk=}3-—1. This disposes of the case g=0. The case of an arbitrary integer g>0 


can now be dealt with by a process of induction, the induction working from 
the pair of values (g, /) to the pair of values (g+1, /+1). In fact, 


* u ” u J ini(u 
f o(“) ut? 1, (udu = f o() u2't+2 Ji41(u) du 
0 Cc 0 c u! 
~d u J(u) ~ (u 
~ f -— (+ (“) y2t+2 ) —__ dy = f v (=) u'' (udu, 
o du c u! 0 c 


¥(u) = (21 + 2)p(u) + ug’ (u); 
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and the condition (38) is so arranged that if $() satisfies it for (go+1, Jo+1), 
¥(u) satisfies it for (go, Jo). This completes the proof of Lemma 3, and there- 
fore, the proof of (40). 

Relation (41) will follow from the Fourier-Hankel inversion formula* 
which if applied to the function ¢(u)u'+!/? reads 


(43) fo ae Poems niuoan = 600, 
or 

* Ji(cx) 
(44) Jo erased = 600). 


Since J,(cx) -(cx)-' is boundedly convergent if x0, and H,(c) is absolutely 
integrable in (0, ©) on account of (39) and (40), we may deduce from (44) 
the relation 


(45) f A004 = $(0)-2T( + 1), 


which is the same as (41). 
THEOREM I. Let $(t) be a function as in Lemma 2 for which (0) =1. If for 
a given function f(x) and a fixed point x there exists the limit 
lim f(t) = s, 


t-0 
or, more generally, if 


t 
(46) lim rf t*1| f.(t) — s| dt = 0, 
‘0 0 


then 


(47) lim Sg(x) = 2T(l + 1)-s. 
R--@ 


From (10) and (41) follows 
(48) Six) -2T(1+1)-s=R f g(t)H4(tR)dt, 
0 
where 


(49) g(t) = f(t) — s. 


* See Watson, loc. cit., p. 456, §144. 
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In (48) we split the interval of integration in (0, R-) and (R-, ©). Using 
(39) for #R <1 and (40) for ¢R>1, we see that (48) may be majorized by the 
sum of f 


(50) R*F(R-) 


and 
(51) R- f t--*dF (t), 
Rr? 
where 
t 
F(t) = f | g(t) | *-1d¢. 
0 


By (46) and (32), 
F(t) = o(t*), ast- 0, 


(52) 
O(t*), ast 0; 
from this it follows easily that (50) and (51) both converge to 0 ax Roo. 
Theorem I covers the Riesz kernel ¢(¢) =K,(¢) only for 5>a. Now let 
5=a—6,0<8 <1. Since, up to a multiplicative constant, H,(¢) has the value 


(53) ce Js, 41(c), 


we again have the relations (39) and (41), the integral in the latter relation 
being conditionally convergent at ©; whereas instead of (40) we shall use, 
for tR=1, the relation 

cos (tR — (k + B)x/2) 


(54) Hy(tR) = ApsR™ 5 + O((R)P*) 





in which A;s is independent of ¢ and R. By Lemma 1 in connection with (41) 
we again have relation (48) and we again put 


2 R1 ro) 
Rf g(t)H,(tR)dt = Rf + Rf. = J,(R) + J2(R). 


On account of (39) the mere condition (46) is again sufficient to secure the 
relation limr..Ji(R)=0. But the previous estimation of J2(R) no longer 
holds true. If we substitute the value (54) for H;(¢R) in J2(R) then the pre- 
vious estimation applies only to the contribution arising from the error term. 
Thus we obtain the following 
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THEOREM II. Let 6=a—8, 0X6 <1. If f.(t) satisfies condition (46), then 
the limit relation 


(55) lim Sa(x) = 2'T(1 + 1)-s 


R-@ 


holds if, and only if, 





cos (tR — (k + B)x/2) 
8 dt = 


(56) lim re (f2(t) — s) 0. 
R-® R-1 


For any e>0 and 0 <8 <1, 
x Ss R a k 2 * Ss _ k 2 
(57) xe f cos (t (k + B)x/ - -f cos (u — (k + B)z/ a 


{8 


—0 








e R ui-8 


asR— &, 
On the other hand, for 8>0, the assumption (32) does not imply 


= cos (tR — (k 2 
(58) rs f td ee 0 as R-> 0. 





In fact, for 8>0, (58) need not hold even for a function f(x) that vanishes 
outside a finite intervat. However, for 6=0, it is immediately seen that (32) 
implies (58) for k>1. Combining this with the familiar result in case k=1, 
we obtain the following 


TueoreEM III. Jf f,(t) satisfies condition (46) then the limit relation 


(59) lim Se(x) = 2T(1 + 1)-s 
? Roo 


holds if, and only if, for some (or every) e>0, 
cos (tR — kr/2 
ah. 7/2) 4 = 0 





(60) im [ (0-5) 
R-1 


Roo 


Thus for the validity of (59) it is sufficient that g(t) =f,(t) —s satisfies the condi- 
tions of Lebesgue 





f ne , 


t—0 asn-0d. 


(61) fo le | erat = o(94), 
0 


For 62a, the relation (55) depends only on the behaviour of f(x) in a neigh- 
borhood of the given point x; this is no longer the case for <a. 


For 6 <a, criteria for the validity of (55) will of necessity involve the be- 
haviour of f,(/) in its entire interval 0<t<. For 0<8<1, if (46) holds, it 
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is sufficient to find conditions for the validity of (56). By classical methods 
it is easy to find that, using (46), (56) will hold if 


= t) — g(t t+ R 
re f | 8 8( ~ --_ as R> &, 
R-1 allies 





This in its turn, will be satisfied if, for instance, g(t) is the Lebesgue integral 
of a function g’(#) in every finite interval 0 <¢<éo such that 

2 , t 

F Slves 

1 ile 
g(t) thus being absolutely continuous in 0 <¢<éo, this condition implies the 
existence of the limit g(+0), which is much more special than (46). Altogether 
we obtain the following criterion. For 0<6<1, (55) will hold, and s will be 
f:(+0), if f.(t) is absolutely continuous in every finite interval 0 St Sto, and 


f- FEA) dt < ~, 


ti-8 


For 6<a—1, it is easy to find criteria for the validity of (55) involving 
the existence of derivatives of higher than the first order for the function f,(2). 
But there would not be much to be gained from a detailed analysis. The in- 
teresting case 6=0 has been treated elsewhere.* 


Part III. FouRIER SERIES 


Lemma 4. Corresponding to any dimension number k, any p21, and any 
e>0O, there exists a number A=A(k, p, €) with the following property: if 
f(x) =f(a1, +--+, xx) belongs to class Ly over every finite interval, and if there 
exists a number B such that 


(62) f | f(x) |’day--- dx, < B 
E 
for every k-dimensional sphere E of radius 1, then, for every point x, 


(63) fo f(t) |"dt S AB, t2e, 


t 


(64) f ' f(t) |’t*—1dt < AB. 
0 


Moreover 


lim fils Pe dt = 0. 
e—0 0 


* See S. Bochner, loc. cit. (footnote on p. 179). 
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The proof follows easily from the relation 


b 
zt ¥ i s Wk t "d 1 ae d C ? 
J | f(t) |" ae J ls! x Xe 


where w; is a number depending only on k, and S is the spherical shell with 
the radii a and 3, and its center at the point x. 


Lemna 5. Let f(x); f'(x), f?(x), - - - be a sequence of functions each belonging 
to class L, over every finite domain, and let 


(65) lim | | f(x) — f"(«)|"dx-- + dx, = 
E 


no 


uniformly in all unit spheres E. 
Then, uniformly in €<t< © and all x, 


(66) lim f- | ys.) — 2a =0, 


and, for every €>0, uniformly in x= (a1, -- + , Xx), 


(67) lim ‘ felt) — f(t) |’t* dt = 0. 


n—- 2 


Lemma 5 is an immediate consequence of Lemma 4. 


THEOREM IV. Let $(t) be absolutely continuous over every finite range, and let 


(68) f | p(d) | e1/2dt < @, 
0 


Then the formula 
(10) Sr(x) = R f ° fe(t)H g(tR)dt 


holds for every (finite) exponential polynemial 
ye Cn, a ong tert +++nkrk) 
the numbers m,--- , n, being arbitrary real numbers. 


It is sufficient to consider an exponential monomial (21). Formula (10) 
follows from a combination of (22), (23) with (43)—(45). 


TueoreM V. If $(t) is a function as in Lemma 2, then (10) holds for every 
almost periodic function of a Stepanoff class. 


Let 
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(1) f(x) ~ DY any. .-nyeimarts ss tmeze) 
be a function of class S,, and let 
(69) f(x) = _ a, et tem (n = 1,2,---) 


be a sequence of exponential polynomials approximating f(x) in the sense of 
Lemma 5, with p=1. This approximation implies 


= . (n) 
(70) ee eee 


n—- 2 


If 


(71) Sika; f’) = Do(=) a. gye mete mED 
then, by Theorem IV, 


(72) Sk(x; f") = R | “£°Q)Ho(tR)at.. 


Let now m—~ in (72), R being fixed. We split the integral on the right into 
f 4 and f. % . In the first part we may majorize H,(tR) by ¢*-!, in the second 
part by ¢-!~« (see (39), (40)). Applying (67) to the first part and (66) to the 
second part, we find that the right side of (72) converges towards 


(73) R f " fo(t)Hg(tR)dt 
0 


uniformly in «. Each function S°(x; f") is almost periodic. We have just seen 
that these functions converge uniformly in x. The limit function is again al- 
most periodic and its Fourier series is the formal limit of the right side of (71). 
On account of (70) the resulting function has the Fourier series 


Vv 
(74) £6(7) oaenetinant tm, 


It is therefore well justified to denote the function itself by Sg°(x), and the 
proof of our theorem is completed. We observe that Sp°(x) is not only a 
Stepanoff function but a uniformly continuous almost periodic function in 
the original sense of H. Bohr. 


THEOREM VI. Theorem I holds also for almost periodic functions of the 
Stepanoff class. 


The proof of Theorem I goes through with the slight change that (52) fol- 
lows now from (63) instead of from (32). 
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But if we apply the Riesz kernel $(¢) = K.(¢) with the critical exponent 
(12), the series behave differently from the integrals. For k =1, in which case 
a=0, it is true that the relation (59) depends only on the behaviour of f(x) 
in a neighborhood of «x, at least for all pure periodic functions; this is the con- 
tent of the well known localization theorem of Riemann. But for every k2=2 
this is no longer true, even for pure periodic functions, as will appear from 
the subsequent Theorem VII. Throughout the remainder of this section we 
shall assume k= 2. 

We shall denote a general lattice point (m,---, m:) by M. We denote 
these points in some fixed order by Mi, M2, M3, - - - . Furthermore we intro- 
duce, corresponding to every point 1/,, the function 


(75) Ap(h) = [Cm — hy)? +--+ + (me — hy)? )!? 


of the real variables /,, - - - , hy. 


Lemna 6. For any finite sequence of constants c1, - - - , C4 which do not vanish 
simultaneously, the points h=(Iy, - - - , hx) for which 


(76) > cprAp(h) = 0 
p=1 


are nowhere dense in the Euclidean h-s pace. 

The function \,(4) is analytic at every point /, with the only exception 
of the point h=M, for which this is not the case. One of the numbers c, is 
~0. Therefore the function on the left side of (76) is certainly singular in at 
least one point and, consequently, not identically zero. But the zeros of such 
an analytic function form a (closed) nowhere dense set. 

Lemma 7. There exists an everywhere dense set of points h for which the se- 
quence of numbers 


(77) Ai(A), A2(h), ++: 
is linearly independent with reference to integer (or rational) coefficients. 


The desired set is complementary to the set of zeros of all functions ° 


qd . . 
Du, -1-Prv(H) whose coefficients ¢:, - - - , ¢, are integers. But the complemen- 


tary set to an enumerable number of nowhere dense sets is everywhere dense. 


Lemna 8. If his not a latlice point and B>0, then the sum 


a) E27 ipry(h) 


(78) Cale) = » WOT 


converges in —© <p<. For every d the expression 
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1 fe 
(79) ~{ Ca(p)e—?* dp 
Rv, 


tends to a limit as R> , uniformly in 0<B SB (where Bo is any positive num- 
ber). This limit has the value 


0 if X¥ #di(h), Aol(h), --- , 
(80) { J i( 2( i) 
dp»(a)-*-8 if X =X, (h). 

It is immediately seen that jhe \,(h)~-*-8 is convergent for B>0, that 

Ap(h)-** 
rpcn#r Ap(it) — A 


converges uniformly in 0<$ <b», and that 





a ae 2 
a E27 ipAplh)—r\)q < if X ¥ A(h ,Alh), ee , 
R J l= Rla,(h) —A| ot), dal) 


1 fe _ 1 . 
= e2tPOPMNMdy = 1 — = if \ = \,(h). 
1 


The assertions of our lemma easily follow if we substitute (78) in (79) and 
interchange the order of summation and integration. 


Lemna 9. If his not a lattice point the function 


yp a ' 
(81) p(h) = Zz 1 — —) em 2rilmrt---tnehe) | vr=nrt+---+ 2, 


vsR R? 


has the following property. For each the limit 


| R 
lim —{ ®,(h)e~?* dp 
0 


Roo 


exists and equals 





= +4,(A), 


‘sha + 1) et tkr/2 
(82) < Qi/2pk/2 dp(h)* 
0 + Ai(h), + rol(h),---. 


For 6>0 the function 


B B p2\ +8 
(83) Pp(h) = R pH (1 sie nae en 2ri(nyyt- + -+nkhe) 


ySR R? 


has the value 
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(84) T(a + 1+ B) Rey J e4p—12(2rR(Ap(h)) 


ots er p(k) 8-1/2 





provided h is not a lattice point.* For R21 this is, uniformly in 0<8 <p, 


a+1 
(85) Te+1+8) [e-***/2Cg(R) + eft /2C4(— R)] + O(R-). 


Qil2k/2+8 


Since (81) is the limit of (83) as 8-0, Lemma 9 is a consequence of Lemma 8. 
Lemma 10. If the point his such that the sequence (77) is linearly independent 
with reference to integer coefficients, then 


(86) lim sup | @p(h) | =-+o, 
R--o 


The proof follows, on the basis of Lemma 9, from the following lemma by 
reductio ad absurdum. 


Lemma 11.7 Let f(x) be a real bounded measurable function in0<x< © for 
which 
1 


T 
= lim — —iAz 
(87) a(A) lim ah f(x)e~47dx 


exists for every A. Then a (A) is different from zero for an al most enumerable set 
of numbers A which we shall denote by Ay, Ac, - - - . If the non-negative numbers 


(88) | Ail, | Ae], <-> 
are linearly independent with reference to integer coefficients, then 
(89) | (Ax) | +| a(Ae)| +--+ < @. 


That a(A) vanishes only for an enumerable number of values follows read- 
ily from Bessel’s inequality which holds in this case.t Denote the numbers 
(88) by wi, we, -- +. On putting 


ez + e>'% 
K(s) = 1+——_— = 1 + os 2 8 0, 


form for any real numbers a, - - - , a,, g22, the composite kernel 


* See, for instance, J. R. Wilton, The lattice points of an n-dimensional ellipsoid, Journal of the 
London Mathematical Society, vol. 2 (1927), pp. 227-233; esp. p. 229. 

+ This lemma was stated without proof in a slightly different wording in S. Bochner, Uber 
Fourier-Reihen von fastperiodischen Funktionen, Sitzungsberichte der Berliner Mathematiker Gesell- 
schaft, vol. 26 (1927), p. 54. 

t See, for instance, M. Fekete, On generalized Fourier series with the non-negative coefficients, 
Proceedings of the London Mathematical Society, vol. 39 (1935), p. 321, footnote. 
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= Il K(upx — ap) 


p=1 
1 
= 14+ 5D (corrersen + ererceier) + Ral). 
p=1 


R,(x) is an exponential polynomial whose exponents are of the form 
€miteopot --- +€,ug; €>=0, +1, and at least two coefficients €, are differ- 
ent from zero. Owing to our assumption about the linear independence of 
Mi, M2,**-, the exponents occurring in R,(x) are all different from 
tpn, me, --- . Hence* 


1 2 
f(t)K g(t)dt = — D> (a(up)e‘*» + a(— wp)e~***). 
0 z p=1 
The absolute value of the left side is not greater than 
M = lub. | f(2)|. 
Hence 
(90) DX a(up)ei*> + a(— up)ei*?| < M. 
p=1 


Since f(x) is real, a(u,) and a(—y,) are conjugate complex; for an appropriate 
choice of a, 


a(up)e* + a(— Mp)e~*#? = | a(up) | + | a(— Mp) | . 
Since g may be any integer, (90) implies 


P thaalela-aoll <<, 


p=1 


and this is the same relation as (89). 


THEOREM VII. There exists a function f(x) =f(x, - - - , xx) of class L having 
the period 1 in each variable, 


(91) f(x) ~~ = Bags ogg r+ reee) 


and vanishing in a neighborhood of the origin (0, - - - , 0), such that 


p2\ (k-1)/2 
(92) lim sup o(1 -=) Gn,---np| = ©. 


R-- ow vysR R?2 


* S. Bochner, Beitrage sur Theorie der fastperiodischen Funktionen, I, Mathematische Annalen, 
vol. 96 (1926), pp. 133-134; H. Bohr, Fastperiodische Funktionen, Ergebnisse der Mathematik, Berlin, 
Springer, 1932, p. 76. 
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The function of R occurring in (92) can be written as 


1 1 yp (k—1)/2 
f mae f(x)> (1 = =) e72ti(mart>-tnkzk) dy, Pons dx, 
0 0 


vsSR R? 


or, see (81), 


(93) f f(x) Pr(x)dx,--- dx,, 
E 


where E is a measurable set within the fundamental domain of periodicity 


outside of which f(x) vanishes. 

If our theorem were not true, then for every set E omitting a neighbor- 
hood of the origin, (93) would be bounded as R- for every function f(x) 
of class L on E. We are now going to refute this possibility. Consider on E 
the Banach space © of functions f(x) belonging to class L, with the usual 
metric. For each R, (93) defines a functional in S; we shall denote it by Fr(f). 
The norm of this functional is 


ess. I.u.b. | bp(x) |. 


Since ®p(x) is continuous in x, if we assume E to be closed, we can write for 
this 

max | p(x) |. 

zeE 
By a known theorem, if a set of functionals Fp(f), is such that for every feS 


(94) lim sup Fr(f) | <@, 
R--@ 


then also 


lim sup || Fr|| < © .* 
R--o 


lim sup max | @g(x)| < « 


R-« zeE 
implies 
(95) lim sup | ®r(x)| < 2, xeE. 
R-@ 
But it follows from Lemmas 7 and 10 that there are sets E for which (95) does 
not hold in all points x. This proves our theorem. 


* See S. Banach, Théorie des opérations linéaires, 1932, p. 80, Theorem 5. 
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We are now going to make a few remarks concerning quadrangular partial 
sums of the form (24). 


Lemna 11. If $(t) is continuous in 0 St < ©, non-negative, monotonely non- 
increasing, and if [, p(t)dt < « , then 


: ae a 1 ” 
lim — —n)= —f t)dt. 
ped R > (5 ") a 0 o( 


The proof follows immediately from 


f~ (<1)a s (< \s fi (<0) >1 
. oR ate tei eal es, een 


THEOREM VIII. Let $(t) have the following properties. It has two continuous 
derivatives in 0O<t<. o(t) and $''(t) are non-negative and monotonely non- 
increasing as t increases. Furthermore 


v=f $(i)dt < 2, n= f $"(Odt < 0. 
0 0 


Then, for k=3, there exists a function f(x) of period 1 in each variable and 
vanishing in a neighborhood of the origin, such that 


lim sup | on(0) | =o, 
Roo 


on(0) -f — fi mox Pr( xX, 


Pp(t) = Zz o( | nd | Jerse, 


R 


it is sufficient to show the existence of one point (x, --- , x°)A4(0,--- , 0) 
(mod 1) for which 


k 
lim sup] ]| e(x,)| = &. 
R>2 x=1 
We choose the point x9 = --- =x1=0, x? =}. Since 
= n 
$2(0) = o(0) + 2D) o(*), 
n=1 


therefore, by Lemma 11, ®r(0) has asymptotically, the value 7R. 
other hand 
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#00) — 26(7-) +206(5-)-26(@) + 
R ° R ° R 
* Rr Rr“ 2n 
f f “(= ++ i) dt;dte. 
oo 0 R 


n= 


as 2n 1 ” 2n 
”r Sees < R?@ a aA ae 
be"(z)s (5) E0"(z) 


and therefore, by Lemma 11, @p(3) has the asymptotic value y.R-'/2. Thus, 
II,-1Pr(«?) has, apart from a constant, the asymptotic value R*-? and con- 
sequently, is not bounded in R if k23. 

Under Theorem VIII fall such smooth functions as e~‘, and (1—#)* for 
arbitrarily large values of 6. It is true that there are large classes of smooth 
functions ¢(¢) for which the quadrangular sums (24) do obey the localization 
property. To the latter ones belong e~“, and (1—#*)' for 6>k (but not for 
5<k). But this makes things only worse, in a way. In fact, by a general 
theorem* summation functions as (1—?)', (1—#*)* are absolutely equivalent 
in the case of circular summation, whereas for quadrangular summation this 
equivalence theorem is apparently lost. 


Part IV. CONVERGENCE AND GAP THEOREMS 


We shall first give criteria for convergence and absolute convergence of 
the series (5). They will impose reasonable conditions on the function f,(#) 
alone, and no other explicit conditions on the function f(m, -- - , xx) itself. 


TuHeorREM IX. Let f(x) be a function of class L having the period 2x in each 
variable. If for a fixed point x the function f,(t) has k derivatives which are all 
bounded in 0<t<~@, and if, for k even, the kth derivative of f,(t) is continuous 
at t=O, then the series (5) converges toward f,(0) =f(x). 


Since our theorem certainly holds for a constant function we may assume 
f-(0) =0. For each integer ” we put 


(96) a, = a,(x) = y On, «+ ongei(matrts tmkte) | 
n=ni+---+n? 


If 6 exceeds (k—1)/2, then, by Theorem V, 


6 2 
(97) ) (1 o ~) 7 f fa(t)Ha(tR)dt. 


ask 


* G. H. Hardy, The second theorem of consistency for summable series, Proceedings of the London 
Mathematical Society, vol. 15 (1915), pp. 72-88. 
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H;(t) has, for some x>0, the asymptotic expansion 
—it © 


it © e 
5 2 Ant +2 2 Be a 


pit 


é 


Each of the functions 
P= —f nod, Pay =—f Pod, 
t t 


has the same property. Hence we may integrate by parts in (97), and the 
result is: 


n 8 by by 1 
98 es ee a ee — Q(R), 
(98) x, ( =)¢ pe + Ek 4 O(R) 


Q(R) = f “1(5) P,(t)dt. 


P(t) is absolutely integrable over O<St<, and f.“)(t) is bounded in this 
interval. Therefore 


(99) Q(R) =O(1) as Ro. 


If, in addition, f,"(#) is continuous at ¢=0, then 


where 


(100) Q(R) > f2(0)- f ‘pat whe. 
0 


Replacing R? by w in (98) we obtain 
(101) >> (w — 2)8aq = Byw®1/2 4 Bow! By _yeoP— FDI? $e gy? F/2 (gh 2) 


nsw 
whereas the assertion of our theorem reads 


(102) Dd an = O(1). 
nsw 
We shall show that (102) follows from (101) in connection with (100) or (99) 
respectively. 
We first treat the case when & is an even number. The integer un =k/2 ex- 
ceeds (k—1)/2, thus (101) holds for =u. Hence 


(103) 3 (w — Hay = By"? + Bow +--+ + dy_yw"/? + O(w"?), 


nsw 


In order to deduce (102), we apply to both sides of (103) the operator 
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A A(w) = A(w) — (")Ato +n) + (5) A(o+ 2n) —--- 
(104) : 
= (-1 f af AM (@w+ih+t-:---+4)dt--- dt, 


for the special values 





1 1 
(105) oOo nN a ’ gs ——-——- 
u+2 u+2 
Since 
(106) AD (w— nya, = (— 1) D ay 
we” nsw nSw 
and 
(107) A (bywo*!!? + bow! +--+) = O(w!/?), 
wn 
we have only to verify that 
(108) AQ(w!/?) = o(1). 
#7 


But this follows from the relations 


(109) A=A (A), 


“wn = =e—ln In 
(110) AQ!) = o(1), 
” 


(111) A o(1) = o(1), 


relation (110) being a consequence of (100). 
When & is an odd number we put k=2u+1. Relation (101) holds for 


5>u; also, by (99), O(w'/”) =O(1). Hence, for fixed e>0, 

(112) D (@ — n)tta, = dwt? + + - + O(we/*), 

We again take, on both sides of (112), the operator (104) for the special values 
(105), and we obtain 


(113) A Dw — nya, = Ow?) + Ow”). 


#7 nsw 


If ¢ is less than 3, then the right side of (113) is o(1); and, introducing the 
constants 


” ” 
(114) a= f ee ee 
0 0 

















1936] MULTIPLE FOURIER SERIES 199 


we deduce from (113) the set of relations 
Ody + O1dn-1 + +++ + Ando = O(1), n—> 0, 
Introducing the partial sums 
Sn = Got at::: +4, 
and the new constants 
(115) Bo = ao, Bi = a1 — ao, Be = a2— a1, °°: , 
we obtain the new relations 
BoSn + BiSn-1 + - ~~ + BrSo = O(1), 
whereas the assertion of our theorem reads 
(116) Sn, = o(1). 
We consider the analytic function 
P(z) = Bo + Biz + Bo? +--- 
and the power series expansion 


1 
P(s) 





=vetyst+ee'+---, 
and we shall prove that 
(117) LD | | < @. 
n=0 
Relation (116) is an immediate consequence of (117), since the equations 
BoSn -+- BiSn-1 + ve + B,So = Te 
have the unique solution 
Sn = Yorn + Y1"n-1 + sedis + YnTo- 


The proof of (117) will be based on the following two properties of the num- 
bers (115): 

(118) B, = Bn + O(n?), B+<0, 

(119) Bo>Bi>Bs>--- 209. 

In order to secure (119) it is sufficient to fix e so small that p‘>(o+1)*—p* 
for p27. Both properties can be easily derived from the definition (114). 


The function (e*) is continuous and different from zero for 6#0. This 
follows immediately from 
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(1 — 2)(z) = Bo — (Bo — Bi)z — (81 — Be)2? —--- 


in connection with property (119). Property (118) can be rewritten in the 
form 


n+e-—1 
B, = c( )+ O(n?) , C #0; 


n 
hence 


#(z) = C(1 — z)-* + (2), 
where the function ¢(z) is such that the Fourier series of ¢(e*) is absolutely 


convergent. Since the Fourier series of (1 —e*)* is also absolutely convergent, 
and ¢(e%) - (1 —e*)< is 0 for 6=0, we conclude that the function 


w(e*) = (1 — e#)*b(e*) = C + o(e*)(1 — e*)¢ 
is nowhere 0 and has an absolutely convergent Fourier series. By an impor- 
tant theorem of N. Wiener* the Fourier series of {W(e*) }—! is also absolutely 
convergent, and so is the Fourier series of { &(e) }-! = (1 —e)«{y(e#)}—. But 
the numbers y, are the Fourier coefficients of the latter function and thus 
(117) is proved. 

THEOREM X. Let f(x) be a function of class L having the period 2m in each 
variable. If for a fixed point x the function f.(t) has k+4 derivatives which are all 
bounded in 0<t<, then the simple series (5) converges absolutely toward 
f.(0) =f(x). 

The theorem asserts that, under the stated assumptions, 


x 


(120) > | an(x)| < @. 


n=0 
Replacing k by k+4 in the right side of (98) we obtain the relation 
(121) >» (w — n)®an = byw !!? + bow?! + - ~~ + O(wh(*t+4)/2) | 
nSw 
Let » denote the smallest integer exceeding (k —1)/2, thus uS<(k+1)/2. Put- 
ting 5=y in (121) and applying the operator (104) for the values (105) we 
obtain 


DY an = cyw!? + caw? + O(ew-8/2) + O(w (AH 2 Cet 12 


nSw 


Hence 


* N. Wiener, Tauberian theorems, Annals of Mathematics, (2), vol. 33 (1932), p. 14. Compare 
also R. E. A. C. Paley and N. Wiener, Fourie’ Transforms in the Complex Domain, American Mathe- 
matical Society Colloquium Publications, vol. 19, New York, 1934, p. 59. 
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a, = a,(x) = O(n-?/?), 


THEOREM XI. Let f(x) be an almost periodic function of class S whose 
Fourier exponents (m,---, nx) have no finite accumulation point, and let its 
Fourier series be written in the form 


(122) D a, (x) 
n=0 
Ar <A2 << Azp<--- Ow, 


where 


a(x) = ,» On, --engei(martss-tmkze) | 
A=n }2+- ° +$nj72 


Suppose further that for a subsequence {Xn,;} of {Xn} and a constant c=0, 
(123) (Anj41 mek Aa,)™ = O(Az;)- 


If, for a fixed point x, f.(t) has more than (k+1)(1+0) derivatives each of 
which is bounded in 0St<@, then 


lim F ats = f(x). 


j-2 n=0 


We again assume f(x) =0. If f,(#) has q derivatives, then, in analogy to 
(121), 


(124) p (w — An)an,(%) = BywF!/? + - + - + Owe 2/?), 


A, S50 
Let a>0 be so chosen that for all large values of 7 
Anjet — An; 2 MOAR; , 
where yu is again the least integer exceeding (k—1)/2. We apply to (124), 
with 5=y, the operator (104) for the values 
w = An; n = a\,; = aw’, 
and we obtain 


n* D> arn(x) = O(n*w-!?) + O(w#-4/2) ; 
AnSw 


hence 


Do arq(x) = (1) + O(wstne-a/2), 


AnSw 


But for g>(k+1)(1+<¢) the last term is 0(1), and the proof of our theorem is 
completed. 
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Theorems [X—XI give criteria for Riesz summability of order 6=0. The 
following theorems will be concerned with Riesz summability for the critical 
exponent 6=a. 


THEOREM XII. Let f(x) be an almost periodic function of class Sp, p>1, 
whose Fourier exponents have no finite accumulation point. If for a given point x, 
f.(t) satisfies the (local) Lebesgue condition (61) then, for every g>0, no matter 
how large, 

R+1 a 1 
(125) lim | S,(x) —27r(1+1)-s|"dp = 0. 
Rood R 

Since the theorem is obviously true for a constant function we can as- 
sume s=0. Since the class S, is the more general the smaller p is and relation 
(125) is the more general the larger g is, we may assume in the proof of the 
theorem that 


(126) itil 
p-1 
Let f"(x) be a sequence of exponential polynomials as in Lemma 5. They 
may be so chosen that no new Fourier exponents (m, - - - , m,) arise. Since 


the Fourier exponents of the given function f(x) have no finite point of ac- 
cumulation, it is trivial that Sr (x, f") (see (71)) tends to Spr (x, f) as n> 
for every 620, in particular for 6=a. 

By Lemmas 4 and 5, 








(127) lim f | fe(t) — f.r(t) |"t*"dt = 0, 
n— 2 0 
xg f(t) |p 
(128) f di<~, 
‘ t 
*| f2(t) rt) |? 
(129) lim f i i dt = 0; 
no J t t 








and the condition (61) reads for s=0, 


1 ° ’ z(t) = e(E+ 
(130) - f t*1| f,(t)| dt 0, f | Lows en dt—0asn-0. 
n' Zo " 


By Theorem IV 


(131) Sr(x; f") = R f fr(t)Ha(tR)dt = P(x, f") + Or(x, f’), 
0 


— 
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where 


Pr(x, f) =R f fx(t)H a(tR)dt 


(132) Or(x, f) = R f ” f(t) Ha(tR)dt.. 


Since, for fixed R, H,(tR) is majorized by ¢*-' in 0 Si < €, it follows from (127), 
if we use it for p=1, 


(133) lim Pr(x, f°’) = Pr(x, f). 


no 


Furthermore, using the asymptotic expansion 


itR «© —itR « 


(134) RH,(tR) ~ <— >A, (tR)-" + — > B,(tR)-" 








t t 


which is valid for ‘:R-, the argument leading to Theorem III shows that, 
under condition (130), Px“ (x, f) -0 as R-. In particular, 
R+1 


(135) lim | Pe(x, f)|"dR = 0. 


R- R 


The term Q; (x, f) is less simple. Using (128) and (134) we see as in the theory 
of Hankel transforms,* that Qz" (x, f) exists if the integral (132) is defined as 
a limit-in-mean, and that 


R 
f | Oe(x, f)|"dR < ow. 


In particular 


R+1 


(136) lim | On(x, f)|"dR = 0. 


Roo R 
Furthermore, on account of (129), 
lim | Or(x, f') — Or(x, f)|“dR = 0. 
n— © 1 


Hence, for almost all R, 


(137) Sr(x, f) = Prlx, f) + Ors, f). 


* See E. C. Titchmarsh, A note on Hankel transforms, Journal of the London Mathematical 
Society, vol. 1 (1926), pp. 195-196. 
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Relation (125) follows now from (135)—(137). 


Lemma 12. Let f(x) be an almost periodic function of class S whose Fourier 
exponents have no finite point of accumulation. Then the relation 


(138) Srlx, f) = R f : fe(t)Hg(tR)dt 


holds in the following integrated form. If A(R) is any absolutely continuous func- 
tion in any finite interval (0<)RiS RERz, then 


Re ow Re 
(139) f A(R)Sx(x)dR = f fa(t)dt f A(R)RH(tR)dR. 
R 0 R 


1 1 


We again introduce approximating exponential polynomials f*(x). The 
relation (138) holds for f? (#), and since, for each n, 


f ls] | a.0R)| dt < « 


uniformly in Ri< R<Rz2, (139) is true for f"(~). Thus we have only to show 
that 


oo 2 a) Re 
(140) tim f S? (oat f- A(R)RH,(tR)dR -f saldat f A(R)RH,(tR)dR. 
0 R 0 R, 


1 


Now, using (134), it is easily seen that 


Re 
(141) f A(R)RH,(tR)dR = O(t-?) as t>@; 
R 


1 


on the other hand 


Re 
(142) f A(R)RH,(tR)dR = O(t*') as t-> 0. 
R 


1 


Relation (140) follows now from a combination of (141), (142) with Lemma 5. 


Lema 13. Let f(x) be an almost periodic function of class S whose Fourier 
exponents have no finite point of accumulation. If, for a given point x, f.(t) 
satisfies the (local) Lebesgue condition (61), then, for any y =0, and any function 
P(p) which has a bounded derivative in —1 <p 1, 


1 Y 1 
tim f Pe) (1 + *) Si.o(x)do = 2'ra+1)-s [ Plp)dp. 
— 2 wil -—1 


We may again assume s=0. By Lemma 12, for any a>0, the expression 
on the left may be written as the sum of the terms 











wR tC 
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1 


(143) apP(n)(1 + oy" (R +0) f fal HalR + 0) 


as) f apo f PO (1 + 2 VR + p)Ha(t(R + p))dp. 


The argument leading up to Theorem III shows that under the condition 
(61), for every a>0, 


(145) lim R| f2(t)Ha(tR)dt = 0. 
Ro 0 

Hence (143) goes to 0 if R-> ; and we have still to prove that (144) will be 

sufficiently small, uniformly in R= 2, if only a is sufficiently large. The latter 

will obviously be the case if the inner integral in (144) is O(¢-) for ©, uni- 

formly in R22. But, making use of (134), we see that the inner integral in 

(144) is, uniformly in R22, 


1 p Y eit(R+p) 
Ao f P(t + 2) dp 
1 R t 


1 p Y e~it(R+p) 
+ By f Poi +2) — dp + Or), 





(146) 





But the relation 


1 


f ro(14+ 2) crip - [poi + 2) er] 

= R it R 1 

2 f'*0 ria (14 2) Joa 
it anf dp R 


shows that (146) is also O(¢-*), uniformly in R =2, and the proof of the lemma 
is completed. 


(147) 


Lemma 14. Given a positive integer g, there exists a polynomial P(p) 
=A ,tAptAcp?+ --- +A,p? such that 


(148) f Hein wt, 


-1 
1 


(149) P(p)p*dp 


-1 


Il 
—) 


d= 1,2,---,¢. 


In order to obtain such a polynomial we may apply E. Schmidt’s process 
of orthogonalization to the functions ¢, #?, - - - , #, 1 (in this order) on the 
interval (—1, 1). 
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Lemma 15. Assumptions: (i) P(t) satisfies (148), (149) for some g>a; 
(ii) Ni, No, --+ is a sequence of points in the k-dimensional space having no 
finite point of accumulation and v, denotes the distance of N, from the origin; 
(iii) the constants a(N,), a(N2),--- are such that 

p | a(N,) | = 0(R*) as R->@; 


RSv,SR+1 


(iv) A(R) and B(R) are defined by 





(150) A(R) = >> (R? — v2)2a(N,), 
¥pSk 
1 
(151) B(R) = [A(R + p)Plo)do. 
am | 
Conclusion: 
A(R) — B(R 
(152) lim — Ss 
R-ve Rt 


It follows from (iii) that 


(153) > (R? — v2)ea(N,) = 0(R*)[R? — (R — 2)?]* = o(R*). 
R-2SvySR 
Hence 
(154) A(R) — >> = o(R*). 
¥pSR-2 


Substituting this in the right side of B(R) we easily find 


1 
(155) B(R)- DU ((R + p)? — v3)*P(p)dpa(Ny) = o(R**). 


VpSR—2 —1 


Hence (152) will be proved if we show 


(156) d C(R, vp)a(N >) = o( R24), 
vpSR-2 
where 
(157) C(R, v) = (R? — v?)* — ((R + p)? — v?)*P(p)dp. 
-1 
Now 


((R + p)® — v?)* = (R? — v® + 2Rp + p?)* 
= (RP — v3)*(1 + Bip + =» + bgp? + Bysrlp)o*'), 


where },,:(p) uniformly in y< R—2 and |p| <1, is majorized by 
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2R 1 g+1 
R? —_ p2 + R?2 — p2 





which in its turn is majorized by 
1 


Applying the decisive properties (148), (149) of P() we find that, uniformly 
in y= R—2, C(R, v) is majorized by 

Re 
Moreover, for every fixed v, C(R, v) =o(R*). Therefore, the left side of (156) 
is 


R-2 p“dp 
(158) o(1)-Re f (R — vyetine 
0 ani 


But for g+1—a>1, that is, g>a, the factor of o(1) in (156) is o(R%) and 
this proves relation (156). 

THEOREM XIII. Let f(x) be an almost periodic function of class S whose 
Fourier exponents have no finite point of accumulation. If its Fourier coefficients 
are such that 
(159) DY | any. --ny | = (ROY), 


RSv,SR+1 
then the (local) Lebesgue condition (61) is sufficient for the validity of (59). 

The proof follows from Lemma 15, and Lemma 13 with y =2a. 

The number of lattice points in the k-dimensional space for which 
Rsv,<R+1 is O(R*') which, for k = 2, is larger than O(R‘*-»/?). Hence, for 
a periodic function of class L, (159) need not hold if k=>2, and Theorem VII 
shows that (159) cannot be so relaxed as to be satisfied by any periodic func- 
tion. But it follows from Bessel’s inequality that (159) does hold if f(x) be- 
longs to the class Lp. 

COROLLARY TO THEOREM XIII. Jf f(x) is a periodic function belonging to 
class Le, then the (local) Lebesgue condition (61) is sufficient for the validity of 
(59). 

It would be interesting to decide if this also holds for periodic functions 
belonging to class L,, for 1<p<2. 


PRINCETON UNIVERSITY, 
PRINCETON, N. J. 





ON CERTAIN GENERALIZATIONS OF THE CAUCHY- 
TAYLOR EXPANSION THEORY* 


BY 
GERTRUDE STITH KETCHUM 


I. INTRODUCTION 


The purpose of this paper is to consider the expression of any function 
f(x) analytic at zero in an expansion of the form 


(1) > anF n(x) 


where the functions F,,(«) are given by 


(1.1) F(x) = «"+ : Pg oo. 

s=1 
F,,(x) are analytic in the region | «| <r, and | F,,(x)/x"| are uniformly bounded 
in the same region. 

Pincherlef as early. as 1881 showed that such expansions are always pos- 
sible. We therefore are interested not in the possibility of such expansions 
but rather in the region of their validity. The facts which have been obtained 
for this problem from studies of expansions in functions of more general type 
seem to be of a restricted nature.{ Okada§ published an important paper on 
this subject in 1922. Since that time the problem has been studied by numer- 
ous other writers.|| The work of Pincherle and Okada has generally been over- 
looked by later writers. However, the importance of the work of Okada is 
shown by the fact that it includes as special cases theorems obtained by three 
of the later writers, namely, Izumi, Widder, and Takahashi.{{ The proofs 

* Presented to the Society, April 20, 1935; received by the editors September 23, 1935. 

t Memorie della Academia delle Scienze dell’ Istituto di Bologna, ser. 4, vol. 3 (1881), pp. 151 ff. 
See also L. Tonelli, Annali di Matematica, ser. 3, vol. 18, pp. 117 ff. 

t See, for instance, G. D. Birkhoff, Comptes Rendus, vol. 164 (1917), pp. 942 ff. 

§ Téhoku Mathematical Journal, vol. 22 (1922-23), pp. 325 ff. 

|| S. Izumi, Téhoku Mathematical Journal, vol. 28 (1927), pp. 97 ff. R. F. Graesser, American 
Journal of Mathematics, vol. 49 (1927), pp. 577-597. S. Narumi, Téhoku Mathematical Journal, 
vol. 30 (1928-29), pp. 441 ff. D. V. Widder, these Transactions, vol. 31 (1929), pp. 43-53. S. Take- 
naka, Proceedings of the Tokyo Physico-Mathematical Society, ser. 3, vol. 13 (1931), pp. 111-117. 
S. Takahashi, Téhoku Mathematical Journal, vol. 35 (1932), pp. 242 ff. 

{{ A theorem of a different form which is also an easy consequence of Okada’s theorem is due to 


Carmichael. See Bulletin of the American Mathematical Society, vol. 40 (1934), p. 211 (abstract). 
Theorem VI is a generalization of this theorem due to Carmichael. 


208 





CAUCHY-TAYLOR EXPANSION THEORY 209 


offered for these special cases are essentially at least as difficult as the proof 
of Okada’s theorem. Moreover, we give (Theorem III) a slight generaliza- 
tion of his work which includes all the general expansion theorems on this 
problem in the papers cited. 

Theorem III, however, is not sufficient to yield the facts obtained by 
Graesser* concerning expansions in a particular set of confluent hyperge- 
ometric functions. Further we show (§V) that these facts cannot be obtained 
from any theorem, such as III, in which each condition is stated in terms of 
any set of positive bounds on the coefficients a,“. Hence, instead of using 
bounds on a single coefficient a,‘”’, we consider bounds on certain linear com- 
binations of these coefficients, and thereby introduce an auxiliary set of mul- 
tipliers. We then obtain a general expansion principle (Theorem I) from 
which by a suitable choice of the multipliers we derive all the known expan- 
sion theorems as well as new theorems of the type considered. In particular, 
by choosing the multipliers from certain binomial sums, we obtain (§V) a 
generalization of the expansion in hypergeometric functions of Graesser. 

The value of Theorem I in actual application rests on a good choice of 
certain sets of arbitrary constants. Theorems II and III (§II) are simpler 
and more readily applied. With the exception of the work of Okada and 
Graesser mentioned above, the known theorems on this subject and generali- 
zations of these theorems are derived in §III. These theorems readily adapt 
themselves to applications. 

In §IV, we obtain a class of sets of integral functions F,,(”) having the 
property that the expansion of a function f(«) analytic at zero will always con- 
verge absolutely and uniformly in any region interior to the circle through a 
singularity of f(x) nearest the origin. Moreover, this class of functions in- 
cludes the Bessel coefficients. Expansions in restricted sets of integral func- 
tions F(x) with leading term x” have also been treated (see §III) by Julia, 
Onofri,f and Valiron.§ 

We apply the results of §III to obtain (§VI) new general theorems on 
expansions in products of functions of the form F,,(”). These theorems are in 
turn applied to obtain very considerable generalizations of the known ex- 
pansions in products of Bessel functions. 


II. GENERAL THEOREMS 


Consider a set of functions F,,(x) defined as in (1.1) and analytic in the 


* Loc. cit., p. 592. 

t G. Julia, Acta Mathematica, vol. 54 (1930), pp. 280 ff. 

t L. Onofri, Annali di Matematica, ser. 4, vol. 13 (1934-35), pp. 209 ff. 

§ G. Valiron, Bulletin des Sciences Mathématiques, vol. 69 (1934), pp. 26-28. 
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region | «| <r. As indicated in the introduction, we consider positive numbers 
b,™ which are bounds for linear combinations of the coefficients a,™, thus 


(u+t) ” 
p> Rut» @ 


where ao =1. Here the multipliers &“, are complex numbers at one’s choice 


subject to the condition that k, =1. Let 6, be positive numbers such that 


6 >|k% |. Put 


(#) (ut+v) (#)  , (#) (u+1) ,, (u+1) _— a ‘ie 
by . 


M +» = by +m max ces lS y+05 bs s/be i. Jie ae Spy Ne 
Denote by MW“), expressions obtained from M“, by site any or all of 
the outstanding 0’s or of ratios of b’s with a superscript wu such that 


> ag an = 0 forallp>O0O. 


Assuming the notation and conditions stated above we have 

Tueorem I. [f there exist numbers k,Y,, b,, 6,, and a positive number R 
such that 
| F,(x) 


x n 


| $0 for |x| SR <r, 


(2.1) 


where Q is independent of n, and such that 


io a] 
=) =~) = (u) (ua) 


(2.2) > lo] MMe: Bae 


uv=0 


converges,* then the function f(x)= >. yx" has an absolutely and uniformly 
convergent expansion of the form (1) valid for |x| <R. Further, there is only 
one such expansion converging uniformly for |x| <R’, R’>0. 


The proof will be given for the particular case 7“), = M“), but the neces- 
sary changes to obtain the more general case are obvious. 
Let c”),, n=0, 1, 2, - - - , be defined by the equationst 


n+v) 
(n) 
<< * 
ee (n) (n) (n+v—1) (n) (n+v—2) (n) (n) 
Cute + Cn4r—101 + Cn4r-202 +--‘-+toq,@ =090, »r>O0O. 


* We shall see later that if (2. we ” satisfied fora value R; >O and f(x) is analytic for | x| <R,, itis 
possible to choose the quantities Ri) ty 6 8°). p) so that (2.2) converges for some positive R&R. In 
applications the problem is to choose these quantities so as to obtain a value of Ras large as possible. 

t These equations are obtained by eq ating coefficients of x” in the formal relation 


(n) 
Fa) Ee *n+p(X). 
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1 


(n) 
a 

(n) 
(n) a2 
Cn+v = 


(2.4) (— 1) 
(n) 
ay-1 


(n) 
0 4a, 


(n+1) 
ay_2 

(n+1) 
ay-1 


(n+2) 


dy_3 --e] 


(n+2) (n+v—1) 
dy—2 28 a, 








We next modify the determinant in (2.4) by multiplying the rth row, 
r=1,2,---, p—1, by k@5? and adding to the pth row. Hence 


ig 0 0 
ee 1 0 


(n) (n+1) 
On+2 b by 1 


(n) 
EE by-1 


(n) (n) 
naw b, 


(n) (n+1) 


by_2 


(n+1) 


D4 


(n+2) 
by_3 e+e] 


(n+2) 


b,-2 


(n+v—1) 


“7 * 








where the expression in braces is to be expanded by the same law as a deter- 
minant except that all signs are taken positive. 
Hence expanding A\”, by the last column 


(n) 

bn 0 
(n) 

On41 1 
(n) 


(n) bn42 by 


Cat+y 


(n+v—1) 


(n) 
Sh 


A n+v—1 + 


(n) 


s 


(n+v—1) 


1 


bn4v—2 
(n) 


n+v 





(n) (n) 
An+y-1 + A n+v—1 
(n) 


(n) ,, (n) 


(n) 


(n) (n) (nm) 


Mn 5n 


ust wi ak Mees Mae (ee 


(n) 
M n+v—1A n+v—1y 


(n) 
Mntv—1M ny1—2 olay 


(n+1) 


by-3 


(n+1) 


ae 


(n+1) 


-1 
(n+v—2) 


‘ be 


(n+v—2) 





J 


(n+v—2) 


/by }s 


Thus the double series ja ou"), F44.(x) is dominated for |x| <R by the 
series (2.2) multiplied by Q. Hence the series 
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x ( pm rate g(a) 
z=0 v=0 

converges absolutely and uniformly for |x| <R to an analytic function g(x). 
By a theorem due to Weierstrass the coefficients of powers of x in the expan- 
sion of g(x) may be obtained by expanding F(x) and collecting like powers of 
x. But it is readily seen from the relations (2.3) that the coefficient of x” is yn. 
Hence g(x) =f(x). 

THEOREM II. Let the functions F(x) be defined as in (1.1) and analytic 
in the region |x| <r. Let b,“ be any set of positive numbers such that 
bw = | a, +h, a | ,v=1,2,---;u=0,1,---, where a =1 and k, is a 
set of complex numbers such that lim supy..|kn| "<1. If R<p<r and 


5) 0 < R < lim inf M,, 


n> 2 


(n) . (0) (0) a (1) _ 1),, (n—1) 
M, = 6b; + max {bayi/bn , bn /bn—a,° °° /b, 3} 


(n = 0,1,2,---), 


(2.6) Q for |x| = 


“| 3 


where Q is independent of n, then any function f(x) analytic for |x| <p has an 
absolutely and uniformly convergent expansion of the form (1) valid for |x| <R. 
Further, this is the only such expansion converging uniformly for |x| <R’, 
R’>0. 

In Theorem I take kh, =h,,1, kh), =0, p=2, 3,-- +. For every positive 
e there corresponds a K, greater than ¢ and such that |e | <K.(1+.e)*. Now 
let . = K.e’-'(1+6)*. Then 

Pwo = i. v) — it oe 7 tah ” aa seg — 2A per, 


and 


(#) (n) - agg (1) (n—1) ,, (n—1) 
M,, < by + max (e, Nes /b,— be * * , be /by ) 


(s = p,p+i,---). 


From (2.5) there exists a positive number A, such that M,.R <), <1 for all 
n2mo where m is a suitably chosen number. But M“)<M,-+e so that 
M“R<\+eR<d<1 for n=u+v=m and for e€ sufficiently small. Now 


MMe,» --- MYR» converges for all w since the ratio of the 
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(v+1ts) to the vth term is M“),R which is less than \ for vy >. Moreover, if 
p= mp this last series is dominated by the series » ee =(1—d)-!. Hence (2.2) 
converges if the series 


(1 — ar) Do | y, | oR” 
B=N90 


converges. This in turn is dominated by 


(2.7) (1 — A)“ DE | vu (1 + Re. 

u=n9 
But f(x) is analytic at x=R and lim sup, ..<|y,|!/“R<1. Therefore (2.7) con- 
verges if € is chosen sufficiently small and hence the series (2.2) converges. 
Theorem II is then proved. 


If we specialize Theorem II by taking k,=0, then b,™ is a bound for the 
single coefficient a,™. The resulting theorem we shall denote by Theorem III.* 


Theorem III is a generalization of the theorem of Okada referred to in 
the introduction. In the latter theorem condition (2.5) is replaced by 


(0) (1) (1) (n—1) (n—1) r 


0 < R < lim inf [by + max (1/p, buri/by, be /bann, «++, bs /dy») 


n> 2 


and condition (2.6) by 1+|ai™|R+]a2™|R?+ --- <Q. 

We now point out instances where Theorem II yields results which 
cannot be established by Theorem III. Consider the set of functions 
F(x) =x"(1+a™x)(1—2x?)-! where a =1 and as”,=a™ for all s, and 
lim, ..@ =1. Then for a function f(x) analytic for | «| <1, using k, = —1 for 
all ~, Theorem II establishes an expansion for |x| <1. However, Theorem 
III would yield at most |x| <}. 

Further Theorem II may be applied with ease to the class of sets of func- 
tions which have every other coefficient zero. Application of Theorem II to 
obtain Neumann’sf expansion in Bessel coefficients is immediate if we choose 
k, =(n)~—"/*, or if we choose k, =, where € is arbitrarily small. 

Theorem III possesses more than a formal advantage over the theorem of 
Okada. In case lim sup,...(M,—bi:”) =, neither theorem yields any re- 
sults. Hence we assume M,—6,™ bounded for all ~. Now consider any 


* In (2.5) of Theorem II and Theorem III any or all of the outstanding b’s or of ratios of b’s 
with a superscript 4 such that dy“) + hy 4100 =0 for all »y may be omitted. If a,+hy4,a)-.=0 
for all y and uw then the only restriction on Ris R<pSr. 

{ Theorie der Bessel’schen Functionen, Leipzig, 1867, pp. 33-35. Also compare with Okada, loc. 
cit., p. 332. 
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set of functions F,(x) such that lim sup,...|a:| #0 and an R such that 
1+ |a™|R+|ae™|R?+ --- <Q. Then there exists a positive number p<R 
and also less than 1/(M,—,) for all , and it is easily shown that Theorem 
III will establish a larger region of convergence than the Okada theorem for 
the expansion of any analytic function f(x) whose nearest singularity is on 
the circle |x| =p. In particular, the expansion of f(x), analytic for p<, in 
the set of functions F,,(x) =x"(1+a™x)(1—<?)-' as defined above is estab- 
lished for |x| <3} by Theorem ITI and for |x| <} by Okada’s theorem. 


III. Forms or THEOREM III ustinc THE CAUCHY BOUNDS 


We shall state here two sets of parallel theorems since in the development 
of a theory for expansions in products of analytic functions in §VI, it is con- 
venient to have the hypotheses stated in terms of a bound on the functions 
| F,,(x)/x"| rather than on the coefficients a,. It is also convenient in order 
to emphasize this to use the notation g,(x) =x"(1+,(«)) instead of F,(x). 
The functions k,(«) shall be assumed to satisfy the following conditions which 
we denote by 

Conpirions (3.1). htn(x) vanishes at x=0, and h,(x) is anaiytic for |x| <r. 


Corresponding to any set of functions /,(«) and to a given positive N less 
than r, there exists an My,, such that | #,(x)| <My,, for |x| <N. 

We shall hereafter indicate by Ky [Ky] the expression lim sup, ..My,n 
[lim sup,...y,»| and by N a positive number less than r. 

The set of functions g,(x) satisfying conditions (3.1) belongs to one of two 
classes: 

to A, if Ky is finite for every N; 

to B, if Ky is infinite for some N. 

Moreover, the set of functions F(x) shall be said to belong to the class A, if 
|a.™| < My,,N-* and lim supy..My n= Ky is finite for every N. 


THEOREM IV.* If the set of functions g,(x) belongs to the class A,, then any 
function f(x) analytic for |x| <p has a unique uniformly convergent expansion 


(3.2) f(z) = Dienga(s) for |x| ¢ R<G = min (>, max N(1 +Ky)-) 
0 


and the expansion converges absolutely for |x| <G. 

THEOREM IV’. If the functions F,,(x) belong to the class A,, then any func- 
tion f(x) analytic for |x| <p has a unique uniformly convergent expansion of the 
form (1) for 


* Theorem IV is essentially equivalent .o a theorem due to Takenaka (loc. cit.). He states that 
Ky is positive but the case Ky =0 need not be excluded. 
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|x| <R<G=min E max N(i + Ky) 
N 


and absolutely convergent for |x| <G.* 


The proof of Theorem IV’ follows at once from Theorem III. It is evi- 
dent that F,,(«) is analytic for |x| <r since 


lim sup... [Mwy,.N-*]'* =N-1. 


The evaluation of (2.5) using k,=0 gives O0<R<N(1+Ky)-!. For such a 
range of values of R (2.6) would be satisfied since Wy,, is bounded with re- 
spect ton. Now Theorem IV follows at once from Theorem IV’. For if we write 
hy (x) =a, x+a2x?+a;,;™23+4+ ---, then from the Cauchy inequalities 
|a.| <My,,N-*. 

It is clear that if in either case My,,<P,, then the expansion converges 
for | «| <min [p,7(1+lim sup,..P»)~']. 

If in Theorems IV and IV’, Ky =0 for every N <p <r then the expansion 
of f(x) is valid for | «| <p. The importance of this property justifies the ex- 
plicit statement of the theorems for this subclass of sets of functions. First, 
however, we shall state without proof a lemma which will be of value here 
and also in our later development of expansions in products. 


Lemna 1. The totality of sets of functions of the class A, where Ky =0 for 
every N<p&<r is identical with the totality of sets of functions of the class A, 
where Ky =0 for every N <p. 


THEOREM Vj [V’ ]. If the set of functions g,(x) [F,.(x) | belongs to the class A, 
[A,] and Ky =0 [Ky =0] for every N<p<r then any function f(x) analytic for 
|x| <p has an absolutely and uniformly convergent expansion of the form (3.2) 
[(1) ] valid for any region |x| <R<p. Further, there is only one such expansion 
converging uniformly to f(x) in a region |x| <R’, R’>0. 


From Lemma I, Theorems V and V’ are equivalent. 
To obtain the expansion theorem of Valiront from Theorem V’, put 
F(x) =n!$,(x), where ¢,(x) is an integral function of the form 


* Graesser’s expansion theorem (loc. cit.) is obtained from Theorem IV’ by replacing Kw by My 
where My is the upper bound of My,, with respect to 2. Every case coming under Theorem IV’ can 
also be treated under Graesser’s theorem but IV’ will in general give a larger region of validity for 
the expansion. The expansion theorems of Pincherle and Graesser are readily shown to be equivalent. 
See also the work of Izumi and Narumi referred to previously. 

t This theorem was proved by Takahashi (1932) and the special case where My,n goes to zero 
as 1/n by Widder (1929). 

t Loc. cit. This particular expansion was previously established by Okada (loc. cit., p. 331) for 
the more general case where ¢,,(x) is analytic for | x| <r. See also E. T. Whittaker, A Course of Modern 
Analysis, 1902, p. 110. 
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xn gyrtl yrs 


Mae ea Te Se 


as 
i = < AnN-5 1 -t. 
is | (n+ 1)(n + 2)--- (n+) N (n + 1) 





where N is arbitrary. 
As an application of Theorem V let 


go(x) = 1, &n(xX) = x"fp [p?(x) ] (n = 1,2,---), 


where f,,(u) is analytic for |u| <R}", (x) is analytic for |x| <Re, (x) is not 
a constant, (0) =0, f,(0) =1, and the sequence of positive integral numbers 
pr—%®. Using the notation of Theorem V, write g,(x)=x"(1+G,(u)) 
=x"(1+h,(x)), where u=?"(x). Let M,(o”") denote the maximum of 
|G,(u)| on the circle |u| =o", 0’ the upper bound of values of ¢ such that 
o<R, and M,(c?") is bounded, 6’ the upper bound of values of 6 such that 
6<R, and maximum of |¢(x)| <o’ for |x| =é. It is easy to prove that* 
lim, ..M,(o”*) =Ofore <o’. Hence in anyregion |x| <6 <6’, the lim,....| 4,(x) | 
=0. Further g,(x) is analytic in the region |x| <6. Hence any function f(x) 
analytic for |x| <p has an absolutely and uniformly convergent expansion 
of the form 


f(x) = > CnX"fn[o?"(x) | for | «| < R < min (6’, p). 
n=0 


The special case where f,(u) and ¢(«) are integral was obtained by Onofri.f 
In some cases he obtains a region of validity greater than this but the expres- 
sion which determines this region involves the coefficients c,. 

The above results obtained by Onofri are a generalization of the work of 
Julia. Juliat takes ¢(«) =x, p,=n, fo(u) =1, and f,(u) =fi(u) (w=1, 2,---). 

THEOREM VI.§ Let a," (x) be a finite or infinite set of functions each analytic 
for |x| <p such that |ax™(x)| <My,x for |x| <N and every N<p. Let dx be 
a non-decreasing sequence of positive constants with the limit infinity. If 

4 NV2 N3 


4 4 


N 
Myi— + My,2 + My,s -* 


Mi 12 ArA2A3 


* Onofri, loc. cit., p. 211. 

Tt Loc. cit. 

t Loc. cit. 

§ Theorem VI reduces to a theorem due to Carmichael (loc. cit.), when a{")(x) =a,(x). While 
Theorem VI is proved as a special case of Theorem V, conversely, Theorem V is a special case of 
Theorem VI obtained by putting a: (x)x/An41=/n(x) and a,™(x)=0 forr=2,3,---. 
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converges to a sum My for every N <p, then any function f(x) analytic for |x| <p 
has an expansion of the form 


« x x? 
f(x) = Dear fi + a: (x) +e"Q———— + -+- \. 
0 An+1 An+1An+2 
This expansion converges uniformly and absolutely in any region |x| <R<p 
and is valid for |x| <p. Further, there is only one such expansion converging 
uniformly to f(x) in a region |x| <R’, R’>0. 


Now 


— (n) re, 2a ee ) 
tli (: ge ee 

and under the hypotheses given |,(x)| <\:My/Any1 which > 0 as n>. 
Hence the results follow from Theorem V. 

Theorems III and IV establish an expansion theory for any set of func- 
tions belonging to a class A, for some p+0. If the set of functions g,(x) be- 
longs to the class B, for every p~0, then neither theorem yields any results. 
Further if Ky=0 for every NV <p, then the region of convergence asserted 
by each theorem is the same, namely, |x| <p. In case Ky <0 the question as 
to whether by selecting 5“? different from the Cauchy bounds it were possible 
to establish the validity of the expansion for a larger region by application of 
Theorem III is left unanswered. 


IV. EXPANSION OF AN ARBITRARY ANALYTIC FUNCTION IN A 
CLASS OF INTEGRAL FUNCTIONS 


THEOREM VII. Let X,, be a sequence of positive numbers such that limy..An 
=, and let M be a positive number independent of n and s. If the functions 
F,,(x) are such that 

M* 


a™ < (n -++ 3s =1,2,3,---) 
| | AntiAn+2 aT An+s ? . : 





then any function f(x) analytic for |x| <p has a unique expansion of the form 
(1) valid for |x| <p and this expansion converges absolutely and uniformly for 
values of x such that |x| <R<p. 


We shall make use of Theorem V’ to establish Theorem VII.* 


* Theorem VII may be established more easily by direct application of Theorem III. However, 
we desire to make use in a later discussion of the fact that it follows from Theorem V’ and hence from 
Theorem V. 
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The functions F(x) are integral functions so it is sufficient to show that 
corresponding to any N, there exists an M’y such that 


Ms ‘ My 
An+1An+2 dala 1 Rute N Xn4+1 





(n = 0,1,2,--- 3s =1,2,3,--- 


Now MN/\x4:,-9 as n+s—, therefore there exists a g such that 
MN/\n4s<1 for n+s>g. But there are only a finite number of values 
of \n4s for which w+s <q and hence if we pick My larger than 1 and so large 
that (MN)*/(Ans2An43 * + * Ants) <My, for n+s< q, this My will satisfy the 
desired condition and Theorem VII is established. 

To obtain the Neumann* expansion of f(«) in Bessel coefficients we write 
F(x) =2"n!J,(«) and obtain the expansion in the set of functions F,,(x) and 
hence in J,(x). For s odd | a, | =0 and for s even 


| aim) | = [2*(s/2)'(m + 1)(m + 2)--- (n+ 8/2)|7 
[(2m + 2)(2n + 4)--+- (2n+s)}° 
S (n+ 1)-'2(m + 2)-1/? «+ (a + s)-?, 


In this case M =1, and X,,4,=(n+s)"/?. 
We may extend Theorem VII to obtain expansions of the form 


x?f(x) = yf Onl o4.n(X). 


TuHeoreM VIII. Let X, be a sequence of positive numbers such that 
lim, ..A,= * and let M, be a positive number independent of n and s. Also let 


4 
Poin(2) = yotn oo 7 af™ getete 


where a, will in general depend on a, and |a,™| SM/(XnyiAn42* * * Ange): 
If f(x) is any function analytic for |x| <p, then x*f(x) has an absolutely and 
uniformly convergent expansion of the form 


xf) = DY anFean(2) 


n=0 
valid for |x| <R<p. 


It is sufficient to observe that the function x~’F,,,(x) is of the form F,,(x) 
as defined in Theorem VII. 


* Loc. cit., pp. 33-35. 
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We now apply this theorem to obtain the Gegenbauerf expansion in Bes- 
sel functions. Write 
Tota + 1)actetr 





Fogn(x) = 2°°T(o + 0+ 1)Josn(x) = DO (- 1) 


= 2I(¢ +n+r+1) 


Then for s odd | a,™| =0, and for s even 
la | = [2%(s/2)!|o+n+1||o+n4+2|--- |otn4+s/2| }. 


Hence if o is any point of the complex plane not a negative integer, 
la+n+s| (n+s)-'>Q,>0 and therefore 


| as™ | < Mi(n + 1)-1/2(m + 2)-2 ~~~ (nm + 5)? 
and the Gegenbauer expansion is established. 


V. GENERALIZATION OF EXPANSIONS IN CONFLUENT 
HYPERGEOMETRIC FUNCTIONS 


In the preceding section, Theorem VII exhibited a class of sets of func- 
tions defined by a condition 


{§.3) | as™ | < o(, s) 


such that any set F(x) has the following property (which we call Property 
A): The expansion of any function f(x) analytic at zero in the functions F,,(x) 
converges for |x| <p where the singularity of f(x) nearest the origin is on the 
circle |x| =p. 

We shall now obtain some necessary conditions on ¢(m, s) in order for 
(5.1) to define a non-null class of sets of functions each set of which possesses 
Property A. In the first place ¢(”, s) must be positive for all m and s else no 
functions F(x) are determined. Also for every s, 

(5.2) #(s) = lim inf ¢(m, s) = 0. 

For if not, let v be the first value of s for which ®(s) >0 and let B be a positive 
number less than 1 and less than ¢(m, v) for all ”. If F(x) =x?— B’x?t’, then 
> 0B” F(x) converges to 1 if |«| <1/B and diverges if |x| >1/B. Hence 
this set F,(x) does not possess Property A. But |a,“™| =B’<@(n, v) and 
|a.™| =0<(n, s) for s#v. Hence no such ¢(m, s) could exist without the 
condition (5.2). 

Now consider any theorem such that for every particular set of functions 
F(x), with coefficients a,‘”*, possessing Property A by virtue of the theorem; 
there corresponds a positive function ¢(m, s) =|a,*| such that every set of 


t Wiener Sitzungsberichte, (2), vol. 74 (1876), pp. 125-127. 
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functions F,,(x) for which |a,“| <(n, s) also possesses Property A. We 
designate such a theorem as of Type O. 

Every expansion theorem in which each condition is expressed entirely 
in terms of an arbitrary set of positive bounds on a,” would be of Type O. 
Theorem ITI and all its corollaries are of Type O.T 

If there exists an s such that lim inf,...a,“ #0, then it is not possible to 
prove by any theorem of Type O that a particular set of functions F,(x) 
possesses Property A. For otherwise there would be determined a class of 
sets of functions defined by a relation (5.1) such that (5.2) is not satisfied 
which has just been shown to be impossible. In particular, it is impossible 
to prove by any such theorem the known fact that Graesser’s set of confluent 
hypergeometric functions{ possesses Property A. 

We next exhibit a general class of sets of functions including this excep- 
tional set of Graesser which possesses Property A. 


TuHeoreM IX. Let the functions F(x) satisfy the conditions: 
v(m + 1)y(m + 2)--- (n+ s) ai 
(2en + d+ c)(2cn+d+ 2c)---(2en+d+sc) s! | 





(5.3) a = 


where c and d are any non-negative real§ constants not both zero and y(n) is 
any function of n such that \W(n)|/(cn+d)<L, (n=1, 2,---). Then any 
function f(x) analytic for |x| <p has an absolutely and uniformly convergent 
expansion of the form (1) valid for |x| <R<p. 


In Theorem I, take 
wy (— 1)" + IW(u + 2)--- ve +») EB 
Qep +d + cv)\(Qep+d+atec)--- (Qon+d+2ev—c) v! 
(v = 1,2,--- 





Then|| S77 kMt?a. =0. Let 6”,=|k,| for »=0, 1, 2, --- , so that 


+ The first condition of Theorem ITI is already expressed by means of any positive bounds b,™. 
This first condition being satisfied for every R, the theorem will yield Property A if and only if 
|Pn(x)| <Qpr for |x| =R and for every R. But this could happen if and only if os as™| R*<Q, for 
every R. In turn this can happen if and only if » af a.™| +(s!)-1]R*<Q), for every R. Given any 
set of functions with coefficients a,* and bounds b,“* which yield Property A by this theorem, if 
we take ¢(n, s) as the smaller of 6,™* and | a,™*| +(s!)~1 then the conditions for a theorem of Type 
O are seen to be satisfied. 

t These functions are obtained from the functions of Theorem IX by taking ¥(n)=n—k—}, 
c=1, d=0, where & is any complex number. In this case limyn,.a: =}. 

§ Evidently this restriction may be lightened. 

|| This result follows from the equality 


v 


S(t yet2) +4) (=)=0 eat, 2,-++, 91). 


t=0 
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5.4) W®, = ore (uty + 1)(2cu +d +) Lt 
ee 5 $A Qcu + d + 2ev)(2eup +d +20 +0| ¥ +1 


forv=1,2,---,and M, =|~(u+1)/(2cu+d+c)| <L. Hence (2.2) is domi- 
nated by the series 








» Rut a 
Ele] = tS] al Re. 
Ly vi ev 
But the last series converges since f(x) is analytic for |x| <R. Also for 
|| <R, | F,(x)/x*| <e4®. Hence Theorem IX follows. 

Evidently these functions F,,(x) are exceptional in the above sense, that 
is, lim inf, ...a:™ #0, provided |¥(n)|/(cn+d)>L’ for an infinite number of 
values of n. 

A simple corollary of Theorem IX would be obtained by taking c =0, d=1. 


VI. EXPANSIONS IN PRODUCTS OF ANALYTIC FUNCTIONS 


Throughout the present section, we shall make the following assumptions: 

A point ¢ belongs to a region or set of points S of the complex plane. 

g(x) and g/ (x) are defined for each point o of S and are of the form 
£o(x) =x°(1+h,(x)), g/ (x) =x7(1+h/ (x)), where h, and h/ are analytic for 
|x| <r and vanish at the origin. 

N shall denote a positive number less than r. 

f(x) is any function analytic for |x| <p. 

k is any complex number such that «x+n=o0,+0, for n=0, 1, 2,---, 
where o, anda,’ are points of S. 

F(x) and F{ (x) are defined for each o of S and are of the form 


F(x) = 2° + Dax, Fi (x) = at + DY a, xet, 
s=1 s=1 
TueoreM X. If the upper bounds My,, and My,, for |he(x)| and |hé (x)| 
respectively in the region |x| <N are such that lim sup,..My,., and 
lim sup, ..Mw,., are finite for every N, then x*f(x) has an absolutely and uni- 
formly convergent expansion of the form 


(6.1) x*f(x) = Do cnfon(*)go4(x) for |x| SR, 


n=0 


where R<p and also less than 


-1 
wit +limsup My.e, + My. + My Miva) ' 


no 
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If we write «~*g,,g., =*"(1+H,4,(x)), then the functions H,,,(«) satisfy 
the conditions in Theorem IV. 

Tueorem XI. Jf My,,, and My,., defined as in Theorem X satisfy the 
further condition that lim sup,..<Mvy,., and lim SUPn 2M yo are zero for every 
N <r=p, then the expansion (6.1) is valid for | x| <p and the series converges 
absolutely and uniformly for |x| <R<p. 

In view of Theorem XI and Lemma 1 we have 

THEOREM XII. Let F,(x) and F{ (x) satisfy the conditions 


a laMeW’, \a |oMeN’, 
where My,, and My, are positive constants. If lim sup,..My,.,=0 and 
lim supn..My,.,=0 for every N<r=p, then x*f(x) has an absolutely and uni- 
formly convergent expansion of the form 


a 


(6.2) a*f(x) = D Cn o, («Foi (x) for | x | = RB <p. 


n=0 


THEOREM XIII. Let o be restricted to an unbounded region or set of points S 
of the complex plane such that | s(o+s)-"| (s=1, 2, - - - ) is bounded with respect 
to both s and o fora in S. If lim, .. |o,| = ©, lim,.. | o, | =, and F,(x), F? (x) 
are such that \a,‘”| and | a.” | are bounded by M*/(\a+1|™|o+2|™ - - - |o+s|™) 


for allo in S, M being a positive constant independent of o and s, and m a fixed 
positive number ; then x*f(x) has a uniformly and absolutely convergent expansion 
of the form (6.2) for |x| <R<p. 

We shall make the proof of this theorem depend on Theorem XII. It is 
sufficient to show under the named conditions that we can determine an 
corresponding to any WN arbitrarily large such that 

M: MN- 
» CET os j i = . 
lon t1|"|on+2|"--- |on+s|™ lon + 1|™ 





Now fora in S, s/|o+s| <K and hence 
(MN)* (MN): 
lon +2|"[on+3|"--- [ont s™  K™G@-D2™.3m... 5 





But MNK-"/s"—0 as s—>~. Therefore 
(MN): 
< 
lon + 2|"| on +3|"---lon+5|™ 





A region S suitable for application of Theorem XIII would be obtained 
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by excluding the negative integers —1, —2,---, —j by circles of radius / 
and by excluding any sector containing the negative axis of reals in its interior 
and radiating from the point —(j+ 3). Here j is a positive integer and / is 
any positive number. 

To apply Theorem XIII to the Bessel functions, write 


F(x) = Fi (x) = T'(o + 1)27,(x) 


goter 


r12*"(a + 1)(6+2)-++(o+r) 


Then for s odd |a,‘”| =0, and for s even 





= x7 + > (-— 1)" 
r=l 


ad 


((s/212"| 6+ 1|[e+2) --- |e-+s/2]) 


< M(|o+1||o+2| --- lots), 


where M is a properly chosen positive number and g is restricted to any re- 
gion S for which s/|o¢+s]| is uniformly bounded. 
The Neumann-Gegenbauer* expansion in products of Bessel functions, 


oo 


wtf(x) = pe CJ wnj2(X)J v4-nj2(X) 
n=0 

is obtained from Theorem XIII if we put F,(x) =F/ (x) =T'(o+1)27J,(x), 
utv=k, on=u+n/2, o,, =v+n/2, and restrict uw and v so that u+n/2 and 
v+n/2 are not negative integers. Then o,, ¢,/ are in S and |on| , |o1 |—00 as 
N—>2. 

If we take «=0, ¢,=n/2, o,/ =n/2 for m even and o,=(n—1)/2, 
a, =(n+1)/2 for m odd, we obtain the expansion of any function f(x) 
analytic about zero in the form 


f(%) = coJo?(%) + cr o(x)Ji(%) + co 1?2(%) + c3Ji(a)Jo(x) +--+. 


From this expansion we have at once the Neumannf expansion of an even ana- 
lytic function and for an odd analytic function: namely, f(x) =>) -o¢nJ n2(x) 
and f(x) =P 0Cnd n (x) J noi(x). 

The expansion due to Nielsent of the form 


o 
x’f(x) = > dn x?t™/2F 6. 92) 


n=0 


* See Watson, Theory of Bessel Functions, p. 525. 
t Berichte der K. Sichsische Gesellschaft der Wissenschaften, vol. 21 (1869), pp. 221-256. 
t Nyt Tidsskrift for Matematik, vol. 9 (1898), pp. 77-79. 
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is an immediate consequence of Theorem XIII. Evidently much more general 
expansions of the form 


a*f(x) = > anJo,(x) a 
n=0 
also follow from Theorem XIII. 

Obviously the theorems of this section may be extended immediately to 
expansions in series each term of which is made up of the product of & func- 
tions. We shall state the theorem corresponding to Theorem XIII for expan- 
sions in products of & Bessel functions. 


THEOREM XIV. Let o be restricted to an unbounded region S of the 
complex plane such that s/\o+s| (s=1, 2,---) is uniformly bounded; and 
let x be a complex number such that x+n=0, +0,% + --- +0,, where 
o), o{2,---, 6" are in S and lim,..|on| = 2% (r=1, 2,---,k). Then 
if f(x) is any function analytic for |x| <p, x*f(x) has the absolutely and uni- 
formly convergent expansion 


x*f(x) = Yo eS o(x)Joo(x) --- I(x) for|x| SR <p. 
n= 
A special case of this-theorem which is a generalization of the Neumann- 
Gegenbauer expansion is 


x 


ax f(x) baad Zz CJ 4440, n(¥)S uy 48qn(X) hy J nytoya(2), 


n=0 


where yu, and 6, (r=1, 2,---, k) are any complex numbers subject to the 
conditions that u,+0,n is not a negative integer, 6, does not vanish, 
M=pmitwet --- +m, and 6:+6.+ ---+0,=1. Here f(x) is analytic for 
| «| <p and the expansion converges absolutely and uniformly for |x| <R<p. 

It is not necessary that each term of an expansion be the product of ex- 
actly k functions. Under appropriate hypotheses the theorems of this section 
may be generalized in such a way that we obtain expansions where any term 
may be the product of one, two, up to & functions so long as & is bounded for 
all terms. 


UNIVERSITY OF ILLINOIS, 
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BERNSTEIN’S THEOREM AND TRIGONOMETRIC 
APPROXIMATION* 


BY 
DUNHAM JACKSON 


1. Introduction. In a recent papery the writer has presented a sequence 
of theorems relating to normalized polynomials and polynomial approxima- 
tion together with corresponding results for normalized trigonometric sums 
and trigonometric approximation over an entire period. The present paper 
is concerned with similar questions in connection with trigonometric sums 
considered over a part of a period, as well as some additional observations on 
the polynomial case. The treatment is based largely on Bernstein’s theorem 
on the derivative of a trigonometric sum, and incidentally involves or sug- 
gests certain modifications and adaptations of that theorem, both for trig- 
onometric sums and for polynomials. 

2. Standard theorems. The fundamental theorem of Bernstein for trigo- 
nometric sums may be stated as follows.f 


THEOREM B1. Jf T,(x) is a trigonometric sum of the nth order such that 
|T,.(x)| <L for all real values of x, then \T,! (x)| <nL for all real values of x. 


From this can be deduced immediately§ the corresponding theorem for 
polynomials:|| 


THEOREM B2. Jf P,(x) is a polynomial of the nth degree such that 
| P,.(x)| <L for —1<x<1, then |P. (x)| <nL/(1—x?)"? for -1<x<1. 


By a linear transformation of the independent variable the theorem can 
be generalized to an arbitrary interval (a, b), to read thus: 


* Presented to the Society, under two different titles, September 11, 13, 1935; received by the 
editors, October 15, 1935. 

t Certain problems of closest approximation, Bulletin of the American Mathematical Society, 
vol. 39 (1933), pp. 889-906. 

t S. Bernstein, Surl’ ordre de la meilleure approximation des fonctions continues par des polynomes 
de degré donné, Mémoire couronné, Brussels, 1912, p. 20 (with 2nL instead of nL as upper bound for 
| T (x)|); M. Riesz, Eine trigonometrische Inter polationsformel und einige Ungleichungen fiir Poly- 
nome, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 23 (1914), pp. 354-368; pp. 357, 
360-361; C. de la Vallée Poussin, Sur le maximum du module de la dérivée d’une expression trigonomé- 
trique d’ordre et de module bornés, Comptes Rendus, vol. 166 (1918), pp. 843-846; also, e.g., the writer’s 
Colloquium, The Theory of Approximation, New York, 1930, pp. 80-81. 

§ See, e.g., Colloquium, p. 92. 

|| S. Bernstein, op. cit., pp. 6-11. 
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THEOREM B2a. If P,(x) is a polynomial of the nth degree such that 
|P,(x)| $L for a<x<b, then 


| PJ(x)| < = 
[(d — x)(* - a) |'/2 





for a<x<b. 
A closely related theorem for polynomials is that of Markoff :* 
TueoreM M1. Jf P,(x) is a polynomial of the nth degree such that 
|P,(x)| SL for -1<x<1, then irs (x)| <n?L throughout the same interval. 
The generalized statement for an arbitrary interval is: 


THEOREM Mla. Jf P,,(x) is a polynomial of the nth degree such that 
|P,.(x)| <L for asx <b, then |PZ (x)| <2n*L/(b—a) throughout the interval. 


In a somewhat weaker form, which is nevertheless sufficient for present 
purposes, namely, with 27° as upper bound for |P,’ (x)| instead of n°Z, 
Theorem M1 can be obtained as an easy corollary of Theorem B1, and Theo- 
rem M1a follows with coefficient 4 in place of 2. 

Less frequently cited is the following theorem, which is due also to Bern- 
stein :t 
TuHeoreM B3. If Py» -1(x) is a polynomial of degree n—1 such that 
| (1 — «)"*P,_1(x)| SL 


for —1<x31, then 


| Si ee go 
| dx 1 (a — x22 
for -1<x<1l. 
lor a general interval this becomes 
TuHeoreM B3a. If P(x) is a polynomial of degree n—1 such that 
| (b — x)'?(x — a)'/?P,_(x) | = 3 


for as<x3b, then 


* See, e.g., S. Bernstein, op. cit., pp. 11-13; M. Riesz, loc. cit., pp. 359-360. 

t See D. Jackson, On the convergence of certain trigonometric and polynomial approximations, 
these Transactions, vol. 22 (1921), pp. 158-166; pp. 162-163. (In the displayed formula midway be- 
tween (4) and (5) on p. 163 the absolute value bars inclosing the expression Q,,(0)/sin 6 should be 
omitted.) 

t S. Bernstein, op. cit., pp. 17-19; see a!;o D. Jackson, A generalized problem in weighted approxi- 
mation, these Transactions, vol. 26 (1924), pp. 133-154; pp. 140-141. 
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nL 





d 
a [(b — x)'/2(x — a) 2P,_i(x)] < i ae en ape 


fora<x<b. 


3. Variations. If an upper bound is given for the absolute value of a 
trigonometric sum over a part of a period, a conclusion is obtained resembling 
that of Theorem B2a: 


THEOREM 1. Jf T,(x) is a trigonometric sum of the nth order such that 
|7,(x)| SL for asx <b, where* 0<b—a<2r, then 


Cul 
[((o — x)(x — a) |/2 
for a<« <b, where C depends only on a and b. 





| 7/(x)| < 


Throughout this paper C will be used as a general notation for a constant, 
differing in general from one formula to another, and in any particular in- 
stance depending on the range assigned to the independent variable, but not 
depending on anything else. The conclusion of Theorem M1a, for example, 
has the form | P,! (x)| <Cn?L. Where the magnitude of the constant is not 
determined its precise value is immaterial for the purpose in hand. 

Theorem 1 has been proved elsewhere.{ An alternative form of demonstra- 
tion will be presented here, to serve as a pattern for other proofs which are 
to follow. 

Let C,(«) be a cosine sum of the mth order such that |C,(x)| <Z for 
a<x<b, where 0<a<b<z. Then C,(«) is a polynomial of the th degree in 
z=cos x, say p,(z), and | p,(s)| <L for BSz<A, if A =cos a, B=cos b. Ac- 
cording to Theorem B2a, therefore, 


nL 
Pn z < 
l#@! $ Tae Bp) 





in the interior of the interval. By the mean value theorem, inasmuch as sin x 
has a positive lower bound for asx <b, A—zs=C(«—a), andz—B2=C(b—x). 
Consequently 

Cul 


[(b — x)(« — a)]*/? 





| Ci (x)| = | sin x pn (z) | s 


in the interval considered. 
Let S,(«) be a sine sum of the mth order satisfying the condition that 


* If b—aZ=2z, Theorem B1 is applicable. 
} D. Jackson, these Transactions, vol. 26, loc. cit., pp. 141-145. 
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| S,(x)| <Z throughout the same interval. It is possible to write S,,(x) as the 
product of sin « by a polynomial ¢,_:(z) of degree m—1, and since sin x has 
a positive lower bound in the interval | ¢,_1(z)| <CL. Hence 

C(n — 1)L ie CnL 

— 2)(z — B)]"? ~ [(6 — x)(x — a)]*?— 





a-1(z)| S 
| qn —1(2) | ia 


with different values of C in the second and third members, and 
| S./ (x) | =| cos x gn—i(z) — sin? x g,_1(z) | 
CnaL ir Cul 
[(o — x)(x — a)]"? ~ [(@ — x(x — a]? 
again with different values of C. 
Now let 7,,(x) be an arbitrary trigonometric sum of the mth order such 


that | T,(x)| <L for asx<b and also for —b<x< —a, still with 0 <a<b<rz. 
Then ZL is an upper bound likewise for the absolute values of 


C,(x) - 3[T,.(x) + T.(— x)], Sn{x) - 3(T,(«) — T.(— x)], 





=CL+ 


in the interval (a, 6). So |C,/ (x)| and |S,’ (x)| have upper bounds of the form 
obtained in the preceding paragraphs, for a<x<b. And as |C,/(x)| and 
| S,/ (x)| are even functions, 
CuaL CnaL 
x)| s = 
[((o+ x)(—x—a)]'2  [(a’ — x)(x — d’)]!? 


for b’<x<a’, if a’=—a, b’=—b, and S,/(x) is similarly bounded. So 
| 7, (x)| =|C,! (x) +.S,! (x)| has upper bounds of the form 
Cul CnaL 
[(6 — x)(x — a)]'/? [(a’ — x)(x — b’)]'/2 
in the intervals (a, b) and (b’, a’) respectively. 
More generally, let T,,(x) be a trigonometric sum of the mth order having 
L as an upper bound for its absolute value in the intervals a; Sx*<), and 


a2 <x <be, where (a, bi) and (a2, be) are any two intervals of equal length, 
having no point in common, and both contained within a period: 





|c’(x)| =| Cc (- 








b; — a, = be — ae, a, < by < do < bg < ay + 2. 


The change of variable s = x — }(6,+<2) transforms 7,,(x) into a trigonometric 
sum of the mth order in s with absolute value <Z throughout two equal in- 
tervals symmetrically situated with respect to the origin. To this sum r,(s) 
the discussion of the preceding paragraph is applicable. Since r,/ (s) =T,/ (x), 
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the conclusion as expressed in terms of the variable « is that | 7,’ (w)| has the 
upper bounds 
CnL CnL 


[(b: — x)(e — a]? [(be — x)(x — ae)? 


respectively in (a;, b:) and (ds, be). 

Finally, let T,(x) be a trigonometric sum of the nth order such that 
|T.(x)| <L for aSx<b, where (a, b) is any interval of length <2. Let 
the interval (a, b) be covered by four intervals (a, bi),---, (as, by) of 
equal length, overlapping two by two but with no point common to any 
three, extending from a as left-hand extremity of the first interval to } as 
right-hand extremity of the fourth; specifically, let c:, c2, cs be the points 
dividing (a, 6) into fourths, in order from left to right, let # be a positive 
number <(b—a)/12, and let 








a,=a, b; = co, + 2h; dg = —h, bo = eo th; 


a3 = C2 — fh, bs =c3 th; a4 = ¢3 — 2h, by = b. 


The preceding paragraph can be applied to the first and third intervals, and 
again to the second and fourth intervals. If the results are interpreted succes- 
sively for the interval a<«<c, (in which b,—«x has a positive lower bound), 
for the interval c; <x Sc (in which (b2—2) (x — a2) has a positive lower bound), 
for the interval cz <x <c; (in which (6; —)(« —a;) has a positive lower bound), 
and for the interval c;<x«<b (in which «—a, has a positive lower bound), 
it appears in summary that 


Cal 


x)(x — a)}}”? 





| T()| $7 


for a<x<b, as the assertion of Theorem 1 requires. Since the essential con- 
ditions of the problem are unaffected by a change of origin for the independ- 
ent variable it is clear without re-examination of the details of the proof that 
the magnitude of C as a function of a and b depends only on the length of the 
interval, not on the position of its initial point. 

A similar method has been used in another passage* to adapt Markoff’s 
theorem to the case of trigonometric sums, with the simplification that since 
the end points do not have an exceptional status in Markoff’s theorem it is 
not necessary to use overlapping subintervals in dealing with the various 
parts of the given interval, a simple subdivision of the latter into fourths 
being all that is required. The conclusion may be repeated here for reference: 


* D. Jackson, On the application of Markoff’s theorem to problems of approximation in the complex 
domain, Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 883-890; pp. 887-889. 
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THeEoREM 2. If T,(x) is a trigonometric sum of the nth order such that 
|T,.(x)| <L for a<x<b, where 0<b—a<2r, then 


| 7, (x) | < Cn®L 
throughout the same interval, the magnitude of C depending only on the length 
of the interval. 
A trigonometric analogue of Theorem B3a is this: 
THEOREM 3. If T,1(x) is a trigonometric sum of order n—1 such that 
| (6 — x)/%(x — a)'?T,_1(x)| SL 


for as<x<b, where 0<b—a<2rz, then 





d [(d 1/20 4 1/2 (x)] < CnL 
i ee een [(6 — x)( — a)]*2 


fora<x<b. 
The proof is obtained by successive stages corresponding to those in the 
proof of Theorem 1. If C,_:(x) is a cosine sum of order »—1 such that 
| (6 — x)'?(x — a)"/?C,,_4(x) | <=L 
for a<x<b, where 0<a<b<z, and if z=cosx, A=cos a, B=cos bp, 
C,-1(%) =pni(z), Theorem B3a is applicable to the polynomial p,_:(z) in 
the interval (B, A), and 





@ [(A — z)'/%(5 — B)*/2p,_4(z) | | < nL 
| dz [(A — 2)(s — B)]*/? 


for B<z<A. Hence, as [(b—«)(«—a) ]"/2/[(cos a—cos x)(cos x —cos b) |"/? is 
bounded and has a bounded derivative in the interval under consideration, 
it follows that 

Cul 


< 
[(o — «)(x — a)]” 





d 
| — [(6 — x)"2(% — a)/?C,_1(x) | | 
dx 


throughout the same interval. A similar result is obtained if C,:(x) is re- 
placed by a sine sum S,_:(*), of order n —1, the differences between this case 
and that of the cosine sum being taken care of as at the corresponding stage 
in the proof of Theorem 1. 

Let 7,,-1(x) be any trigonometric sum of order m —1 such that 


| (6 — «)"%(x — a)'®7,4(x)| SL 


for a<x <b, and also 
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| (—a— x)'?2(x + b)*°T,,_1(x) | <L 
for —b<x<—a. The latter condition means that 
| (6 — x)'/?(x — a)!?7,_34(— x) | <= L 
for a<x <b, so that the cosine and sine sums 
Co—1() = 3[Tna(x) + Tra(— *)], Saal) = 3[Tra(2) — Tra(— 2)] 


satisfy the conditions of the paragraph preceding. Consequently 
CnL 
< 
[(o — x)(x — a)]*/? 


for a<x <b, and at the same time, for —b<x< —a, 





d 
--- [(d — «)?2(x — a)'/?7,_1(x) ] 
dx 


CnL 
[(a— e+) 


By a change of origin the two intervals can be replaced by any two in- 
tervals of equal length contained within a period, and neither overlapping 
nor having an end point in common. And the proof of Theorem 3 can be 
completed in the same manner as that of Theorem 1, by the use of four over- 
lapping subintervals covering the interval to which the theorem refers; if 


| (6 — x)! — a)? T,4(x)| SL 





d 
ra [(- a— x)'/?(x¥+ b)/?T,,_1(x) | | < 
dx 


for a<x <b, and if the same auxiliary notation is used as in the earlier proof, 
then certainly 


| (db: — x)/2(% — ay)'/?T,_1(x) | SL 


for a, <x <b, and similarly for each of the other subintervals, while the final 
synthesis of the conclusions pertaining to the various subintervals, though 
less immediate than in the other case, is complicated only by a multiplicity 
of simple details, which it would be superfluous to enumerate. 

A corollary derivable from Theorems 1 and 3 jointly by the use of over- 
lapping intervals, of which in this case only two are required, is a theorem 
intermediate between them in form: 


THEOREM 4. If T(x) is a trigonometric sum of order n—1 such that 


| (w — a)?T,_4(x)| <L 


for asx<b, where 0<b—a<2r, then, for a<x<b, 


£ [ce — a7a(s)) | s oe 
ee [(b — x)(x — a)]*/2° 
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Let c=$(a+b), bi=c+h, a2=c—h, with 0<h<}(b—a). Inasmuch as 
(b,x)? <C for a<x<l, application of Theorem 3 to the interval (a, 6) 
gives for a<x <c the relations 


| d 
qa [(d, — x)/2(% — a)/?7,_,(x) ] 
| @ 
- CaL % CaL ” CaL 
* 1; — sz — 6)" * (xe) [6 —-se-o))* 





with different values of C in the successive members of the continued in- 
equality; and hence by further use of the fact that 1/(6,—)*/? and its deriva- 
tive are bounded for a<x<c it appears that 





(1) * te - a"7,_(2)] |s ee 
dx iad) fie [(o — x)(« — a)]!/? 

throughout this interval. In (a, b), where | T,1(x)| <CL, Theorem 1 is ap- 
plicable, and for c<« <b the conclusion can be interpreted to give a relation 
of the form (1). So the assertion of the theorem is valid for the entire interval 
(a, 6). 

Naturally the ends of the interval can be interchanged in the statement, 
the factor (x—a)'/* being replaced by (6—x)/”. 

A corresponding theorem for polynomials can be similarly obtained by 
combination of Theorems B2a and B3a, or deduced from the trigonometric 
case by means of a cosine substitution: 


THeoreM 5. If P,_1(x) is a polynomial of degree n—1 such that 


| (x — a)'?P,_\(x)| SL 
for asx <b, then 


Cul 
x)(x oe a) ]}/? 





od [(x — a)"?*P,_1(x)] 
— or 


< l 
(b 
fora<x<b. 


The same procedure leads to a proposition relating to the behavior of a 
trigonometric sum over an entire period. 


THEOREM 6. If T,-:(x) is a trigonometric sum of order n—1 such that 


_ _ | sin!/2 (x/2)Tn-1(x) | =L 
orO0SxS Tv, then 
| = sin'/? (x/2)T,_1(x) = ‘sin’? (2/2) 


for 0<x <2, where A is an absolute constant. 
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It is clear that this is equivalent to a superficially more general statement 
with [sin }(x—a) |'/? in place of (sin 3x)"/?, and with the interval from 0 to 27 
replaced by that from a to a+2z. Also it is only for reasons of convenience 
that sin x is used rather than an algebraic expression vanishing in the same 
manner. The same letter A will be used to denote a number of different ab- 
solute constants in succession, each in its place determinate once for all. 

In consequence of the hypothesis |x?7,_:(x)| <AL for 0Sx<37/2. 
(Any other fixed number between 7 and 27 would serve equally well.) By 
Theorem 4 





@ [ 27, _1( :)] < AnL 
dx silicates ~ [x(3r/2 — x)]1/2 


for 0 <x <32/2, the symbol C being replaced by that for an absolute constant 
because the interval is completely determinate. Here x'/? in the left-hand 
member can be replaced by sin‘/*(x/2) without changing the form of the up- 
per bound on the right, while 
AnL AnL AnL 
a 8 eee 
[x(3x/2 — x)]#/2 x2 ~~ sin'!/? (4/2) 





for 0<a<7. Replacement of x by 27 —«x leads to a similar conclusion for the 
interval (7, 27), and so completes the proof of the theorem. 

After successive consideration of P,,(x) and (1—x?)/*P,_:(x) it may be 
pointed out that the function (1—x?)P,,_.(x) (the symbol P,_2(x) being re- 
garded as self-explanatory) is merely a polynomial of the mth degree (spe- 
cialized, to be sure, by the circumstance that it vanishes at the points +1 
and —1), and as such comes under Theorem B2, if an upper bound is given 
for its absolute value in (—1, 1). The fact that the vanishing of the poly- 
nomial for x= +1 does not affect the order of magnitude of the upper bound 
obtained for its derivative as « approaches the ends of the interval is illus- 
trated by taking for (1—x?)P,,_2(x) the function 1—cos 26, with x=cos 8, 
for even values of n. 

The expression (b—x)(«—a)T,_2(x) of course does not represent a trigo- 
nometric sum. It is, however, essentially equivalent, as far as the properties in- 
volved in this discussion are concerned, to sin 3(b—x) sin 3(x—a)T,_2(x), 
which is a trigonometric sum of order n—1. 

The hypothesis that | (1—x?)-"/*P,(x)| <Z in (—1, 1) does lead at once 
to a different form of conclusion, not with regard to the derivative of the 
product but with regard to the derivative of P,,(x) itself. Since 


| P,(x)| < Ll — x)? 
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it follows that P,(*) vanishes for «=+1, and must be of the form 
(1—2x*)p,-2(%), where p,-2(x) is a polynomial of degree n—2. From the 
relation 


| (1 — x?)'/2p, o(x)| SL 


it appears by Theorem B3 that 








| ¢ (1 — 22)"p, 9(x)] Pe ao 
| dx iil I~ (1 — at? (1 — ate 
Hence 
| , | d ‘ 9\1/2 9 9 ? 
| Pr (x)| =| — {a — a2)2[(1 — x*)"2p,2(x)]} 
| dx 
| @ 
< (1 — x*)2] — [1 — x2)"2p, 2(x)] | 
| dx 
lel {8 a x2)'/2p, 9(x) | 
(i — ate 
L 
< aL + —————— 
; (1 — «?)!/? 


for —1<x«<1, where in the last member the factor m and the factor 
(1—«?)-"/? do not occur in the same term. 

On the assumption that | (1—«?)—'P,, (x)| <L for —1<x<1 it is possible 
by writing 


P,(x) = (1 — x?) pn—2(x), | Pno(x)| SL, 
and applying Bernstein’s theorem to p,_2(*) to obtain the relation 
| Pl (x)| < wL(1 — x?)/? + 20. 


This type of argument will not be carried further here. 

4. Upper bounds for normalized trigonometric sums and polynomials. 
The theorems of this section and the next are closely associated in content 
and arrangement with those of the paper Ceriain problems of closest approxi- 
mation, previously cited, and henceforth to be referred to simply by the let- 
ter A. They are related to the preceding section, not by direct dependence 
on the results of that section, with the exception of Theorem 2, but by the 
use of the method of overlapping intervals in making the transition from the 
case of polynomials to that of trigonometric sums. The conclusions of the 
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present séction have a bearing on the theory set forth in the writer’s paper* 
on Orthogonal trigonometric sums. A system of trigonometric sums normalized 
and orthogonal over an interval (a, b) of length less than 27 can of course 
be regarded as constituting a system of the same character for an entire 
period, with weight function vanishing outside (a, b). 

An exponent s will be of frequent occurrence. In analogy with the use of 
the symbol C above, C, will be used to denote successively a number of differ- 
ent constants, each depending on the interval specified for the independent 
variable, and on s, but not depending on anything else. 

Let 7,,(x) be an arbitrary trigonometric sum of the mth order, let s be 
an arbitrary positive number, and let 


Ans = fi T,,(x) 


the length of the interval (a, 6) being less} than 27. An upper bound for the 
absolute values of 7,,(x) in (a, b) is to be obtained in terms of H,,. Let u, be 
the maximum of | 7,,(x)| for a<« <b, taken on for x =o, so that | T,(«o)| =n. 
By Theorem 2, |7,/ (x)| <Cn®u, for a<x<b. Hence if |x—ax| <1/(2Cn?), 
with this particular value of C, the point x remaining in (a, 6), 


| Tr(*%) — Tn(20)| S dun, 


and |7,(x)| =4u,. Without impairment of the accuracy of what has been 
said it can be assumed that C >1/(b—a), so that 1/(2Cn?) <$(b—a) forn21. 
Then an interval of length 1/(2Cn?) on one side or the other of xo is wholly 
contained in (a, b), and the integrand in the expression defining //,,, is greater 


than or equal to (u,,/2)* throughout such an interval. Consequently 





"dz, 





1 a\* 
Ans 2 Cn? (*), Ln s C.(*H,.)*!*. 


This may be summarized as follows: 


Lemna 1. /f T,,(x) is a trigonometric sum of the nth order, if 
b 
(2) Hu =f | Talx)|dx,  0<b-a<2r, 


and if p, is the maximum of |T,(x)| for a<x<b, then 


C,(#*Hns)'!*. 


IA 


Mn 


* Annals of Mathematics, (2), vol. 34 (1933), pp. 799-814. 
7 For b—a=2r see the paper A, p. 891, Lemma 1. The corresponding statement for b—a>2zr 
follows as a trivial corollary. 
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Let p(x) be a summable function such that p(x) >v>0 for a<x <b, where 
v is constant. Then 


b 1 b 
f [7.(x) ]?dx < —{ p(x) [T,(x) |?dx. 


An immediate consequence of the lemma for s=2 is 

THEOREM 7. If p(x) is a summable function having a positive lower bound 
in (a, b), and if trigonometric sums T,,(x) of the nth order are constructed for 
successive values of n so that 


b 
(3) f p(x) [T.(x) |*dx < 1, 


then \T,,(x)| has an upper bound of the order of n foraSx <b. 


For trigonometric sums normalized over (a, b) with respect to p(x) as 
weight function the integral in (3) is of course equal to 1; the superficially 
more general statement with the alternative relation of inequality, here and 
in subsequent theorems, is for the sake of application to the case of sums 
normalized over a longer interval containing (a, b), but with a weight func- 
tion not necessarily satisfying the hypothesis throughout the whole of the 
longer interval. 

If p(x), without having a positive lower bound, is still non-negative, and 
is such that [p(x) |-* is summable over (a, 6) with a positive value of r, let 


s = 2r/(r + 1), p = 2/s = 1+ (1/r) > 1. 
The integrand in (2) can be regarded as the product of the factors 
[o(x) |!’ | 7,.(x)|* and [p(x)}-!/». By Hélder’s inequality, since 
{Lo(x)]* | Tax) |°}” = p(x) [TaCa)]® and { [o(x)]-1/7}2/0-) = [p(x) Fr, 


b \/p b (p—-1)/p 
HH, S | f o(a) [ToC Pa | | f [o(s) ra , 


If the first integral on the right satisfies (3), it follows that H,, has an upper 
bound independent of n, and application of the lemma leads to the following 
conclusion: 

THeoreEM 8. If p(x) is a non-negative summable function such that |p(x) |-* 
is summable over (a, b), with r>0, and if trigonometric sums T,(x) of the nth 
order are constructed for successive values of n so that (3) is satisfied, then | T,(x)| 
has an upper bound of the order of n+!" forasx<b. 


Further information with regard to the order of magnitude of | T,(x)| in 
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the interior of the interval can be obtained by the use of a lemma established 
in the paper A for polynomials. 

Consider first the case of a trigonometric sum C,(x) of the mth order con- 
taining only cosines. Let 





b 
Hus = f | Ca(x) |*dx, 


with 0<a<b<z. Let z=cos x, A =cos a, B=cos b. Then C,(x) is a polyno- 
mial p,(z) of the mth degree in z, and 





A . dz 
Ans =f | Pn(z) | Ga’ 
whence 
A 
f | pn(z) |*dz S Hns. 
B 
From this it follows* that 
C,(nHy,)!!* 





| 
| pn(z) | < [(A O71 s)(s 7m B)]¥?2 


for B<z<A, where N is the smallest integer >1/s; if s=1, N =1. Conse- 
quently 
C.(nHns)!!* 


ves x)(x = a) |¥/2 





C,(x)| s 
| CnC) | ie 


for a<x <b, with a new value of C,. 
Let S,(«) be a sine sum of the mth order, and let 


b 
Hus -f 


with 0<a<b<z as before. The symbols z, A, B having the same meaning 
as in the preceding paragraph, S,,(x) = (1 —2?)"/?g,_1(z), where gn_1(z) is a poly- 
nomial in z of degree n—1, and 
A 
‘dz, f | qn—1(2) 
B 


By the proposition cited for the polynomial p,(z) above, 
C.(nHy,)'!* C,(nHns)'!* 
— 2)(2 — B))¥ — x)(x — a))¥? 





S,(x) 





"dz, 





*dz S&S CHa. 





A 
Hye -f (1 — 32) (s-1)/2 | n—1(2) 
B 











qn-i(z) | S w | S.(«)| < G 


* See A, p. 897, Lemma 4. 
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Let 7,(x) be an arbitrary trigonometric sum of the mth order, let it be 
supposed again that 0<a<b<rz, and let 


Hns = J ‘ T,,(x) 


b 
=f {17 


Let C,(x) =4[T,(x)+T,(—x) |, S,(x) =4[T,(«) —T,(—x) ], so that C,(x) is a 
cosine sum and S,,(«) a sine sum. If X and Y are any two real numbers, and 
if s is any positive exponent, whether greater than 1, equal to 1, or less than 1, 
|3(X+Y)|* can not exceed the larger of the quantities | X|*, | Y|*, since the 
maximum of the function ®(X) =| X]|* in any finite interval is taken on at 
one end or the other of the interval, and consequently 
|a(x+Y¥)|*<|X|*+|7| 
in all cases. In the present connection, 


*+|Ta(— x)|*, | Sa(x) 


J ‘| Caz) 


Application of the two preceding paragraphs to C,(x) and S,(x), and again 
to C,(—x) and S,(—x), gives 





sdx + f- | T,(%) |*dax 
—b 








*+/7,(— x) |*}dx. 


| Cr(x) |* S| T,(x) *<|7,(x)|* +] — 7T.(— «)|*, 











so that 





, 6 
dx S Hn, f | Sn(x) |*dx S Hns. 


C.(nHns)*!* 


= ae — a) 





| Tx(x) | =| Cr(x) + Sr(x)| < G 


for a<x<b, 
C.(nHns)'!* 
[(— a — x)(x + 6)]*” 
for —b<x< —a. These formulas can be adapted by a change of origin to any 
pair of equal non-contiguous intervals contained within a period. 


Let 7,(x) be any trigonometric sum of the mth order, let (a, 6) be any 
interval of length less than 27, and let 


| T.(x)| < 





b 
| -f | T,(x) |*dx. 


Let intervals (a;, b1), - - - , (as, bs) be defined as in connection with the proof 


rt eae, 
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of Theorem 1. The preceding paragraph is to be applied to the first and third 
of these intervals, and again to the second and fourth; by combination of the 
results as interpreted for the four quarters of the interval (a, 6) a conclusion 
is reached which can be stated in the following form: 


Lema 2. If T,,(x) is a trigonometric sum of the nth order, if 
6 
Ba -f | Tr(x)|*dx, O<b—a<2r, 


and if N is the smallest integer =1/s, then 


C.(nHns)'!* 
[(o — x)(« — a)]*”? 





| T,(x)| 


for a<x<b. 
An immediate consequence of Lemma 2 for s =2 is 


THEOREM 9. /f p(x) is a summable function having a positive lower bound in 
(a, b), and if trigonometric sums T,(x) are constructed so that (3) is satisfied, 
|T,.(x)| has an upper bound of the order of n"? throughout any closed interval 
interior to (a, b). 


If p(x) does not have a positive lower bound, but does satisfy the hypothe- 
sis of Theorem 8, the reasoning with Hélder’s inequality in the proof of that 
theorem, which gave a relation between the integral in (3) and the value of 
H,,, for an appropriate value of s, is applicable again without change; in con- 
junction with Lemma 2 it gives 


THEOREM 10. If p(x) is a non-negative summable function satisfying the hy- 
pothesis of Theorem 8, and if trigonometric sums T,,(x) are constructed so that 
(3) is satisfied, |T,(x)| has an upper bound of the order of n+»! throughout 
any closed interval interior to (a, b). 


Lemma 2 also leads to a new result for polynomials, intermediate in char- 
acter between Lemmas 3 and 4 of the paper A. 

Let P,,(x) be a polynomial of the mth degree, and s a positive exponent, 
and let 





1 
Ins -f ai- x)? | P,,(x) |*dx. 
0 


Then 





"dz S hxc, 


f ‘(l — x*)-12| P,(x) 
0 
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since 1+x21 throughout the interval of integration. Let x=cos 0, so that 
P,,(x) =C,,(0), a cosine sum of the mth order in @. Then 


J a C,(8) 


and since C,,(@) is an even function of 0 


f a C,(0) |sd0 = 2 J C,(0) 








“2 5 By, 


8d9 = fa — x2)-12 | P,,(2) 





840 S 2hns. 





By Lemma 2, therefore, 
A,(nhys)"!* 
x/2)? = g2]N/2 





C,(0)| S 
| Cn(8) | i 


for —17/2<@<7/2, where A, depends only on s, since the interval is definitely 
specified. For 0 <0 <2/2 (and so for 0 <« <1),inasmuch as (1/2)+02=7/2>1, 
while (1/2) —@>cos 8, 

A,(nh,,)'!* - A,(Mhtns)!*  A,g(nhys)'!* 


| P,(x) | - | C.(@) | = [(x/2) m= g|x/2 = (cos g)N/2 7 gis 








with the same A, throughout. Replacement of « by (x—a)/(b—a), carrying 
over the interval (0, 1) into an arbitrary interval (a, b), makes it possible to 
state the conclusion in the following form: 


Lemma 3. If P,,(x) is a polynomial of the nth degree, if 
b 
hn = f (6 — x)-/2| P,(x) |*dx, 


and if N is the smallest integer =1/s, then 

C,(nhys)"!* 

| P.(x) | < ———— : 
(x — a)N/2 P 


fora<xsb. 
Similarly, if 


b 
lines = f (x — a)-*/2| P,(«) |*dx, 


then 


for asx<b. 














WROD ALN et 











1936] TRIGONOMETRIC APPROXIMATION 241 





The second statement follows from the first, without re-examination of 
the proof in detail, on replacement of x, a, b by —x, —b, —a. 

Lemma 3 has the following consequences, one immediate, the other ob- 
tained by the use of Hélder’s inequality with [p(x)]'/|P,(x)|* and 
(b—x)-"/?[p(x)|-"/? as factors under the integral sign, p and s being related 
to r in the same way as before; each theorem has an alternative statement 
with the ends of the interval interchanged: 


THEOREM 11. Jf p(x) ts a summable function such that (b—x)*/*p(x) has a 
positive lower bound for a<x <b, and if polynomials P,,(x) are defined for suc- 
cessive values of n so that 


b 
(4) f les) Pax $1, 
then |P,,(x)| has an upper bound of the order of n'!? throughout any interval 


a+6<x<b, 6>0. 


THEOREM 12. If p(x) is a non-negative summable function such that 
(b—«x)-(+/2[p(x) |-* is summable over (a, b), with r>0, and if polynomials 
P,,(x) are defined satisfying (4), then |P,(x)| has an upper bound of the order 
of n+)/2” throughout any interval a+6<x <b, 6>0. 


From Lemma 3 it is possible to proceed to a trigonometric analogue of 
Lemma 3 of the paper A. 
Let C,(x) be a cosine sum of the mth order, and let 
6 
lins -f (6 — x)-"/?| C,(x) |*dx, O<a<b<r. 
With the notation used in the proof of Lemma 2, 


A 
f _(s — B)-*/?| pa(z) [dz S Chas, 
B 


whence by Lemma 3 


| Cr(x) | 


| Pn(z) | 
ae C,(nhys)'!* - C,(nhys)!!* 


~ (A — 2)N/2 ~ (x — @)N/2 





in (a, b). A similar argument, with obvious modifications, applies to a sum of 
sines. 

Let T,(x) be an arbitrary trigonometric sum of the mth order, and with 
the assumption still that 0<a<b<z let 
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b —a 
Hn. = f (b? — x?)-"/2| T(x) |*da + (6? — x?)-1/2| T,(x) |*dx 


—b 





b 
=f  2(| Tae) | + | Ta 2 [Dae 


Then 


*)\dx < CH. 





b 
f (6 — x)-(| Ta(x) |* + | Ta(— 2) 


If S,(«) and C,(x) are the odd and even parts of T,,(x), 


[o-oo 


some of the steps in the proof of Lemma 2 being applicable once more, and 





C,,(x) 





b 
‘dx < CHi,, f (6 — x)-1/?| §,(x) |*dx < CHie, 





C.(nHi,)"!* C.(nH ns)"!* 
; ~~ ’ | S,(x) | = oer ca 
(x — a)¥/2 (x — a)¥! 








lc,(x)| < 


for a<x<b. So |T,(x)| has an upper bound of the same form in this in- 
terval. Replacement of x by —x in the even functions |C,,(x)| and |.5,.(x)| 
gives for each of these functions, and hence for | 7,,(x) |, an upper bound of the 
form C,(nH',,)"*/(—x—a)*/? in the interval —b<x<—a. Consequently 


C,(nH,.)'!* 


| 7.(x)| s i an 
in both intervals. 
By a change of origin, if (a:, b;) and (a2, b:) are any two equal non-con- 


tiguous intervals contained within a period, and if 





by 
Hi, -f [(b2 — x)( — ay)}-/?| 7,(x) |*dx 


b, 
+f [(bs — x)(x — a) |-1/? | T,(x) \sdx, 
the intervals (a;, b:) and (de, be) taking the place of (—b, —a) and (a, b) re- 
spectively, then 
C(nHys)"!* 
[(« — d2)(x — bi) |¥/? 





(5) | 7,.(x)| < 


for a,x <b, and for a2<x< be. 
The desired conclusion with regard to an arbitrary trigonometric sum 
T,(x) in a single arbitrary interval (a, b) (of length less than 27) is to be 
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derived now by the use of three overlapping intervals covering (a, b). To avoid 
another definition of symbols the notation used at the corresponding stage in 
the proofs of Theorem 1 and Lemma 2 may be employed again, the three 
intervals for the present argument being taken as (a, b;), (a2, b3), and (ay, 6). 
Let 














b 
Hi, -{ [(6 — x)(x — a) |-"/2 | T,(x) |*dx. 
Then 7 
by 
f [(b — x)(x — a) |-1/2 | T(x) |*dx 
oh fe — x)(x — a) |-12 T,(x) |*dx S Hus, 
and by (5) 


C,(nHy.)"!* 


| Ta(x) | = [(x ad a4) (x —_ by) |*? 





in (a, by) and in (ay, b). If x is restricted to the closed intervals (a, c,;) and 
(cs, 6), in which the last denominator has a positive lower bound, | 7,,(x)| 
<C,(nH7,,)"*. On the other hand, 


J “L r(2) 


tdx < CHis, 





so that Lemma 2 gives a relation of the form | 7,(x)| <C,(nH,/)"'* for the 
interval c,Sx<c3, interior to (a2, 63). For the whole interval (a, b) a con- 
clusion is thus obtained which can be expressed as 


Lemna 4. If T,,(x) is a trigonometric sum of the nth order and if 
b 
Hi,= f [(d — x«)\(x— a) ]-1/2 | T,(x) |'dx, 0<b—a< 2r, 


then |T,(x)| $C.(nH},)"" forasxb. 


This lemma leads to inferences corresponding to those associated with 
the earlier lemmas: 


THEOREM 13. If p(x) is a summable function such that [(b—x)(x —a) ]*/2p(x) 
has a positive lower bound for a<x<b, and if trigonometric sums T,(x) are 
constructed satisfying (3), then |T,(x)| has an upper bound of the order of n'/? 
forasxsb. 
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THEOREM 14. If p(x) is a non-negative summable function such that 
[0 — x)(x — a) + 2[p(x)]-* 


is summable over (a, b), with r>0, and if trigonometric sums T,(x) are con- 
structed satisfying (3), then |T,,(x)| has an upper bound of the order of nv+?/2 
forasxsb. 

5. Convergence theorems. In this section there will be presented a se- 
quence of applications of the preceding ideas to the theory of convergence 
of processes of closest approximation. A process of reasoning which has been 
employed elsewhere,* modified by the use of Theorem 2 in place of the ordi- 
nary form of Bernstein’s or Markofi’s theorem, establishes the following 
proposition: 

Lema 5. /f f(x) is a continuous function for asx <b, T,(x) a trigonometric 
sum of the nth order, and 





b 
Gns -{ | f(x) — T(x) |*dx, 


and if there exists a trigonometric sum t,,(x) of the nth order such that 
| f(x) — tr(x) | S en 
throughout the interval, then 
| f(x) — Tr(x) | S Co(m®Gns)"/* + Sen 


forasxsb. 

Now let it be supposed that f(«) is defined and continuous for a<x <8, 
where aSa<b<f and B—aS2rz. (A more general hypothesis would be ad- 
missible for the moment, but unprofitable.) If 8 =a+27 it will be assumed 
that f(8) =f(a), so that f(x) can be thought of as continuous and periodic. 
Let p(x) be a non-negative summable function in (a, 8), having a positive 
constant v as lower bound for a<x <b. Let m be a given positive exponent, 
and let 7,,(«) be chosen among all trigonometric sums of the mth order so 
as to minimize the integral 


8 
(6) f p(x) | f(x) — Tr(x) | dx. 


The question of the existence of a minimizing sum, as well as of its unique- 
ness or non-uniqueness, has been treated elsewheref in a manner adequate 


* See, for example, the paper A, p. 899; also cf. the proof of Lemma 1 above. 
+ See these Transactions, vol. 26, loc. cit., pp. 133-139. 





— 
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for present purposes; if 8 —a < 27 the integral can be regarded nevertheless as 
extended over an entire period, with a weight function p(«) vanishing outside 
(a, 8). Let the minimum value of the integral, corresponding to the specific 
sum 7’,(x) under consideration, be y,. Then 


b b 
Gum = J | f(x) — T,,(x) | ™dx < —f p(x) | f(x) oe T,(x) | dx << = 


so that by Lemma 5 


| f(x) — T(x) | S Cr(m®n/v)™ + Sen 


in (a, b), if €, has the meaning assigned to it above. Let it be assumed now 
that f(x) can be approximately represented with an error not exceeding e, 
by a trigonometric sum of the th order for a <x <8, and not merely in (a, 6), 
if the former interval is more extensive. Then by the minimizing property of 
T(x) 


8 
Yn & Ren, R -f p(x)dx. 


It follows that 

| f(x) — T,.(x) | S kn?! ™¢,, 
for a<x<b, with k independent of x and . This result will be stated as a 
theorem.* 


THEOREM 15. If p(x) is a non-negative summable function over (a, B) having 
a positive lower bound in (a, b), aSa<bSB, if trigonometric sums T,,(x) of the 
nth order are constructed for successive values of n to minimize the integral (6), 
and if trigonometric sums t,(x) of the nth order exist for each n so that 


| f(x) — ta(x)| S en 
forasx <8, there is a constant k, independent of x and n, such that 


1 | f(x) — Tr(x)| S kn? me, 


aie 


forasx<b. 


A sufficient condition for uniform convergence of 7,(x) toward f(x) 
throughout (a, b) is that lim,.,.2?/"e, =0. Sums #,(*) meeting this require- 
ment will exist if the modulus of continuity of f(x), or in case of need, ac- 
cording to the value of m, the modulus of continuity of one of its derivatives, 
is suitably restricted.+ If m=2, for example, it is sufficient that f(x) have 


* See also these Transactions, vol. 26, loc. cit., pp. 145-150. 
tT See, for example, Colloquium, Chapter I. 
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a continuous derivative for a<x <8. Although the general theorems referred 
to for the existence of approximating sums are stated for the approximate 
representation of a periodic function over an entire period they are never- 
theless available for use here, since if the interval (a, 8) in which f(x) is origi- 
nally defined is of length less than 27 the definition can in each case be ex- 
tended through the rest of a period so that the requisite properties are pre- 
served.* 

The remaining theorems to be presented below will be stated in a form 
corresponding to that of Theorem 15, the explicit interpretation of the re- 
sults in terms of properties of continuity of f(x) being omitted. 

If p(x) does not have a positive lower bound in (a, b), but is such that 
[o(x) |-" is summable over (a, b), r>0, let 


s = mr/(r+ 1), p = m/s =1+ (1/r) > 1. 
By Hélder’s inequality G,,,, written in the form 





foo: foe }”"| ) = Pale) [de 


does not exceed the product of 


b 1/p 
| f p(x) | f(x) — r(x) nds 


by a factor independent of . The integral last written down does not exceed 
Yn, Which is the integral of the same integrand from a to 8. As yn Ren, Gns 
is not greater than a constant multiple of €,”/?=e,*, and | f(x) —T,(«)| has 
by Lemma 5 an upper bound of the order of ?/*e,. This gives 


THEOREM 16. If p(x) is a non-negative summable function over (a, B) such 
that [p(x)|-* is summable over (a, b), aS a<b<B, r>0, if trigonometric sums 
T(x) are defined minimizing (6), and if €, has the same meaning as in Theorem 
15, there is a constant k, independent of x and n, such that 


| f(x) — Tr(x) | S kn2r+d/Cmrr¢, 
forasxsb. 
The lemma to be presented next corresponds to Lemma 8 of the paper A, 
and is to be deduced as a direct consequence of it. 


Let f(x) be continuous for a <x <b, with the understanding for the present 
that 0<a<b<rm. Let C,,(x) be a cosine sum of the mth order, and let 


* If f(x) has a modulus of continuity w(5) for aSx*<f and is defined as linear for 8S x<a+2z, 
it has a modulus of continuity not exceeding 1 constant multiple of w(5) for a<$*x<a+2z; see Col- 
loquium, pp. 52-53. The extension to derivatives offers no difficulty. 
































TRIGONOMETRIC APPROXIMATION 


b 
Gun = f | 2) — Cul) rae. 


Let z=cos x, A =cos a, B=cos J, f(x) =¢(z). Let C,(x) as a polynomial in 
cos x be denoted by ,(z). Then 





*dz = Gus. 


A A 
Gus = J | (2) — pa(z) |*(1 — 2%)-"dz, f | (2) — pals) 


If there is a cosine sum of the mth order differing from f(x) by not more than 
e, for a<x <b), this is a polynomial of the mth degree in z differing from ¢(z) by 
not more than e, for B<z< A, and by the lemma* referred to in the preceding 
paragraph 
| f(x) — Ca(x)| = | (8) — pal) | 
C.[(nGne)!!* + én] ~ C.[(mGns)!!* + én] 
~ [(A — 2) — B))"? [6 — 2)(x — a) )¥” 





for a<x<b, N being the smallest integer =1/s. 

In carrying through a similar argument with sines in place of cosines some 
changes are to be noted in details. Let f(x) be as before, let S,(x) be a sine 
sum of the mth order, and let G,, now denote the integral 


b 
Gu = f | sl) — $2) |dx, O<a<b<r. 


Let the symbols z, A, B, ¢(z) be interpreted as above. The sum S,,(x) has the 
form (1—3z?)*/*¢,_1(z), where gn-1(z) is a polynomial of degree n—1. Let 
$(z) f(x) 
¥(z) = = ‘ 


(1 — 2?)!/? sin « 





Then 
A 
f | ¥(z) a Qn—1(2) |*dz > C.Gne- 
B 


If there is a sine sum s,(x) of the mth order differing from f(x) by not more 
than e, for a<x<b then s,(x)/sin x is a polynomial of degree n—1 in z dif- 
fering from ¥(z) by not more than Ce, for B<z<A. Another application of 
Lemma 8 of the paper A gives for | f(x) —S,(x)| an upper bound of the form 
obtained for | f(x) —C,,(x)| at the end of the last paragraph. 

Let 7,,(x) be an arbitrary trigonometric sum of the mth order, and with 
another change in the meaning of G,, let 


* See A, p. 905. 











248 DUNHAM JACKSON [September 





Gu = P| 12) = Tae edn + [| fe) - 060) rds 


b 
-f {| f(x) — T.(x) |" +|f(— x) — Ta(— x) |*}dx, O<a<b<-z. 


Let 
u(x) = 3[f(x) + f(— «)], v(x) = 3[f(x) — f(— x)], 
C(x) = 3[7,(x) + T.(—+)], Sn(x) = $[T,(x) — Tr(—x)]. 


By an argument used in connection with the proof of Lemma 2, 


b 
f | u(x) — C,(x) 


Let it be supposed that there is a trigonometric sum ¢,(x) such that e, is an 
upper bound for |f(x)—¢,(x)| throughout both of the intervals (a, 5), 
(—b, —a). Then if c,(x) is the cosine sum }[#,(x) +2¢,(—x) ], 


| u(x) — cn(x)| S en 


sdx <= Gis. 





for a<x<b. So the second paragraph preceding gives an upper bound for 
| u(x) —C,,(x)| in the interval a<x <b. Similarly, | v(x) —S,(x)| has an upper 
bound of the same form over the same range. As substitution of —x for x 
leads to corresponding results for the interval (—b, —a), it is found that 
Cu[(nGue)!!* + én] 

—a— x)(x+b)]¥”? 

C, [(mGns)*!* + én] 

(6 — x)(x — a) }*” 





| f(x) — T,(x)| < i 





| (2) — Tale)| $7 


for —b<x< —aand for a<x <6 respectively. These formulas can be adapted 
immediately to the case of a pair of equal intervals unsymmetrically situated 
with respect to the origin. The transition to the case of a single arbitrary in- 
terval of length less than 27 is then effected by the use of four overlapping 
subintervals as in the proofs of Theorem 1 and Lemma 2, the conclusion being 
as follows: 


Lemma 6. Under the hypotheses of Lemma 5 

Cu [(nGne)!!* + €n] 
[(b — x)(x — a)]¥ 
for a<x<b, N being the smallest integer =1/s. 





| f(x) — T,(x)| < 


If the reasoning which led from Lemma 5 to Theorem 15 is modified by 
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the use of Lemma 6 in place of Lemma 5 a result is obtained, the most essen- 
tial content of which can be expressed thus: 

THEorEM 17. Under the hypotheses of Theorem 15, |f(x)—T,(x)| has an 
upper bound of the order of n'!'"€, throughout any closed interval interior to (a, b). 

This is an appreciable improvement over an earlier result* of similar char- 
acter, to the extent that the exponent (1/m) +7 of the earlier work is replaced 
here by 1/m. 

Lemma 6 in combination with Hélder’s inequality (as applied in the proof 
of Theorem 16) gives 

TueoremM 18. Under the hypotheses of Theorem 16, |\(x)—T,(x)| has an 
upper bound of the order of n‘"+¥/(™¢, throughout any closed interval interior 
to (a, b). 

Lemma 6 also has a bearing on the theory of polynomial approximation, 
leading to a lemma which is related to it as Lemma 3 is related to Lemma 2. 

Let f(x) be a continuous function for 0<x* <1, let P,(x) be a polynomial 
of the mth degree, and let 


fu = f (1 — 2)-¥| f(x) — P,(2) |*de. 


If x=cos 0, f(x) =y¥(0), P(x) =C,(0), application of Lemma 6 in the man- 
ner suggested by the proof of Lemma 3 gives in terms of g,, an upper bound 
for |¥(@)—C,,()| in the interval —17/2<@<z/2, and so for | f(x) —P,,(x)| in 
the interval 0 <x <1. Interpreted for an arbitrary interval by a linear change 
of variable, the conclusion may be stated as 


Lemna 7. If f(x) is a continuous function for asx <b, P,(x) a polynomial 
of the nth degree, and 
b 
gus = f (b — x)-"/?| f(x) — P,(x) |*dx, 


and if there exists a polynomial p,(x) of the nth degree such that 
| f(x) — pal) | S en 
throughout the interval, then 


| (x) — P,(x)| < AB 


(x — a)¥/2 





fora<x<b, N being the smallest integer =1/s. 


* These Transactions, vol. 26, loc. cit., p. 153. For comparison see also the paper A, p. 906, 
Theorem 15 and context. 
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If 
b 
8ns -f (x — a)-'/2| f(x) — P(x) |*dx 
then 
1/s 
| f(x) — P,(x) | = oie a _ 
for axx<b. , 


The second statement is an immediate corollary of the first. 
Theorems on polynomials of closest approximation resulting from Lemma 
7 are as follows: 


THEOREM 19. If p(x) is a non-negative summable function over (a, B) such 
that (b—x)*/p(x) has a positive lower bound in (a, b), aSa<bSf8, if polyno- 
mials P,,(x) of the nth degree are constructed for successive values of n to mini- 
mize the integral 





B 
(7) F062) | 4) — Pale) [ae 


and if polynomials p,(x) of the nth degree exist for each n so that 
| f(x) fier pr(x) | = En 


for a<x<B, then | f(x) —P,,(x)| has an upper bound of the order of ne, , 
throughout any interval a+6Sx<b, 6>0. 


THEOREM 20. If p(x) is a non-negative summable function over (a, B) such 
that (b—x)~"+)/?[p(x) |-* is summable over (a, b), aSa<b<B, r>0, if poly- 
nomials P,,(x) are defined minimizing (7), and if €, has the same meaning as in 
Theorem 19, |\f(x)—P,(x)| has an upper bound of the order of n+! ¢, 
throughout any interval a+5Sx Sb, 6>0. 


ee - 


Each theorem has an alternative statement with «—a in place of b—x 
and with (a, b—6) in place of (a+, d). 

The final lemma of the current sequence is to correspond to Lemma 7 of 
the paper A. It is derived from Lemma 7 of the present paper, with inci- 
dental use of Lemma 6, by adaptation of the procedure which led from 
Lemmas 2 and 3 to Lemma 4, the last stage of the argument involving con- 
sideration of three overlapping intervals. Details of the proof being omitted, 
the statement is this: 


Lemma 8. If f(x) is continuous for asx<b, T,(x) is a trigonometric sum 
of the nth order, and 
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ti- f [@ — 2)(x — a) || f(x) — Ta(x) |*de, 


and if there is a trigonometric sum t,(x) of the nth order such that 
| f(x) — tn(x) | S En 
throughout the interval, then 


| f(x) — Ta(x) | S Co[(mGia)"/* + en] 
forasxsb. 


The following are the corresponding theorems on closest approximation: 


THEOREM 21. If p(x) is a non-negative summable function over (a, B) such 
that [(b—x)(x—a) ]""p(x) has a positive lower bound in (a, b), aSa<b<f8, if 
trigonometric sums T,,(x) are defined minimizing (6), and if €, has the same 
meaning as in Theorem 15, |f(x)—Tx(x)| has an upper bound of the order of 
nim, forasxsb. 


THEOREM 22. If p(x) is a non-negative summable function over (a, B) such 
that 


[( _ x)(x - a) |-@+/2[ (x) |-? 


is summable over (a, b), aSa<b<B, r>0, if trigonometric sums T,,(x) are de- 
fined minimizing (6), and if €, has the same meaning as in Theorem 15, 
|f(x) —T,(x)| has an upper bound of the order of n+?! ¢, for a<x <b. 


THE UNIVERSITY OF MINNESOTA, 
MINNEAPOLIS, MINN. 











SINGULAR QUADRATIC FUNCTIONALS* 


BY 
MARSTON MORSE AND WALTER LEIGHTON 


Introduction. Singular quadratic functions of the type (1.1) have been 
briefly investigated by Kemble [1] in connection with Quantum Mechanics. 
The results of Kemble are of a relatively restricted character. On the other 
hand, Hardy, Littlewood, and Pélya,} in Chapter VII of [1] have studied 
special examples of these functionals employing special methods. The de- 
velopments of this paper apparently give a systematic approach to the prob- 
lem of minimizing singular quadratic functionals of the type (1.1). In par- 
ticular, the results obtained include and generalize Theorems (254) and (253) 
of H.L.P. See Examples 9.2 and 12.1 of this paper. 

The authors have admitted various classes of comparison curves. The re- 
sults show in striking fashion how the existence of the minimum depends upon 
the classes of curves admitted. 

The problem requires a remodeling of the conjugate point theory and an 
introduction of a new condition called the singularity condition. Lebesgue 
integrals or their extensions are used throughout. The results of this paper 
will be applied to extend the theory of characteristic roots and solutions of 
the related boundary problems. 


I. ONE SINGULAR END POINT 


1. The functional. We consider a function 
(1.1) f(x, y, 9) = r(x)y’? + 2q(x) yy’ + p(x)y?, 
where r, g, and # are single-valued, continuous functions of the real variable 
x on the open intervalt (0, d) and r is positive. We choose a constant b on 
the interval (0, d) and consider the functional 


b b 
(1.2) J(y) =f se,» ya (O<e<b<d). 





* Presented to the Society, April 11, 1936; received by the editors December 7, 1935. 
+ We shall refer to these authors as H.L.P. 
t In designating intervals it will be convenient to use the conventions: 

[a, b] means the interval aSx<b, 

(a, b] means the interval a<x<b, 

(a, b) means the interval a<x<b, 

[a, b) means the interval aSx<b. 
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We shall term y(x) and the curve y=y(x) A-admissible on [0, }] if 

1. y(x) is continuous on [0, b] and y(0) = y(b) =0; 

2. y(x) is absolutely continuous and y’?(x) is in L on each closed sub- 
interval of (0, 5]. 

On an A-admissible curve y’? will not in general be in L on [0, 5]. For ex- 
ample, 


y = x'/2 cos x 


is A-admissible on [0, x] but y’? is not in Z on this interval. Our A-admissible 
functions y(x) are thus less restricted than the admissible functions of 
H.L.P.* 

Observe that the segment [0, 5] of the x-axis is A-admissible and that 
on this segment J =0. We shall seek conditions under which 


b 
(1.3) lim inf f(x, y, y’)dx = 0 (x > 0).f 
If (1.3) holds for a given class of curves y=y(x) we shall say that [0, 5] 
affords a minimum limit to J among curves of the given class. This minimum 
limit will be termed proper if the equality sign in (1.3) holds at most when 
y=0. 

As we shall see in later sections there are functionals J and intervals 
[0, b] such that [0, b] does not afford a minimum limit to J among A-admissi- 
ble curves, but such that [0, 5] does afford a minimum limit to J if the class 
of A-admissible curves be further restricted. This fact is particularly impor- 
tant in the cases where the Euler equations have a regular singular point at 
x=0. 

2. Conjugate points. We seek the analogue of the Jacobi condition. Clas- 
sical definitions however of the point conjugate to a given point P break 
down in case P is the point (0, 0) and the theory of conjugate points requires 
additional development. 

We begin with the Euler equation (written E.E.) 


d 
(2.1) rd + qy) — (qy’ + py) = 0. 
In general the E.E. is singular at x =0. If u(x) is a solution of the E.E. of 


class C? on (0, d), we shall term the curve y=u(x) an extremal. 
We come to the definition of the first conjugate point of x =0. Let x=a 


* Hardy, Littlewood, and Pélya [1], Chapter VII. 
t This restriction will be understood in the future. 
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be a point on (0, b) and x(a) the first conjugate point of x =a following x =a 
on the interval (a, d), if this conjugate point exists. If x(a) exists for a value 
a=4, it also exists for 0 <a <a, and decreases with a; the first conjugate point 
x =a of x=0 on (0, d) is then defined as the limit of x(a) as a tends to zero. 
If x(a) exists for no value of a on (0, b), x =0 will be said to have no conjugate 
point on [0, d). The first conjugate point of x =0 may coincide with x =0 as 
we shall see in §7. 

We shall prove the following theorem. 

THEOREM 2.1. If the first conjugate point x=a of x=0 exists and a0, 
there exists a solution u(x) of the E.E. such that u(a) =0 and u(x) >0 on (0, a). 
If there is no point on |0, d) conjugate to x =0, there exists a solution v(x) >0 
on (0, d). 

It is sufficient to take u(x) in the theorem as the solution for which 

u(a) = 0, u'(a) = — 1. 


To determine a solution 2(x) which satisfies the theorem let a and b be 
two numbers such that 0<a<b<d and let y(x, a) be a solution such that 


y(a, a) = 0, y(b, a) = 1. 
Observe that y’(b, a) decreases as a decreases and tends to a limit \ as a tends 
to zero. The solution v(«) such that 
2(b) = 1, v'(b) =X, 
satisfies the theorem. 

We seek to determine the first conjugate point of x =0 in terms of solu- 
tions of the E.E. characterized neighboring « =0. We begin with the following 
lemma. 

LemMA 2.1. If there exist linearly independent solutions u(x), v(x) of the 
E.E. for which 


u(x) = 





(2.2) lim 


x=0 0(X) ; 
where k is a finite constant, the solution 
(2.3) w(x) = u(x) — ko(x) 


has the following properties. 
If y(x) is a solution of the E.E. which is linearly independent of w(x), 


w(x) a“ 





(2.4) lim 


r=4 y(x) 
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and 
w’ (x) = y’ (x) 
w(x) = (x) 





(2.5) 


for sufficiently small positive values of x. 


Observe that 


(2.6) a 


x=0 0(x) 





so that w(x) and v(x) are linearly independent. Any solution y(x) linearly in- 
dependent of w(x) can be represented in the form 


y(x) = cyw(x) + cgv(x) (ce ¥ 0), 


and it follows from (2.6) that (2.4) holds as stated. 
To establish (2.5) write the left member of (2.5) in the form 


, we cyw’ + cov’ ~—s Ca w'v — wr’) 1 /cv v\2d / w\? 
(2. 7) — = =— i a —{—)}. 
w ciw + Cov wy 2\y/7 \w/ dx\v 


The first parenthesis in (2.7) tends to one as x tends to zero. Moreover for x 
sufficiently small and positive 


d (w\? w\w'v — we’ 
0) 
dx\v v v? 


since the solutions w(x) and v(x) are independent. It follows from (2.6) that 


d {w\? 
<(“)>0 
dx\v 


for x sufficiently small and positive. 
The proof of the lemma is complete. 
We continue with the two following lemmas. 





Lemma 2.2. If the solution w(x) in the preceding lemma has a first positive 
zero x =c, any solution y(x) which is independent of w(x) vanishes on (0, c). 

The solutions w(x) and y(x) satisfy (2.5) for x sufficiently small and posi- 
tive. The lemma follows at once from a Sturm comparison theorem. 


Lemma 2.3. If x =0 is not its own first conjugate point, the ratio u/v of any 
two linearly independent solutions tends to a finite limit or becomes infinite as x 
tends to zero. 


The lemma follows at once upon computing the derivative of u/v. 
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The preceding lemmas lead to the following theorem. 
THEOREM 2.2. If x=0 is not its own first conjugate point, there exists a 
solution w(x) 40 such that for each solution y(x) independent of w(x) 


a nt, 





2.8) lim 
z=0 (x) 
Any solution with this property of w(x) is linearly dependent on w(x). 
The first conjugate point of x =0, if it exists, is the first positive zero of w(x), 
and the first positive zero of w(x), if it exists, is the first conjugate point of x =0. 


We see from Lemma 2.3 that there exist two linearly independent solu- 
tions « and v such that the ratio u/v tends to a finite limit, as x tends to zero. 
It follows from Lemma 2.1 that there exists a solution w(x) for which (2.8) 
holds for each solution y(x) independent of w(x), and it follows from (2.8) 
that the only solutions with this property of w(x) are dependent on w(x). 

It remains to prove the two concluding statements in the theorem. 

Suppose that x =a is a first conjugate point on (0, 6] of x=0. It follows 
from the definition of a conjugate point and from the Sturm Separation Theo- 
rem* that w(x) vanishes on (0, a]. But according to Theorem 2.1 there exists 
a solution u(x) which vanishes at x=a but is positive on (0, a). It follows 
from Lemma 2.2 that w(x) 0 on (0, a), for otherwise u(x) would vanish on 
(0, «). Hence w(a) =0, and we have shown that the first conjugate point of 
x =0, if it exists, is the first positive zero of w(x). 

Suppose finally that c is a first zero of w(x) on (0, d). Let z(x) be a solution 
such that 2(x) 40 and 2(a) =0 where c<a<d. If a differs from c sufficiently 
little, z(x) will be independent of w(x) and by virtue of Lemma 2.2 must 
vanish on (0, c). It follows from the definition of the first conjugate point of 
x =0 that x =0 possesses a first conjugate point x =a. According to the result 
of the preceding paragraph c=a, and we have shown that the first positive 
zero of w(x), if it exists, is the first conjugate point of x =0. 

The proof of the theorem is complete. 


A solution w(x) 40 of the E.E. such that for each solution y(x) independent 
of w(x), 


w(x) a 





lim 
z=0 y(x) 


will be called a focal solution belonging to x =0. 


As we have seen when x=0 is not its own first conjugate point, the first 


* See Bécher [1]. 
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positive zero of a focal solution is identical with the first conjugate point of 
x=0. 
We can now establish the analogue of the Jacobi necessary condition. 
THEOREM 2.3. If [0, 6] affords a minimum limit to J among A-admissible 
curves, there can be no point conjugate to x =0 on the interval {0, b). 


Suppose x=a on [0, d) is the first conjugate point of x =0. By virtue of 
the definition of such a conjugate point there will exist a solution 2(x) 40 of 
the E.E. which vanishes at least twice on (0, b), say at x =x» and x =%,, where 

0<xm<xu<bd. 


But [xo, 6] affords a minimum to J among neighboring curves of class D! 
which join its end points. Hence a point x =x; conjugate to x =x» cannot exist 
on (xo, b). 

The theorem follows at once. 

3. The Hilbert integral.t Suppose there is no point conjugate to x =0 on 
[0, b). The solution w(x) such that 


w(b) = 0, w'(b) = — 1, 
will not vanish on (0, b). The family of extremals 
(3.1) y = aw(x) (@ constant) 


will form a field in the region S of the xy-plane for which 0<«x <b. The slope 
d(x, y) of the extremal of the field through the point (x, y) is given by the 
equation 

w’ (x) 


w(x) 





(3.2) A(x, vy) = y (0<«<b). 


The Hilbert integral corresponding to the field (3.1) is a line integral of 
the form 


3.3) H= f [9d — Mel 9, Wee + Hole, 9, Nay, 
where \=A(x, y). The equation (3.1) determines a transformation from the 
variables x, y to variables x, a. For x, yon S this transformation is one-to-one. 


In terms of x, a the Hilbert integral takes the form 


(3.4) H* = fae, a)dx + B(x, a)da, 


t For a treatment of the Hilbert integral for non-singular functionals see Morse [1], p. 13 ff. 
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where 


A(x, a) = f[x, aw(x), aw’(x)], 
B(x, a) = w(x)fy[x, aw(x), aw’(x)]. 


When f is given by (1.1), the line integral (3.4) reduces to 
(3.5) H* = ff ecerw’ + 2qww’ + pw*)dx + 2a(rww’ + qw?)da. 


Let S* denote the region of the xa-plane in which 0 <x <b. Equation (3.1) 
defines a one-to-one transformation of S* into S. Let S* be the point set 
sum of S* and the line « =d in the xa-plane. Under the transformation (3.1) 
every point (x, a) of the line x=) is carried into the point (b, 0) of the xy- 
plane. 

The functions A(x, a) and B(x, a) are continuous in x and a for (x, a) 
on S#* and, as is well known (cf. Morse [1], p. 13 ff), there exists a function 
K(x, a) of class C! in x, a on S¥* such that 


dK = Adx + Bda. 
Let y be a continuous curve on S* in the xa-plane of the form 
-2 = x(t), a = a(t) (t; St S te). 
If y is rectifiable, the line integral (3.5) along y exists as a Lebesgue line in- 


tegral.t If further x«(¢) and a(t) are absolutely continuous, this line integral 
equals the Lebesgue integral 


te dx da 
f {ALs, ai) = + Bx), al) <I at 


Moreover H* is independent of paths y joining two fixed points in S* pro- 
vided x(t) and a(t) are absolutely continuous. For 
dK dx da 
eon fh me he Dive 
dt dt dt 
almost everywhere on y, and since K [x(t), a(t) | is absolutely continuous in f, 


. ts “PE dx da 
K[x(2), a(t) ] -{ 4 =? BS] dt = f sae + Bda. 
. ty 6 


Thus along a curve y for which x(t) and a(t) are absolutely continuous and 
0<x<b, the line integral H* given by (3.5) depends only on the end points of y. 


+ de la Vallée Poussin [1], p. 383. 
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Referring to (3.5) we see that for b fixed 
B(b, a) = 0. 
It follows that 
(3.6) K(b, «) = K(b, 0). 


Thus for curves y which start as a fixed point P on S* and terminate at an 
arbitrary point Q on the line x =), the value of H* is independent of Q. 

When interpreted in terms of the integral H in the xy-plane, the foregoing 
theory yields the following. 

Let S; be the point set sum of S and the point (d, 0) in the xy-plane. Under 
the transformation (3.1) S* goes into S,. Let g be a curve on S; of the form 


x = x(t), y = y(t) (t; St S te), 


where x(¢) and y(#) are absolutely continuous. If g lies on S, the Hilbert in- 
tegral exists and depends only on the end points of g. If g terminates at the 
point (6, 0), H still exists and depends only on its first end point provided 


yt) 
w[x(2)] 
is bounded as ¢ tends to &. This follows from (3.6) and the continuity of 
K(x, a). 
An extension of the Weierstrass formula. Let y(x) be an A-admissible 
curve and u(x) a solution of the E.E. not null neighboring « =0. Set 





a(t) 


2 
(3.7) S[y, u] = — Z. (ru’ + qu). 
u 


If, in particular, w(x) is a solution which vanishes at x =b but is not identi- 
cally null, we set 


S[y, u] = sly, 6], 


observing that S[y, «] does not depend upon the particular choice of a non- 
null solution «(x) which vanishes at x=). We term s[y, 6] the singularity 
function belonging to x=6. 

Upon recalling the definition of the Weierstrass E-functionf one finds that 
for our functional J, 


E|x, ¥; A, u| va r(x)(A i bu)”. 
We are ready for the following extension of the Weierstrass formula. 


t Morse [1], p. 5. 
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THeoreM 3.1. If y(x) is A-admissible on [0, 6] and of class C! neighboring 
x =b, if there is no point conjugate to x =0 on [0, b), then 


b 


(3.8) J(y) = f Elz, 92), 9), @, ¥@)) dz + sLy(0, 0], (0<e<bd), 





e 


where p(x, y) is the slope at the point (x, y) of the field F of extremals through the 
point x=b. 

We set up the Hilbert integral H for the field F. Let g denote the curve 
y =y(x) of the theorem. By virtue of the fact that g is of class C' neighboring 
x=b, H exists as a line integral when taken along g from x=e to x=). Let 
the value of H when taken along g from «=e to x=b be denoted by H, |”. 
Recalling the definition of the Weierstrass E-function, one then sees that 


b b 


J(y) 


’ 
e 


b 
= f fax+4, 


e e 








where the arguments are those of (3.8). We shall prove that 


b 


= s[y(e), 6). 


e 


(3.9) Hy 





Let 6 denote the line x =e. To establish (3.8) we consider the closed curve 
obtained by following 6 from y=0 to y=y(e), the curve y=y(x) from x=e 
to x =6, and finally the x-axis from « =) to x =e. Taking the Hilbert integral 
H along this closed curve we find that 
z=b 


= 0. 


z=e 


y=y(e) 
+ H, 


y=0 








(3.10) H; 
But upon turning to the explicit definition of H we see that 





y(e) y(e) rw’ ae qw 
re 
0 


(3.11) Hs| = —— ydy = — s[y(e), 6]. 


0 Ww 


Equation (3.9) is a consequence of (3.10) and (3.11), and (3.8) is proved. 
4, The singularity condition. The following example will show the in- 


adequacy of the classical conditions. 
ExAamPLe 4.1. Consider the functional 


1 42 2 
J= f (2- - “Vaz. 
£ x x3 


The Euler equation is 
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d/y’ y 
=( *) * x* = 
and possesses the linearly independent solutions x and x log x. The solution x 
is a “focal solution” belonging to x=0, so that x=0 has no first conjugate 
point in the sense of §2. Except for the singularity at x =0, the analogues of 
the ordinary conditions that the segment [0, 1] afford a minimum limit to J 
are satisfied. Nevertheless an easy computation shows that along the curve 
* ae a(x ‘oil 1), 
1 
lim J(y)| = — 3. 
e=0 e 
The minimum limit thus fails to exist along [0, 1]. We are accordingly led 
to seek further necessary and sufficient conditions for a minimum. 
The following theorem introduces a new and important necessary condi- 
tion. 


THEOREM 4.1. In order that [0, b| furnish a minimum limit to J, it is neces- 
sary that 


(4.0) lim inf s[y(x), b] = 0 
x=0 


for each A-admissible curve for which 


b 
(4.1) lim inf J(y) 


e=0 e 
is finite. 

We shall first prove the theorem for the case in which y(x) is of class C! 
neighboring x=), making this assumption in order that Theorem 3.1 may 
be applied. Theorem 4.1 will then follow for an arbitrary A-admissible curve 
g joining the end points of [0, 5], since g can be replaced by an A-admissible 
curve of class C! neighboring x =} without altering g except in the neighbor- 
hood of x=). 

We suppose that the limit (4.1) is finite for the given curve y = y(x). There 
accordingly exists a decreasing sequence of constants e, such that 

lim e, = 0 (0 < e, < b) 
and 


b b 


lim inf J(y) 


e=0 








= lim J(y) 
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We set y(e,) =c, and let g, denote the curve obtained by following an ex- 
tremal from the point (0, 0) to the point (e,, c,) and the curve y=y(«) from 
(én, Cn) to (0, 0). We apply (3.8) to g, indicating the evaluation of J along g, 
by adding the subscript ”. We see that 


b 
= s[en, b}. 
&n 





(4.2) Js 


But g, is A-admissible so that 
b 


20 (r > 0). 


ent+T 


+ lim J(y) 


T=2 


Jn 








en 


Upon letting ” become infinite we infer that 


b 
20. 


en 


lim J, 





Combining this result with (4.2) we see that 
(4.2)’ lim s[c,, b] = 0. 


We shall conclude the proof of the theorem by showing that 
(4.3) lim-s[c,, 5] = lim inf s[y(x), 5]. 
n=@ x=0 


To that end we apply (3.8) to the curve y= y(x) setting e=e,. We find that 


6 


(4.4) lim Edx 
exists and is finite. From the fact that E=0 we infer that 


b 


(4.5) lim Edx 

e=0/, 
exists, is finite, and equals the limit (4.4). Because of the finiteness of these 
limits, (3.8) yields the relations 


b D 
= lim Edx + lim inf s[y(e), 5], 
e=0 


e e=0 e 





lim inf J(y) 
e=0 


b b 
= lim Edx + lim s[¢n, 6], 
e=0 e 


lim J(y) 





en 


from which (4.3) follows as stated. 
Condition (4.0) is a consequence of (4.2) and (4.3), and the proof is com- 


plete. 




















1936] SINGULAR QUADRATIC FUNCTIONALS 263 


EXAMPLE 4.2. The condition (4.1) is independent of the analogues of the 
classical Jacobi and Weierstrass conditions. For in the example at the begin- 
ning of this section the point « =0 has no conjugate point, and the Weierstrass 
condition holds on (0, b] since r(x) >0 on (0, d]. 

Let g denote the curve y=x(x—1). The curve g is A-admissible on [0, 1]. 
Moreover the limit (4.1) is finite along g. Observe that x log x is a solution 
u(x) of the E.E. which vanishes when x =1, and that when y=2(x—1), 


u’ 1+ log x 
sly, 1] = -—r—y* = — sain nd »~ iP. 
u log x 
We see that 
lim s[y(x), 1] = — 1, 
x=0 


so that the condition is not satisfied. 
EXAMPLE 4.3. The provision in the theorem that the limit (4.1) be finite 
cannot be removed as an examination of the functional 


f ot = yax 
will show. : 


It is clear that the limit (4.1) is not finite for the curve y=x/?(~—7). The 
singularity function belonging to x =z takes the form 


s[y, ] = — y? cot x. 
Moreover y =x!/?(%—7) is an A-admissible curve g for which 


lim s[y(x), 7] = — 7, 

x=0 
so that (4.0) is not satisfied. Nevertheless we shall see in the next section that 
[0, x] affords a minimum limit for this functional. 

The condition of Theorem 4.1 that (4.0) hold for each A-admissible curve 
for which the limit (4.1) is not + will be termed the singularity condition 
belonging to the segment [0, d]. 

5. Sufficient conditions. Let a and } be two constants such that 
0<a<b<d, and let g be an arbitrary extremal y=g(x) defined on the in- 
terval a<x<b. Let y=2(x) be an absolutely continuous curve which joins 
the end points of g and on which 2’? is in L. 

If there is no point conjugate to x =a on [a, b], 


b b 


(5.1) J(z)| = J(g) 


a 








a 
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The proof of (5.1) follows classical lines. One covers g with a field F of 
extremals without singularity neighboring g, and makes use of the Hilbert 
integral theory as extended in §3. The proof of (5.1) is then completed in the 
usual way. 

We turn to the question of the equality in (5.1). Let p(x, y) be the slope of 
F at the point (x, y). The classical formula of Weierstrass 


b 
AJ -f Edx 


holds and shows that the equality in (5.1) prevails only if 
dz 

(5.2) — = p[x, 2(x)] 
dx 


almost everywhere on [a, 6]. But z(x) is absolutely continuous so that it 
follows from (5.2) that 


2(x) — z(a) = fobs 2(x)|dx. 


We infer that z(x) is of class C!. Returning to (5.2) we see that z=2(«) must 
then be an extremal of F and hence identical with g. 
We come to a principal theorem. 


TuHeoreM 5.1. Necessary and sufficient conditions that (0, b| afford a mini- 
mum limit to J are that [0, b) contain no point conjugate to x =0, and that the 
singularity condition belonging to [0, b| be satisfied. 


That the conditions of the theorem are necessary has already been estab- 
lished. 
To prove the conditions of the theorem sufficient we shall begin with an 
A-admissible curve y=y(x) of class C! neighboring x=) and prove that 
b 
(5.3) lim inf J(y)| 2 0. 
e=0 le 
The relation (5.3) will then follow for an A-admissible curve / not of class C! 
neighboring « =b. For one can replace a segment of # terminating at x =) on 
which x varies sufficiently little by an extremal joining its end points, obtain- 
ing thereby a new curve k of class C'. Moreover it follows from (5.1) that 
b 


2 J(k) 


b 


J(h) 








’ 
le e 


since there is no point conjugate to x =) on the interval on which / is altered. 


Xu 











senna, 


ie 


| 
| 
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But in case y(x) is of class C! neighboring x =6 we can use formula (3.8) and 
infer that (5.3) holds. 

The proof of the theorem is complete. 

The following theorem is of importance in the applications. 


THEOREM 5.2. If for every value of c for which 0 <c <b, and for every curve k 
which is A-admissible on [0, b], 
lim inf J(k)| 2 0, 
e=0 e 
then (0, 6] will afford a minimum limit to J along curves which are A-admissible 
on [0, b]. 

Let A and B be the end points of [0, b| and let g be an A-admissible curve 
which joins A to B. Let P be a point on g near B but not B. Let / be an ex- 
tremal which joins P to B. If P is sufficiently near B, / will afford a minimum 
to J among A-admissible curves which join its end points. Let y be a curve 
which follows g from A to P and # from P to B. Holding P fast let y be 
altered by replacing B by a point (c, 0) on the x-axis near B with 0<c <b and 
replacing # by an extremal joining P to (c, 0). For the resulting curve uy, 


ec 


2 0 





(5.4) lim inf J(u) 


e=0 e 


by hypothesis. If the limit (5.4) is finite, we see that 


b 
2 0. 


c 


lim lim inf J(u) 


c=b e=0 








= lim inf J(y) 
e=0 


é e 


If the limit (5.4) is + ©, we see that 
b 


=+ oo, 





lim inf J(y) 
e=0 


e 


The theorem follows readily. 

In the following theorem and proof each inferior limit is an inferior limit 
as x tends to zero. 

Tueorem 5.3. If [0, e] affords a minimum limit to J for any sufficiently 
small positive constant e, and.if there exists a solution u(x) of the E.E. for which 
the lim inf u(x) 40, J assumes a minimum limit on any interval (0, b| such that 
[0, b) contains no point conjugate to x =0. 

Let w(x) be a focal solution. We begin the proof by establishing state- 
ments (a) and (b). 
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(a) If v(x) is a solution of the E.E. independent of w(x), lim inf v(x) #0. 

If lim inf w(x) =0, (a) is true, for otherwise lim inf u(x) would be null. If 
lim inf w(x) 40, lim inf v(«) must be infinite since lim w/v =0. Thus (a) is true 
in all cases. 

(b) If y(x) is A-admissible, lim inf J(y)| : is finite, and v(x) is independent 
of w(x), then 


(5.5) lim inf S[y(x), o(x)] = 0. 
If the constant ¢ is sufficiently small, the solution z(«) for which 

z(e) = 0, z’(e) = —1 
will have a non-null inferior limit. Since [0, e] affords a minimum limit to J, 
(5.6) lim inf S[y(x), 2(x)] = 0 
by virtue of Theorem 4.1. But 
(5.7) Sly, 2] — S[y, z] = Aa [s’0 — o's] = = 

2v zu 


where k is a constant. Now lim inf v(«) #0 by virtue of (a), and it follows from 
(5.7) that ’ 


(5.8) lim inf S[y, v] = lim inf S[y, ]. 


Statement (b) follows from (5.6) and (5.8). 

Theorem 5.1 now shows that [0, 6] affords a minimum limit to J provided 
x =0 is not conjugate to x=6. That the theorem is valid in case x =0 is con- 
jugate to x =) follows from Theorem 5.2, and the proof is complete. 

Example 4.2 shows that statement (b) is false if the phrase “o(x) is inde- 
pendent of w(x)” is deleted. 

We introduce the following theorem. 


THEOREM 5.4. If p=0 neighboring x =0, if gq=0, and if there is no point on 
[0, b) conjugate tox =0, J assumes a minimum limit on [0, b| among A-admissi- 
ble curves. 


Let e be a positive constant such that p20 on (0, e). Let u(x) be a solution 
of the E.E. such that u(e) =0 and u(x) >0 on (0, e). Observe that 


J(u)| = — r(x)u(x)u’(x) > 0. 


z 


Hence u’(x) <0 on (0, e) and lim inf u(x) +0. We infer that (5.5) holds as 
stated. The theorem then follows from Theorem 5.3. 
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We conclude with the following theorem. 


THEOREM 5.5. The minimum limits affirmed to exist in Theorems 5.3 and 
5.4 are proper unless x =b is a conjugate point of x=0. If x=b is a conjugate 
point of x =0, the minimum limits may be proper or improper. 


Suppose « =d is not conjugate to x =0. Under the hypotheses of the pre- 
ceding theorems if b)<c<d, and c differs sufficiently little from }, the func- 
tional J will assume a minimum limit on [0, c] among curves which are A-ad- 
missible on [0, c]. A curve y=u(x) which is A-admissible on [0, | and which 
gives a null inferior limit to J must be an extremal. A curve g which follows 
y=u(x) from x =0 to x =6 and the x-axis from x =b to x =c will be A-admissi- 
ble on [0, c] and give a null inferior limit to J. The curve g must then be an 
extremal. This is possible only if «(x)=0. Hence [0, b] affords a proper mini- 
mum limit to J unless x =} is conjugate to x =0, and the proof is complete. 

The segment [0, 7] of the x-axis furnishes an improper minimum limit 


to the integral 
f (y? — y*)dx. 
0 


On the other hand we shall see in §8 that there are examples in which x=} 
is conjugate to x =0 and [0, b| furnishes a proper minimum limit to J. 
II. ONE SINGULAR END POINT; REGULAR CASE 


6. The integral. Part II will be devoted to the study of integrals of the 
form 


D 
(6.1) f [x%g(x)y’? — x*-2h(x)v?]dx. 


Here a is any real number, g(x) and h(x) are real analytic functions of x on 
the interval [0, d), and g>0 on this interval. The corresponding E.E. may 
be given the form 


(6.2) agy” + x(ag + xg’)y’ + hy = 0. 
It will be observed that x=0 is a regular* singular point of this differential 


equation. 
Conversely, any differential equation of the form 


(6.3) x*r(x)y"” + xu(x)y’ + o(x)y = 0 


* Most standard works on ordinary differential equations give a treatment of the regular singular 
point which is based on the methods of J. Frobenius. G. D. Birkhoff [1] gives an alternative simplified 
treatment of this question. 
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in which X, u, v are real and analytic on [0, d), and d is positive on [0, d), 
after multiplication by the factor 





(x) 
(6.4) x? oR ; 
where 
(0) 
a= x0)" 
(6.5) 





(x) = ex [fi = a) ax | 
. PLJo «ace 00)/° 1’ 
becomes the E.E. of an integral of the form (6.1) in which a and g are defined 
by (6.5) and 
eis g(x)v(x) 
(x) 


With the equation (6.2) one associates the so-called indicial equation 


(6.6) p>? — p(l—a) +6 =0, 
where : 
m h(0) 
g(0) 


The roots o and r of (6.6) are called indicial roots associated with the point 
x=0. They satisfy the relations 
= 1 — a 
(6.7) ot+?r a 
or = B. 
When o and 7 are real, we shall suppose that 
G2. 
As is well known,* there exist two linearly independent solutions w(x) and 
v(x) of (6.2) of the respective forms 
(6.8) w(x) = x%a(x), 
v(x) = x7b(x) + cw(x) log x, (0<x«<d), 
where a(x) and b(x) are analytic in x on (0, d), 


a(0)-b(0) 0, 


* See, for example, Bieberbach [1], p. 214. 
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and c is a constant. If o—7 is not an integer, c=0, and if o=7, c¥0. Ifio—r 
is an integer ~0, c may or may not be zero depending on the differential 
equation. 

Two cases arise according as the indicial roots are real or imaginary. Sup- 
pose the roots are of the form k + /i where k and / are real and 40. The dif- 
ference 


o—r=+2hi 


is not an integer so that c=0. The solutions (6.8) may then be replaced by 
the linearly independent solutions 


W(x) = x*[A(x) cos log x" + B(x) sin log x*], 


(6.9) : 
V(x) = x*[B(x) cos log x* — A(x) sin log x*], (0< x <d), 


where A(x) and B(x) are real and analytic on [0, d) with 
(6.10) A*(0) + B2(0) ¥ 0. 


7. Focal solutions and the singularity function. We shall prove the fol- 
lowing theorem. 


THEOREM 7.1. A necessary and sufficient condition that x =0 be its own first 
conjugate point is that the indicial roots be imaginary. 


If the roots are imaginary, a solution of the E.E. is given by W(x) in 
(6.9). Since W(x) vanishes infinitely often near « =0, x =0 must be its own 
first conjugate point. On the other hand, if the exponents of o and 7 are real, 
w(x) in (6.8) gives a solution which vanishes near x =0 for no positive value 
of x so that in this case x =0 cannot be its own first conjugate point. 

The proof of the theorem is complete. 

We continue with the following theorem. 


THEOREM 7.2. If the indicial roots are real and o =r, the solution w=x*a(x) 
of (6.8) is a focal solution of the E.E. and the conjugate points of x =0 are the 
zeros of a(x). 


In terms of the solutions w(x) and v(x) of (6.8) we see that 
w(x) 


lim = 
x=0 0(%) 





If then y(x) is any solution independent of w(x), 


w(x) nite 





lim 
x=0 (x) 
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so that w(x) is a focal solution of the E.E. That the conjugate points of « =0 
are the zeros of a(x) follows from Theorem 2.2. 

We shall next verify three formulas useful in the evaluation of the singu- 
larity function s[y, 6] defined in §4. These formulas concern the solutions 
w(x) and v(x) of (6.8) together with any solution u(x) of the form 


u = cyw + cov (co ¥ 0). 


These formulas are as follows: 


w’ 1 

(7.1) — =— [¢ + o(1)], 
WwW x 
’ 1 

(7.2) — = — [r+ 0(1)], 
v x 
u’ 1 

(7.3) — =— [r+ 0(1)]. 
u x 


Formula (7.1) is verified at once. 
To establish (7.2) observe that 
(7.4) v ” =| . ab’(x) + ck(x) + cxk’(x) log ‘] 
b(x) + ck(x) log x 





where 
k(x) = x°-*a(x). 
Upon separating the cases ck(0) =0 and ck(0) #0, (7.2) appears as a conse- 
quence of (7.4). 
Finally we see that 





w’ w v’ 
, , , a“ Br + C2 — 
(7.5) u cyw + cov wv v 
re —= = : 
u cw + Cov w 
Ci— + Cs 
v 


Formula (7.3) follows from (7.5) upon making use of (7.1) and (7.2) together 
with the fact that w/v tends to zero as x tends to zero. 
8. Sufficient conditions in the regular singular case. We consider the func- 


tional 
(8.0) J= f [g(x)ury’? — h(x) x2? y?]dx 


of §6 excluding the trivial case h(x) =0. We are concerned with conditions 
that [0, b] afford a minimum limit to J. 
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The exponent m. It will be convenient to rewrite J in the form 
(8.1) J= f [g(x) ary’? — k(x)u™-*y?]dx, 


where k(x) is analytic on the interval [0, d) and k(0) 0. We see that m2a. 

Besides the conjugate point condition our sufficient conditions will in- 
volve the sign of k(0) and the exponent m. To distinguish between proper 
and improper minima we shall need the roots o and r. Recall that o and + 
are the roots of the equation 


(8.2) p> — p(l—a)+p=0 
with ¢ 27 by convention when the roots are real. 
We shall make use of the following lemma. 


Lemna 8.1. If y(x) is A-admissible and x«y'?(x) is in L on [0, b], x2-1y?(x) 
tends to zero as a limit as x tends to zero. 


The lemma is trivial if a=1. Suppose then that a<1. Let e and x be so 
chosen that 0<e<x<b. We note that 


Lo] - [five] 


Upon using the Schwartz inequality we find that 


22 Ff 2 z dx z 
[ 9) | = lf rer(aety)ds | < f <f xty"*dx. 
e e UJ, 


If we let e tend to zero as a limit, this relation leads to the inequality 








(1 = adarty%(a) sf 2ty'%(a)dr, 


0 


from which the lemma follows as stated. 
We continue with the following lemma. 


Lemma 8.2. If y(x) is A-admissible and x*y'*(x) is in L on (0, 6], and if 
the indicial roots are real, 


lim S[y(x), u(x)] = 0 
x=0 


for every A-admissible curve y =y(x) and solution u(x)#40. 


Upon referring to the definition of the singularity function and making 
use of (7.1), (7.2), and (7.3) we see that 


| S[y(x), u(x)] | S xe-1y*(x)O(1). 
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Lemma 8.2 follows from Lemma 8.1. 
We come to a principal theorem. 


THEOREM 8.1. Necessary and sufficient conditions that {0, b| afford a mini- 
mum limit to J among A-admissible curves are that |0, b) contain no point con- 
jugate to x =0 and that m>1 whenever k(0)>0. 


We have already proved that it is necessary that [0, 6) contain no point 
conjugate to x=0. 

That the conditions of the theorem are sufficient when k(0) <0 follows 
from Theorems 5.4 and 2.3. 

The case m <1, k(0) >0. We shall show that [0, 6) fails to afford a mini- 
mum limit to J in this case. Observe that the term in J of the form 


b 
(8.3) = f k(x)xm— y*dx 


will decrease without limit on a curve of the form y=constant ~0, as x tends 
to zero. 
An A-admissible curve g for which 


1b 
s$-1 


e 


(8.4) lim J(g) 
. e=0 





can accordingly be constructed from an infinite succession of straight line 
segments 

§0, §1, §2,° °° 
as follows. We suppose g, terminates at the point (b, 0), has the slope —1 
and a length equal to b. Let (a,, 6,) denote the initial point of g, and suppose 
that 0<a,<a,_1. For n odd, g, shall terminate at (a,_;, b,1) and have the 
slope zero. Its initial point (a,, b,) shall be so chosen that 


b 
J(g)i <-—1. 
For n odd, gn4: shall terminate at (a,, 6,), have a slope },/a, and a length 
equal to half the distance of (a,, b,) from the origin. 

It is clear that g exists, is A-admissible and that on g (8.4) holds. If [0, 6] 
affords a minimum limit to J among A-admissible curves, it is accordingly 
necessary that m>1. 

The case m>1, k(0) >0. In this case the integral (8.4) has a finite limit as 
e tends to zero. We distinguish between the case in which the limit 


b 
(8.5) lim xty"*dx 


e=0 e 
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is finite and the case in which it is infinite. In the latter case it is clear that 


b 


(8.6) lim inf J(y)| > 0, 
e=0 e 

as desired. In case the limit in (8.5) is finite and [0, 5) contains no point con- 

jugate to x=0, it follows from Lemma 8.2 that 


lim s[y(x), 6] = 0. 
x=0 


We see from Theorem 3.1 that (8.6) holds in this case as well. 

The proof of the theorem is complete. 

We introduce the following lemma. 

Lema 8.3. If [0, 6] affords a minimum limit to J among A-admissible 
curves, the smaller exponent r is never positive. 

We distinguish three cases. 

CasE I. m>a. In this case 8=0 in (8.2). But 8=o7, and the lemma is 
clearly true. 

Case II. m=a, k(0) <0. Here 8 <0 and the lemma is again true. 

Case III. m=a, k(0)>0. By virtue of the theorem m>1 in this case. 


Hence 
a=1-—o-7>l, B=or>0O, 


and we infer that 7 <0. 
The proof of the lemma is complete. 
The following theorem completes the preceding theory. 


THEOREM 8.2. Necessary and sufficient conditions that [0, b| afford an im- 
proper minimum limit to J among A-admissible curves are that x =b be the first 
conjugate point of x=0, and that m>1>«a in case k(0)>0, and that a=m or 
a <1 incase k(0) <0. 

That it is necessary that x =b be the first conjugate point of x =0 is proved 
as under Theorem 5.5. We assume the facts affirmed under Theorem 8.1 and 
continue with a proof of the following. 

(a) If x=b is the first conjugate point of x=0, if k(0)>0 and m>1, the 
minimum limit assumed by J on (0, b| is improper if and only if a<1. 

We shall first prove that an improper minimum limit in (a) implies that 
a<1. To that end observe that such a limit implies that the focal solution 


w(x) = x%a(x) 
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is A-admissible, and hence ¢>0. To continue we distinguish between two 
cases. 

CasE I. m=a. In this case or >0. But 7 $0 by virtue of Lemma 8.3 so 
that Case I is impossible. 

Case II. m>a. In this case the indicial roots are 1—a and 0. Thus a<1 
since ¢ >0. 

Hence an improper minimum limit in (a) implies that a<1. 

Conversely, we shall assume that a<1 in (a) and prove that y=w/(x) is 
A-admissible and 
6 


= 0. 


Zz 


(8.7) lim J(w) 
x=0 





First, observe that 
1—o0-—-7r<1 
when a <1, so that ¢ >0. It follows from (8.7) that 


b 


J(w) — g(x)xeww! = O[xex7x7'] 





z 


(8.8) = O[x7-"]. 


But 7 <0 by virtue of Lemma 8.3 so that e—7 >0. Relation (8.7) follows from 
(8.8), and the proof of (a) is complete. 

We continue with a proof of statement (b). 

(b) If x=b is the first conjugate point of x =0 and if k(0) <0, the minimum 
limit assumed by J on [0, b| is improper if and only if m=a or a<1. 

As in the proof of (a) we see that the minimum limit in (b) is improper 
only if ¢>0. If m>a, the indicial roots are 1—a and 0, and if further o>0, 
it is necessary that a<1. Hence the minimum limit in (b) is improper only 
if m=aora<l. 

If, conversely, a=m and k(0) <0, we infer that or <0 and hence o—7>0. 
Thus (8.7) follows from (8.8) when a=™m in (b). But on the other hand if 
m >a, the indicial roots are 1—a and 0, and if in addition a<1, 7=1—a>0 
so that (8.8) again follows from (8.7). 

The proof of (b) and of the theorem is complete. 

For completeness we add the following. 


The minimum limit zero in Theorem 8.2 is assumed by J only on solutions 
dependent on focal solutions. 


In the regular singular case m =a. We shall prove the following theorem. 
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THEOREM 8.3. If m<a and k(0)>0 in (8.1), [0, 6] fails to afford a mini- 
mum limit to J among A-admissible curves. 


Let c be a positive constant so large, that the indicial roots belonging to 
the E.E. of the functional 


D 
Ya -f [x2gy’? — cx**ky?]dx 
0 


are imaginary. Under the hypotheses of the theorem there exists a positive 
constant 7 <b such that 


k(x) > 0, sere <3 


on [0, 7]. For such a choice of n, 


2 J(y) 


(8.9) J*(y) (0<e<n) 








e 


for every y(x) which is A-admissible on [0, 7]. But since the indicial roots 
belonging to J* are imaginary, an A-admissible function y(x) exists for which 
the left member of (8.9) has a negative inferior limit as e tends to zero. 

The theorem follows from (8.9). 

9. Other types of admissibility. We continue with the regular singular 
case with the functional (8.0). 

Curves a-admissible. A curve y= +(x) which is A-admissible on [0, 6] will 
be said to be a-admissible on [0, b] if the limit 


, 
(9.1) lim ary’ dx 
e=0 e 


is finite. It follows from Lemma 8.2 that 


(9.2) lim S[y(x), u(x)] = 0 
x=0 


whenever the indicial roots are real, y(x) is A-admissible, and u(x) is a solu- 
tion of the E.E. not identically zero. 
We continue with the following lemma. 


Lemma 9.1. If y(x) is a-admissible, x*-*y* is in L on [0, b] except at most 
when a=1. 


To prove this lemma we consider the functional 


(9.3) I -f [xey’? — Kxe-*y?]dx (a ¥ 1), 
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where K is a positive constant. Since a#1, the constant K can be chosen so 
small that the indicial roots corresponding to J are real. We see from (3.8) 


and (9.2) that f 
6 z 
f x*y"dx > lim Kf ge-ty*dz. 
0 e=0 e 


The lemma follows directly. 
EXAMPLE 9.1. The lemma would be false were not the case a=1 excepted 
as is shown by the following example. Neighboring x =0, we suppose that 


y(x) = [— log x]-"/?. 
We find that 


z 


. 12 1 . ! 2 
f xy 2dx = rt J (log x)—3d log t= ry [log x|-? ; 


f atydx = — f [log x]-d log x = — [log (— log x)].. 


From these relations we see that xy’? is in L on [0, 1] while x—y? is not in L. 
We are considering the functional J given by (8.0). When y(x) is a-admis- 
sible, it follows from the preceding lemma that the limit 
q 
le 
is finite except at most when a=1. When a=1, this limit may be finite or 
infinite. 
The principal theorem follows. 


lim J(y) 
e=0 


THEOREM 9.1. A necessary and sufficient condition that |0, b| afford a mini- 
mum limit to J among a-admissible curves is that [0, b) contain no point con- 
jugate to x =0. This minimum limit is improper if and only if x =b is the first 
conjugate point of x =0, if ¢>0 and a>r. 


The theorem follows readily upon abstracting the appropriate arguments 
from the proofs in §8. In particular the reader should refer to (8.8) in proving 
the concluding affirmation. 

Curves F-admissible. If 

(1) (x) is continuous on (0, b| and y(b) =0, 

(2) y(x) is absolutely continuous and y’?(x) is in ZL on each closed sub- 
interval of (0, b|, the curve y= (x) will be said to be F-admissible on [0, 6]. 
We are concerned with the functional J of (8.0) and (8.1) and state the follow- 
ing theorem. 
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THEOREM 9.2. In order that (0, b| afford a minimum limit to J among F- 
admissible curves, it is sufficient that [0, b) contain no point conjugate to x =0 
and that r <0 or o =r =0. Under these conditions the minimum limit is improper 
if and only if x =b is the first conjugate point of x =0 anda>0. 


In case tr <0 or o =r =0, the solution 0(x) of (6.8) is of one sign neighboring 
x =0. If v(x) is chosen so as to be positive, its derivative v’(x) will be negative 
neighboring x =0. It follows that 


S[y(x), o(x)] 2 0 (x > 0) 


for all values of x sufficiently near zero. The first statement of the theorem is 
thus a consequence of (3.8) when x=6 is not conjugate to x =0, and follows 
when x=) is conjugate to x=0 by the limiting process used in the proof of 
Theorem 5.2. The second statement of the theorem is a consequence of earlier 
remarks and of formula (8.8). 

The proof of the theorem is complete. 

The “general” case in which (0, 6] affords a minimum limit to J is de- 
scribed in the preceding theorem. There are known special cases. To give 
final necessary and sufficient conditions would require the introduction of a 
new element, the first focal point of the y-axis. For the cases included in the 
theorem, this focal point is identical with the first conjugate point of «=0. 
We omit further details. 

Curves admissible relative to an extremal g. Let y=u(x) be an extremal g 
which joins the points (0, 0) and (6, c). We assume that J(u) ’ tends to a 
finite limit as e tends to zero. Relative to the extremal g we admit comparison 
curves of the form 


y = u(x) + n(x), 
where (x) is X-admissible on [0, b], X symbolizing A, a, or F. 
If for each such curve 


b 


= J(u) 


b 


’ 


lim inf J(y) 
e=0 0 








e 


we shall say that g affords a minimum limit to J among the particular class 
of curves admitted. 
A simple integration by parts shows that 


b 


b b 
(9.4) I(y)| = J(u)| +J(n)| + T[n(e), u(e)], 











e 


where 
T[n, «] = 2njru’ + qu]. 
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If our knowledge of the functional T is sufficient, the preceding theorems 
about J(n) will lead to theorems about J(y). As an example we shall translate 
Theorem 9.1. ; 

The solution u(x) will vanish at x=0 and J (u)|. will tend to a finite 
limit if and only if u(x) is a focal extremal and o >0. Under these conditions 
xu’? will be in L on (0, 6], and x*(u’+7’)? will be in Z on [0, b] if and only if 
xn’? is in L on [0, db]. 

THEOREM 9.3. A necessary and sufficient condition that a focal extremal 

y = x’a(x) (¢c>0;0<5 x4 d) 


afford a minimum limit to J relative to curves y=u(x)+n(x) for which n(x) is 
a-admissible on [0, b| is that (0, b) contain no point conjugate to x=0. This 
minimum limit is improper if and only if x =b is the first conjugate point of x =0 
and o >t. The value of the minimum limit is g(b)u(b)u’(b). 

That the conjugate point condition insures a minimum limit will follow 
from (9.4) and Theorem 9.1 once we have shown that 


(9.5) lim T[n(e), u(e)] = 0. 
e=0 


Observe that 
T(n, 4) = n(x)x*x7—'0(1). 
But 7 is a-admissible, and it follows from Lemma 8.1 that 


Recalling that a=1—o-—r7 we see that 
T(n, u) = x©-"!0(1), 
so that (9.5) holds as stated. 
The remainder of the theorem follows from (9.4) and Theorem 9.1. 


EXAMPLE 9.2. We shall now derive a theorem of H.L.P. With a slight 
variation which accords with the present notation this theorem is as follows. 


If u>4, y(0) =0, y(1) =1, y(x) is absolutely continuous and y’ is in L*, then 


1 y? 
J(y) = f E& _ 7] dx = uo. 
0 x 


The only case of equality occurs when y=x’. 


The indicial equation is 


1 
p> —p+—=0. 
7 





pigs osattc. sce cusenn ee 
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If u>4, the roots are real and distinct with o>0. The focal solution x7 
vanishes only when x=0 so that there is no point conjugate to x«=0. The 
minimum limit afforded by x’ is accordingly proper. Its value is 


g(1)u(1)u’(1) = wo. 
III. Two SINGULAR END POINTS 


10. Necessary conditions. We return to a function f of the form (1.1) and 
a functional of the form 


72 


(10.1) yal « | tao Pole 


zy zy 
where x; and x2 are constants such that 
(10.2) 0< 4% < 4% <d. 


Functions y(x) which are A-, a-, or F-admissible on [0, }] have already 
been defined. A function y(x) will be termed A-, a-, or F-admissible respec- 
tively on [0, d] if for each constant 5 on (0, d), y(x) satisfies the conditions 
for A-, a-, or F-admissibility on [0, 6] excepting at most the condition that 
y(b) =0. 

The transformation 


(10.3) a*=d—x 


interchanges the points x =0 and x=d. Functions which result from curves 
A-, a-, or F-admissible on the interval [0, 5] or [0, d] upon applying the trans- 
formation (10.3) will be termed A*-, a*-, or F*-admissible respectively on 
[0, b] or [0, d]. 

Let X denote one of the symbols A, a, and F, and Y one of the symbols 
A*, a*, and F*. A function (x) will be termed (X, Y)-admissible on (0, d] if 
by an alteration on an arbitrarily small neighborhood of x =d, y(x) can be 
made X-admissible on [0, d], and if by an alteration on an arbitrarily small 
neighborhood of x=0, y(x) can be made Y-admissible on [0, d]. A curve 
y=y(x) will be termed (X, Y)-admissible if y(x) is (X, Y)-admissible. We 
thus have nine different types of (X, Y)-admissibility. 

We shall begin by seeking conditions under which 


(10.4) lim inf f(x, y, y’)dx = 0 


4=0,x,=d/ 2, 


for curves which are (A, A*)-admissible on [0, d]. If (10.4) holds, we shall 
say that [0, d] affords a minimum limit to J among curves (A, A*)-admissible 
on [0, d]. 
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In (10.2) we defined the first conjugate point of x =0 on [0, d). Under the 
transformation (10.3), J will be carried into a functional J*. Relative to J 
the first conjugate point of x =d will be defined as the image under (10.3) 
of the first conjugate point of x* =0 relative to J*. 

A solution w(x)#0 of the E.E. such that for each solution y(x) independ- 
ent of w(x) 

w(x) 
lim = 
x=d y(x) 
will be called a focal solution belonging to x =d. A focal solution belonging to 
x =d will always exist, if x =d is not its own first conjugate point on (0, d]. 
If x =d is not its own first conjugate point on (0, d], the first conjugate point 
of « =d preceding x =d, if it exists, will be given by the first zero preceding 
x=d of a focal solution belonging to x =d. These results and others follow 
from the results of §2 upon applying the transformation (10.3) to J. 

If [0, d| affords a minimum limit to J among curves (A, A*)-admissible 
on [0, d| and if } is any constant on (0, d), [0, b| will afford a minimum limit 
to J relative to curves A-admissible on [0, b]. We are thereby led to the fol- 
lowing theorem. 


0 


TueoreM 10.1. If [0, d] affords a minimum limit to J among curves (A, A*)- 
admissible on |0, d], there can be no first conjugate point of x =0 on [0, d) or 
first conjugate point of x =d on (0, d}. 


The conclusions of the theorem are not independent, for it follows from 
Lemma 2.2 that if x =0 has no first conjugate point on [0, d], x =d will have 
no first conjugate point on (0, d]. Moreover the roles of « =0 and x=d can 
be interchanged. 

In §4 we have defined the singularity condition at « =0 belonging to [0, 6]. 


The condition that 
lim inf s[y(x), b] < 0 (0<b<d) 
x=d 


for each A*-admissible curve for which 


lim inf J(y)| # + © 
x=d 


b 


will be called the singularity condition at x =d belonging to [b, d]. With this 
understood we have the following theorem. 


TueoreM 10.2. If [0, d| affords a minimum limit to J, the singularity con- 
dition at x=0 belonging to (0, b| and the singularity condition at x=d belonging 
to [b, d| must be satisfied by each curve y=y(x) (A, A*)-admissible on [0, d] 
and each constant b on (0, d). 
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11. Sufficient conditions. If u(x) is a solution of the E.E. which does not 
vanish on an interval J=(0, d) and y(x) is a function (A, A*)-admissible 
on [0, d], it will be convenient to set 


(11.0) E[x, v(x), »'(x), plx, »(x)]] = E[y(x), u(x)] (on J), 


where p(x, y) is the slope of the field y=cu(x) at the point (x, y). With this 
understood we state an extension of Theorem 3.1. 


THEOREM 11.1. [f y(x) is (A, A*)-admissible on [0, d] and u(x) is a solution 
of the E.E. which does not vanish on (0, d|, then for 0 <x, <22<d, 


ait) sa)! = f Ely), wa) lax + Sly), aa], 


The proof of (11.1) is similar to the proof of (3.1). It is based on the for- 
mula 


J(iy)| = f ‘Edx + Hy| , 
where H is the Hilbert integral set up for the field y=cu(x). As in §3 one 
shows that 
H, "i S[y(x), u(x)]"* 
and (11.1) follows at once. 
We are led to the following theorem. 


THEOREM 11.2. In order that [0, d| afford a minimum limit to J, it is suffi- 
cient that there exist a solution u(x) of the E.E. such that u(x) #0 on (0, d) and 
such that 

lim inf S[y(x), u(x) ]" = 


x, =0,x,=d 2 
for every (A, A*)-admissible curve y = y(x). 

Theorem 11.2 follows at once from (11.1). 

An inequality. Let z(x) and u(x) be two solutions of the E.E. such that 
z(b) =u(b) for some value of 6 on (0, d) and such that z(x) >0 on (0, 6] and 
u(x) >0 on [b, d). Let y=y(x) be a curve which is (A, A*)-admissible on 
[0, d|. By a proof similar to that of (11.1) we find that 


6 b 
(11.2) J(y)| = f E[y(x), 2(x)]dx + S[y(x), 2(x)]™, 


(11.3) J(y) Y= [PED wadlde + Sly), al. 
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We thus arrive at the following inequality 
(11.4) I(y)| & Sly(a), 2(2)] "+ SLy(@), wa) . 
We shall use (11.4) in proving the following theorem. 


THEOREM 11.3. If in the case q(x)=0 there exists a solution u(x) of the E.E. 
for which 


u'(x) <0, u(x) >0, (x > 0), 
neighboring x =0 and a solution v(x) such that 

v(x) 2 0, 2(x) > 0, (x < d), 
neighboring x =d, and if x =0 possesses no conjugate point on (0, d), J assumes 
a minimum limit on [0, d| among curves which are (A, A*)-admissible. 


Let w(x) be a solution of the E.E. which is positive on (0, d). Let b be a 
constant on (0, d). Let z(x) be a solution such that 


(11.5) 2(b) = w(d), 2'(b) = w'(b) — (e > 0). 
Note that 

2(x) 2 w(x) > 0 (0<x3)b). 
Similarly let u(x) be a solution such that 
(11.6) u(b) = w(d), u’(b) = w'(b) +e. 
Observe that 

u(x) 2 w(x) > 0 (6S xd). 


Let y=y(x) be an (A, A*)-admissible curve. We turn to the relation (11.4). 

If the above constant ¢ is sufficiently small, neither z(x) nor u(x) will be a 
focal solution belonging to x =0 or x =d. It follows as in the proof of Theorem 
5.3 that 


(11.7) lim inf S[y(x), 2(x)] = 0, 
z,=0 


(11.8) lim inf S[y(x), u(x)] < 0. 


= 


From (11.4) we see that 


(11.9) lim inf J(y) | = S[y(6), u(6)] — S[y(6), 2(6)]. 


x, =0,2,=d zy 


a ee i ee 
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Upon letting the constant e approach zero the right member of (11.9) tends 
to zero, and the theorem follows directly. 

The following theorem is an easy consequence of the preceding (cf. proof 
of Theorem 5.4). 


THEOREM 11.4. If p=O neighboring x=0 and x=d, if g=0, and if there 
is no point on [0, d) conjugate to x=0, [0, d| affords a minimum limit io J 
among (A, A*)-admissible curves. 

12. The regular case: two singular points. We now suppose that the inte- 
grand f in (10.1) may be given the form of the integrand in (8.0) or (8.1) 
neighboring x =0, and that neighboring x =d it may be given the form 

(x — d)=*g*(x)y'? — (x — d)o*-°h*(x) y? 


= (x — d)a*g*(x)y’? — (x — d)™**k*(x)y?, 


(12.1) 


where g*(x), *(x), and k*(x) are analytic in x neighboring x =d, with g*(x) >0 
and k*(d) #0. The E.E. corresponding to such a functional will have a regular 
singular point at x=0 and at x=d. The indicial roots corresponding to the 
singular point « =d will be denoted by o*, and r*, with o* =7* when o* and 
7* are real. 

Our first theorem is as follows. 


THEOREM 12.1. Necessary and sufficient conditions that [0, d| afford a 
minimum limit to J among curves which are (A, A*)-admissible are that [0, d] 
contain no point conjugate to x=0 and that m>1 if k(0)>0 and m*>1 if 
k*(0) >0. 


That the conditions of the theorem are necessary follows from the theo- 
rems for one singular point. One considers the segments [0, b| and [6, d] 
with b on (0, d). 

To prove the conditions sufficient we consider the limits 

b Ze 
(12.2) lim xty"*dx, lim (x — d)**y"*dx, 


x,=0 2, x2=d b 


where y(x) is (A, A*)-admissible on [0, d] and (0<b<d). If one or both of 
the limits (12.2) are infinite, it is clear that 


(12.3) lim inf J(y)| > 0, 


x1=0,x.=d 2 


as desired. Suppose both of the limits (12.2) are finite. It follows from Lemma 
8.1 that S[y(x), w(x) ] tends to zero as x tends to zero or d where u(x) is any 
solution of the E.E. which is not zero on (0, d). 
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The theorem follows from Theorem 11.2. 
Theorem 12.1 has the following corollary. 


Corotiary. If [0, d) contains no point conjugate to x =0, necessary and 
sufficient conditions that J assume a minimum limit among (A, A*)-admissible 
curves on [0, d| are that for each constant b on (0, d) J assumes a minimum 
limit on [0, b| and [b, d] respectively among curves A-admissible and A*-admis- 
sible on [0, b] and [b, d| respectively. 

We next consider the possibility of improper minimum limits. Theorem 
8.2 includes the conditions 


(12.4)’ m>1, a<1 if k(0)>0, 
(12.4)” a=m, ora>1 if k(0) <0. 


We term these conditions the finite conditions in Theorem 8.2. Analogous 
finite conditions at the point « =d are obtained by placing an asterisk above 
m, a, and k in (12.4). With this understood we state the following theorem. 


THEOREM 12.2. Necessary and sufficient conditions that |0, d| afford an im- 
proper minimum limit to J among curves which are (A, A*)-admissible on [0, d] 
are (1) that a focal solution belonging to x =0 be a focal solution belonging to x =d 
and (2) that the finite conditions (12.4) hold at x =0 and the analogous conditions 
hold at x =d. 


We begin by proving condition (1) necessary. 
If [0, d] affords an improper minimum limit to J, there exists an admissi- 
ble curve y = y(«) #0 such that 


z 


(12.5) lim inf J(y)| = 0. 


xi=0,x.=d zy 


Suppose in particular that y(b) >0 where 0 <b <d. Let 2(x) and u(x) be focal 
solutions belonging to « =0 and x =d respectively such that 


(12.6) 2(b) = u(b) = (0d). 
If condition (1) is not necessary, as we now assume, 2(x)#y(x). It follows that 


(12.7) 2'(b) > p’(d) 


as one sees from the properties of focal solutions. 

We shall make use of the relation (11.4). If (12.5) holds, it is impossible 
for either of the limits (12.2) to be infinite. It follows from Lemma 8.1, as 
we have noted previously, that (11.7) and (11.8) hold, and accordingly (11.9). 
Upon making use of the defiaitions of 2(«) and u(x) and the relation (12.7), 
(11.9) takes the form 
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(12.8) lim inf J(y)| 2 r(0)y(6)[e"() — w'@)] > 0 
contrary to (12.5). 

We infer that z(x) =y(«), and condition (1) of the theorem is proved neces- 
sary. 

To prove conditions (2) necessary we trace (12.8) back to equations (11.2) 
and (11.3) and observe that the equality holds in (12.8) only if 


y(x) = 2(x) = w(x); 


that is, if y(x) is a focal solution belonging to x =0 and x =d. That conditions 
(2) are necessary and that conditions (1) and (2) are sufficient follow now 
as in the proof of Theorem 8.2. 

It is clear that we can use theorems on minimum limits when the func- 
tional has one singular point to suggest theorems on minimum limits for the 
various types of (X, Y)-admissibility. The methods of proof will combine the 
methods of §9 and the present section. We give one additional theorem sug- 
gested by Theorems 9.1 and 9.2. 


THEOREM 12.3. Sufficient conditions that [0, d| afford a minimum limit to J 
among curves which are (a, F)-admissible are that {0, d) contain no point con- 
jugate to x =0 and that r* <0 or o* =r* =0. This minimum limit is improper if 
and only if a focal solution belonging to x =0 is a focal solution belonging to 
x=d,ifo>0,0¢—7r>0, and o*>0. 


EXAMPLE 12.1. The following theorem is stated in H.L.P. It follows from 
Theorem 12.3. 


If y’ belongs to L*(0, ©), yo=0, and y is not always zero, then 


(12.9) It) = f- (19° ‘a *) dx >0. 


The curves admitted by H.L.P. are a sub-class of those (a, F)-admissible 
on [0, ~ ]. To apply the preceding theorem we make the transformation 


x t 


t= ’ . 
x+1 1-—¢# 


The transformed functional will have singular points at ¢=0 and ¢=1 with 
o=7 =} and a* =m* =2. Since 
—1=1-—a* =o*4+7*, 


we infer that r* <0. The E.E. corresponding to (12.9) has the focal solution 
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x? so that the conjugate point condition is satisfied. The minimum limit 
afforded by [0, ~ | is proper since ¢ =r. 
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SOME THEOREMS ON FOURIER TRANSFORMS AND 
CONJUGATE TRIGONOMETRIC INTEGRALS{ 


BY 
R. P. BOAS, JR. 


1. Introduction. Functions whose Fourier transforms vanish for large val- 
ues of the argument have been studied by Paley and Wiener. It is natural, 
then, to ask what properties are possessed by functions whose Fourier trans- 
forms vanish over a finite interval. The two classes of functions are evidently 
closely related, since a function whose Fourier transform vanishes on (—A, A) 
is the difference of two suitably chosen functions, one of which has its Fourier 
transform vanishing outside (—A, A). In this paper, however, we obtain, 
for a function having a Fourier transform vanishing over a finite interval, a 
criterion which does not seem to be trivially related to known results. It is 
stated in terms of a transform which is closely related to the Hilbert trans- 
form, and which may be written in the simplest (and probably most interest- 
ing) case, 


(1) pi=— fo eT sin eat, 





With this notation, we shall show that a necessary and sufficient condition 
for a function f(x) belonging to L*(— 2%, ©) to have a Fourier transform 
vanishing almost everywhere on (—1, 1) is that f**(x) = —f(x) almost every- 
where; f**(x) is the result of applying the transform (1) to f*(x). The result 
holds also if (sin #)/t is replaced in the integrand in (1) by a certain more 
general function H(t). 

As a preliminary result, we discuss the effect of the general transform f*(x) 
on a trigonometric Stieltjes integral, 


R 
(2) f(a) = f etday, 
—R 
where a(é) is a normalized§ complex-valued function of bounded variation. 
It is found that if a(#) is constant on —1<¢<0 and on 0<#<1, then f*(x) 
is equal to the conjugate trigonometric integral, 


+ Presented to the Society, April 10, 1936; received by the editors, January 10, 1936. 

~R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex Domain, American 
Mathematical Society Colloquium Publications, vol. 19, 1934, pp. 13, 24, 68 ff. 

§ a(t) is said to be normalized if a(t) =4[a(t+0)+a(t—0)], —R<t<R. 
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R 
f(x) =i f e'*t son t da(t). f 
<2 
This includes the case where f(x) is a trigonometric polynomial. 

The relation f(x) =/*(«), when valid, proves to be effective for establishing 
inequalities for f(x). For this application we shall need also generalizations 
of S. Bernstein’s classical inequality for the derivative of a trigonometric 
polynomial;§ these we obtain in §4. For the sake of completeness it has 
seemed desirable to establish stronger results than we actually need, and 
which generalize to integrals of the form (2) extensions of Bernstein’s theo- 
rem which have been given for trigonometric polynomials by G. Szegé|| and 
by A. Zygmund.{ 

Bernstein’s theorem states that if 


R 
f(x) = > + Dy (a, cos nx + b, sin nx) 
n=1 

is a trigonometric polynomial of order R (with real coefficients), and if 
\f(x)| <M, —2© <x<o, then |f’(x)| <MR, —2 <x<o. Bernstein has 
shown{f that the same conclusion follows if f(x) is merely an entire function 
with the property that lim sup, ...| f‘ (x)|!/"=R; this includes functions f(x) 
of the form (2), and would be sufficient for our purposes. 

When f(x) is a trigonometric polynomial, Szegé’s result is that | f(x)| <M 
implies not only Bernstein’s inequality but also 


(3) | Ra(x) + f’(x) cos 6 + f’(x) sin 6| <= MR 


for any real 6, where 


do R-1 n 
a(x) = 9 + r(1 — =) (a, cos nx + b, sin nx) 


n=1 


is an arithmetic mean of f(x). An equivalent statement is 


t sgn t=t/| t|, £0; sgn 0=0. 

t Except that our definition of the conjugate yields the negative of the usual conjugate in the 
case of a trigonometric polynomial; our conjugate is so defined that it will coincide with the Hilbert 
transform. 

§ I am indebted to Professor D. V. Widder for originally calling my attention to the question 
of generalizing Bernstein’s theorem to trigonometric integrals. 

| G. Szegé, Uber einen Satz des Herrn Serge Bernstein, Schriften der Kénigsberger gelehrten 
Gesellschaft, vol. 5 (1928), pp. 59-70. 

4 A. Zygmund, A remark on conjugate series, Proceedings of the London Mathematical Society, 
(2), vol. 34 (1932), pp. 392-400. 

Tt S. Bernstein, Legons sur les Propriétés Extrémales et la Meilleure Approximation des Fonctions 
Analytiques d’une Variable Réelle, 1926, p. 102. 
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R| o(x)| + [(f'(x))? + (f'(x))?]!2 S MR. 


Zygmund showed that if ¢(#) is a non-decreasing convex function of u(u=0), 


then 
Qn , Qn 
f (Ola, < (| f(x) | dx 


with the same inequality for (| f’(«)|/R). 

These are the results of Szeg6 and Zygmund which we generalize. We 
show that if f(x) has the form (2), with a(t)=a(—d),f and if |f(x)| <M, 
—« <x<o, then (3) holds, where 


R t 
o(x) = f (1 - 1) e**"da(t); 
—R 


and that Zygmund’s result may be generalized to the inequality 


C-) 6_ } 6 ) 
fo( o(x) + — Fe) + —F'@) )as < Jo f(x) |)da, 


where ¢() is non-negative, non-decreasing, and convex. 
From (3) we may also obtain the generalization to integrals of a result of 
van der Corput and Schaake,f namely, that under the same hypotheses on 


f(x), 
| f(x) | 4 R[M? _ (f(x))2}1/2. 


In §5 we apply our results to obtain inequalities for conjugate trigonomet- 
ric integrals. We can generalize to trigonometric integrals a theorem of M. 
Fekete,§ which states that if f(x) is measurable on (—7, 7) and periodic with 
the period 27; if | f(«)| <M; and if 5,(x) is the sum of the first m terms of the 
series conjugate to the Fourier series of f(x), then |5,(«)| <CM log n, where 
C is an absolute constant. We shall show that if f(~) has the form (2), with 
a(t)=a(—?), and a(é) constant on 0<#<1, then |f(x)| <M, —2 <x<~, 
implies 


+ Professor Szegi has pointed out to me that this last restriction may be removed by an elemen- 
tary argument of a familiar type. The same remark applies to the inequality (4). (Added in proof.) 

tJ. G. van der Corput and G. Schaake, Ungleichungen fiir Polynome und trigonometrische 
Polynome, Compositio Mathematica, vol. 2 (1935), pp. 321-361; p. 337. The inequality is actually 
implicit in Szegi’s inequality (3). 

§ M. Fekete, Uber einen Satz des Herrn Serge Bernstein, Journal fiir die reine und angewandte 
Mathematik, vol. 146 (1916), pp. 88-94; p. 91. Fekete gives no proof; the only proof which I have seen 
is that given by T. Carleman, Uber die Fourierkoeffizienten einer stetigen Funktion, Acta Mathematica, 
vol. 41 (1918), pp. 377-384; p. 383. I am indebted to Professor G. H. Hardy for calling my attention 
to the problem of bounds for the conjugate of a trigonometric polynomial. 





R. P. BOAS [September 


‘ 2 
(4) | f(x) | < u(4 + —log R), 


where A is an absolute constant <4/7. The constant 2/z multiplying log R 
is the best possible constant. Our result is less precise than Fekete’s in that 
it requires a more restrictive hypothesis on f(x); on the other hand, it applies 
to a wider class of functions, and fixes the best possible value of the con- 
stant C. 

The analogy between the inequality (4) and S. Bernstein’s inequality for 
derivatives suggests that Zygmund’s generalization (mentioned above) of 
Bernstein’s theorem to an inequality for a mean value of the derivative should 
have an analogue for the conjugate integral. We establish such an analogue 
in Theorem 8. 

2. Apreliminary theorem. We consider first trigonometric Stieltjes inte- 
grals over a finite range; that is, functions of the form 


R 
(2) fla) = [ e*dals, 
il 
where a(#) is a normalized complex-valued function of the real variable ¢, of 
bounded variation on (—R, R). There is no loss in generality from assuming 
R>1. Then we write 


fiz) = f eiztda(!), 
wall 


fe(x) = (f. +f) e'*'da(t), 


(5) 


so that f(x) =fi(x) +fo(x). 
We now introduce the notation, for any f(x) defined on (— ~, «), 


(@=— fe ane 





(6) F H(t)dt, 
for any x for which the integral exists in the sense of lim,.o,7..Jf.. H(t) is a 
function satisfying Conditions A, below. 

Let us denote by f(x) the Hilbert transformf of f(x), 


- Pe. * f(x+t) — f(x — ?t) 
(7) jx) - —f dt. 





t We shall use the bar to denote bo.h the Hilbert transform and the complex conjugate, but no 
confusion should result. 





— = 
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It is known that if f(x) belongs to L?(— 0, «), then f(x) exists for almost 
all x, and also belongs to L?(— «, «).f 
We shall require H(t) to satisf:- the following conditions. 


ConpiTions A. 1. h(s) is a continuous function of bounded variation on 
—1<s<1,and 


H(t) =f cos st dh(s). 
an 


2. For whatever class of functions f(x) is under consideration, H(t) shall be 
such that the integral (6) converges with respect to the upper limit whenever (7) 
does so. 


The second condition will in particular be satisfied if H(#) has bounded 
variation on (T, ©) for some 7; or if h(s) is the integral of a function k(s) 
of bounded variation on (—1, 1), and the class of functions f(x) is the class 
of functions bounded as x. 

We shall establish the following preliminary theorem. 


THEOREM 1. If f(x) and f2(x) are defined by (2) and (5), and if H(t) satisfies 
Conditions A, then f*(x) exists for all x, and 


(8) f(x) = HOFlx) + if e[¥) — W(—D] dat. 


—1 


It will be sufficient to establish the theorem for the special case 


(9) f(x) = [sn xt dB(t), 


where A(t) is a normalized function of bounded variation, and for the special 
point x =0. In this case (8) becomes 


J*(0) = HOF(0) + J [HY — W- 9] ABD. 


To see this,f suppose Theorem 1 established in this special case, and set, with 
f(x) now defined by (2), 


Tt N. Lusin, Sur la convergence des séries trigonométriques de Fourier, Paris Comptes Rendus, 
vol. 156 (1913), pp. 1655-1658. For references to other proofs, see A. Zygmund, Trigonometrical 
Series, 1935, Chapter 7; and G. H. Hardy and J. E. Littlewood, The allied series of a Fourier series, 
Proceedings of the London Mathematical Society, (2), vol. 24 (1925), pp. 211-246. 

t This device was suggested by a remark made by L. Fejér and by E. Landau, in connection 
with S. Bernstein’s theorem for derivatives. Fekete, op. cit., pp. 88, 93, attributes the idea to Fejér; 
Bernstein, Sur une propriété des fonctions entiéres, Paris Comptes Rendus, vol. 176 (1923), pp. 1603- 
1605, attributes it to Landau. 
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R 


[ei(ztwe _ e'(2-v)* |da(t), 
—R 


oF a neat 
sy) = > e+ ») — fe - y= > 


R 
(10) g(x) = f sin yda(), BL) = f iet=der(u). 


R —R 
Then g(y) has the form (9), and 
i on +t)- —t 
s*(y) = —f dat : id ) (at 
0 


T 








1 6° flxt ytd) —f(xty—d 
—{ , H(t)dt 





t 
a[f*(x + y) + f(x — y)]. 
Thus, g*(0) =f*(x). Similarly, z(0) =f(x). Finally, 


f [h(t) — h(— t)] dB(t) = if e'=*(h(t) — h(— 2)] da(t), 


-1 


1 ¢° flx-—yt) —f(x-—y—-2b) 
+—f H(t)dt 


as we see by referring to (10). 
We assume that the relation 


R 
(11) f(x) = if e'*t sgn t da(t) 


=" 


for functions of the form (2), and in particular 


R 
(12) f(x) = f cos xt sgn ¢ dB(t) 


—R 
for functions of the form (9), is known to hold for all x; it is easily established 
by substituting the explicit expression for f(x) into (7), and changing the 


order of integration. 
We now show that if f(x) is defined by (9), f*(0) exists and satisfies (8). 


We have, since f(x) is an odd function, 
Ps 2 - 
f(0) = — a. 


qT 0 t 
2 £* f(t)H(t) 
; *(0) = — dt, 
fr) —f a 


{ This fact is implicit in a number of places; but I do not know where to refer for an explicit 


statement. 





NNT a ie i Sec 


Pte ale Mane sap 
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provided that the integrals exist. The convergence of the first integral is al- 
ready known; the second integral converges with respect to the upper limit, 
because of Conditions A, and its convergence at the lower limit follows from 
the existence of f’(0). 

Consider now 


fo =—f- n H(t)dt 


r/o 
2 -) dt R : 1 
=f “f sin tu da(u) f cos st dh(s) 
T<“0 t —R —1 


2 R 1 * sin ut cos st 
— da(u) | dh(s) f ————— dt, 
= 0 


TJ _ t 
provided that the change of the order of integration is justified. Assuming 
this for the present, we have 


T s 
—sgnu, |—| <1; 
2 u 


* sin ut cos st T Ss 
——— dt = ; — sgnu, |—]| = 1; 
0 t 4 u 





s 
0,|j—|>1;s=u=0; 
u 





by a familiar formula. Thus, 
1 lu 


—1 R 1 
f*(0) = (f +f ) sen u da(u) f dh(s) + sgn u da(u) ‘dh(s) 
—R 1 —1 


-1 —|ul 


H(0)fo(0) + J [h(u) — h(— u)]da(u) 


‘ 
8 
2 
: 
3 
: 
; 


as desired. It remains to justify the change of the order of integration in (13). 
We have to show that 


r “\ dt r® : 
(f +f =f sin ut da(u) cos st dh(s) 
0 T t —R at 
R 1 T °\ sin ut cos st 
-f da(u) ans)(f +f jae a 
_R ait 0 T t 


We note first that the improper integrals in (14) are actually convergent. 
Since the integrals over the finite part of the range are clearly equal, it is 
only necessary to show that limr...J(T) =0, where 


tet aan Mare sage 


(14) 
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_ (* [O48 . ‘ * sin ut cos st 
I(T) -f — at — fi date J aus f a 


=J,—Jse. 
We have 
* sin(u+ st 
sa let oy 


R 1 
2J2 = f da(u) dh(s) : 
“i ont T 


R 


ad t * sin (u — s)t 
+ J axe " ai(s) J ae 


=J3;+ J. 


It is a familiar fact in the theory of Fourier series that 
>sin xt 
(15) f : d|<M, 


where M is independent of x, a, and b; and that 


: ° sin v 
(16) lim dv = 0, 
T+ T v 


=z 


uniformly for x>%)>0. - 

In J; the integral with respect to s over (—u—6, —u+5) is 0(1) for 6-0, 
since h(s) is continuous; since the integral with respect to ¢ is uniformly 
bounded, by (15); and since a(u) has bounded variation. (It is supposed that 
h(s) is extended outside (—1, 1), if necessary, so that it is continuous at +1, 
and constant outside (—1, 1).) Similarly, in J; the integral with respect to s 
over (u—6, u+8) is 0(1). Now, given any e>0, we may take 6 so small that 
these two terms are both less in absolute value than e, and then fix 6. In the 
remaining part of J;, we have |u+s| > 6, and 


© sin (wu + s)t - sin v 
f meres f dv = o(1) (T— «) 
T t T\ju+s| 0 


by (16). Similar reasoning applies to J;. 
Finally, J; is the remainder of a convergent integral, and hence J; =0(1) 
as To. Thus limr.,./(T) =0, and Theorem 1 is fully established. 


Corotiary 1. /f f(x) satisfies the hypotheses of Theorem 1, 


1 © f(z + t) — f(x — 2) 
—f : 


sin t dt = — 2f{ (x) + fo(x). 





Tv 


This is the special case h(s) =s. 


ERT ORE PE pre tome 
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Coro ary 2. If f(x) satisfies the hypotheses of Theorem 1, if H(0) =1, and 
if a(t)=constant, —1<t<0, and 0 <t<1, then f*(x) =f(x). 


This includes the case where f(x) is a trigonometric polynomial, 





PEER TOM DPR pe owtaic <n + 





f(x) = = + >> (ax cos kx + by; sin kx). 


k=0 








Coro.iary 3. If f(x) satisfies the hypotheses of Theorem 1, and if H(0) =0, 
then 





f*(x) = if e'**[ h(t) — h(— t)|da(t). 





3. Functions whose Fourier transforms vanish on (—1, 1). We shall need 
a result of E. C. Titchmarsh, which we state as a lemma. 


Lemna 1.f If f(x) belongs to L?(— ©, ©), and F(x) is its Fourier transform, 
then the Fourier transform of f(x) is E(x) = —iF (x) sgn x. 






We can now establish our main theorem. 


THEOREM 2. Let f(x) belong to L?(—«, ~); let F(x) be the Fourier trans- 
form of f(x). Let H(t) satisfy Conditions A, and the further conditions that 
H(0)=1, and that h(s)—h(—s)= +1 almost nowhere. A necessary and suffi- 
cient condition that F(x) =0, almost everywhere on (—1, 1), is that 








f**(x) = — f(x) 





almost everywhere. 


Here f*(x) is defined by (6), and f**(x) is related to f*(x) as f*(x) is to f(x). 
We establish first the necessity of the condition. We notice first that 






1 
(17) G(t) = = (1 — H(0) 





is a function of L*, and that its Fourier sine transform is 





r\tl2 
ae | (=) (1 — h(t) + h(-— 2), 
(18) g(t) = (=) J G(u) sin ut du = —1<t<1 


Tv 





’ 





0, |#| 21. 









t E. C. Titchmarsh, Conjugate trigonometric integrals, Proceedings of the London Mathematical 
Society, (2), vol. 24 (1925), pp. 109-130; p. 114. 
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By Plancherel’s theorem, for almost all x 


a 


1 
(19) f(x) = 13.8. e**"F (u)du. 


(27) !/2 ao —_ 


Let now «x be given and fixed. Then for almost all ¢, by (19), 


a 


k(t) = f(x+4)—f(x -—bH = seers l.i.m. e~**“F(u) sin tu du 
(20) a ee 


y 1/2 a 
= (—) l.i.m. sin tu K(u)du, 


T ao 0 


where K(u) = —i[e-'=“F(u) —e'*“F(—u) |, so that K(w) =0 almost everywhere 
on (0, 1). 
By the Parseval relation for Fourier transforms, 


(21) f k(y)G(y)dy -{ K(y)g(y)dy = 0, 
0 0 


since g(y)=0 on (1, ©), and K(y) =0 almost everywhere on (0, 1). Referring 
to (17) and (20), we see that (21) is equivalent to f(x) =f*(«) whenever either 
of these functions exists; and f(x) exists almost everywhere. 

Now f(x) belongs to L2(—«, «); let E(x) be the Fourier transform of 
f(x). By Lemma 1, E(x) = —iF(«) sgn x, so that E(x) =0 almost everywhere 
on (—1, 1). We may now apply our previous reasoning, with only formal 
modifications, to f(x), and find 


— f(x) = f(x) = f**(x). 


The necessity of the condition is thus established. 
Now let f(x) belonging to L?(—«, ~) have f**(x) = —f(x). Set 


1 ; —izxt 
k(x) = f(x) - rarer | Fi(t)e dt, 


-1 


where F(x) is the Fourier transform of f(x). It is clear that k(x) belongs to 
L?(—«, «); hence k(x) has a Fourier transform K(x). It is clear that 
K(x) =0 almost everywhere on (—1, 1). Hence, by what has already been 
proved, k**(«)=—k(x). But, by Theorem 1 and our hypothesis, 


1 : , —izt 
R**(x) = — f(x) + sae J FOU — h(— t)]*e-‘*dt. 
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f FO - © - HK 9))eat = 0 


for almost all x. This is possible only if 
F(t)(1 — [h(t) — h(— #)}*) = 0 


almost everywhere on (—1, 1). And since almost everywhere h(t) —h(—12) 
~ +1, we have finally F(#) =0, almost everywhere on (—1, 1). This completes 
the proof of the theorem. 

In Theorem 2, we assumed that H(0)=1. This assumption was made to 
ensure that H(0)0, so that it was possible to divide by it. It is natural to 
ask what happens to Theorem 2 if we allow H(0) to vanish. We establish the 
following theorem. 


THEOREM 3. Let f(x) belong to L?(—~, ~), and let F(x) be the Fourier 
transform of f(x). Let H(t) satisfy Conditions A; let H(O)=0, and let 
h(s) =h(—s) almost nowhere. A necessary and sufficient condition that F(x) =0 
almost everywhere on (—1, 1) is that f*(x) =0 almost everywhere. 


The proof is much the same as that of Theorem 3, but simplified because 
Lemma 1 is no longer needed. 

To establish the necessity of the condition, we set now G(t) = H(#)/t. Since 
H (0) =0, we find that the Fourier sine transform of G(t) is 


r\il2 
2\1/2 Ey |) [A(2) il h(— t)], 
(23) g(t) = (=) f G(u) sin ut du = 


—-isitsi, 


us 


0, |#| 21. 


The relation (20) holds as before, and (21) holds also, if g(t) is defined by (23). 
But now 


= fw Guydy = srs) = 0 
TJ 9 
almost everywhere. 
On the other hand, if f*(«) =0 almost everywhere, we define k(x) by (22), 
and K(x) as before. Since K(x) clearly vanishes almost everywhere on 
(—1, 1), the first part of the proof gives 


—7% 1 = ° 
k*(x) = ans FO [h(t) — h(— t) |e-‘=*dt = 0 


for almost all x. This can happen, since h(#)—h(—12) is almost nowhere zero, 
only if /(¢)=0 almost everywhere on (—1, 1). 
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4. Inequalities for the derivative of a trigonometric integral. The general- 
izations of S. Bernstein’s theorem, indicated in the introduction, may be con- 
veniently formulated as follows. 


THEOREM 4. Let f(z) be a Laplace integral of the form 


R 
(24) f(z) -{ e*da(t) (O< R<w;2=x-+ iy), 


where a(t) is a normalized complex-valued function of bounded variation. Let 
|g [f(iy)]| <M, —2 <y< oo. Let 0 be any real number. Then 

(25) | R[Ro(iy) + e#/’(iy)]| < MR (—2x <y<o), 
where 


1 fe 
o(z) = aS (R — t)e-*tda(t) 


is an “arithmetic mean” of f(z). 

Since (25) holds for all real 6, it yields as an equivalent statement 

R| o(iy)| +| f’(iy)| S MR (-x <y<~o), 

and as somewhat weaker consequences 
(26) SU (iy)] s RIM? — MLfliy) 2} (- 2 <y< &), 
(27) (R[Ri(iy) — f’(iy)))? + 403 //'(iy) ))? S 4R2M?. 
Relation (26) follows simply from (25) by use of the formula Ro(z) = Rf(z) 
+f’(z). 

THeoreM 5. Let f(z) have the form (24). Let o(u) be a non-negative, non- 
decreasing convex function of u(u=0). Let E denote (—«, ~) in general, and 


(0, 2x) if f(iy) has the period 2x (that is, if f(z) reduces to a polynomial g(w) in 
w=e-*). Then for any real 0 


(28) J o( xt| (iy) + “sin ay J oe ay, 


where the integral on the right may be infinite. 


Similar integral inequalities corresponding to (26) and (27) may be easily 
formulated. When E= (0, 27), it is not necessary to require ¢(u) =0. 

The results of Theorems 4 and 5 take on a more familiar form if we 
notice that if f(z) has the form (24), F(y)=[f(iy)] has the form (2) 
(at least if $(a(¢)) is continuous at ¢=0), and that then F(y) = —-3[f(zy)], 
F'(y) =—3If' Gy) |, FW) = Rf’); 
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— Rle*s’(iy)] = F’(y) cos 6 — F’(y) sin @, 
(R[Ri(iy) — f’(iy)])? + 4(SLf'(iy)])? = (RF(y) + F'(y))? + 4'(y))?- 


This allows us to put the results of Theorems 4 and 5 into the form in which 
they were stated in the introduction. Various other formulations are also 
possible. 

If f(z) is a polynomial in e~, of degree R, (25) contains for @ =0 the original 
theorem of S. Bernstein, and for general 6 reduces to Szegié’st theorem; (26) 
becomes a theorem of van der Corput and Schaake,f a consequence of Szegé’s 
theorem; and if 0=0 or 7/2, (28) contains two theorems of Zygmund.f If 
in (24) a(t) is a step-function (with a finite or infinite number of jumps), (25) 
reduces essentially to a theorem of M. Fekete.{ 

We establish Theorems 4 and 5 together, using a modification of the 
method of F. Riesz.§ 

We begin with f(z) of the form (24) with a(#) continuous at t=R. It is 
convenient to require that a(0) =0; this additional normalization has no effect 
on f(z). We have, by a familiar inversion formula, || 

a(t), 0<tZR; 
pe) = —— fag = {TE 
2r1id _io S 0, t<0; 
2a(0 +), ¢=0; 


the integral being taken in the Cauchy sense at s=0 and s=. Then, 


29) 


R R 
— f'(0) = f tda(t) = Ra(R) — f a(t)dt 
0 0 


ana — xf af * Is) e*'ds 


patty — 2 far fea 
0 2 


2Qri 


—io § 


1 ° f(iy 
(30) = (0) = Ra(R) + —— f° A (eur — ray. 
2r Ji. Y 


t For references, see footnotes on pp. 288, 289. 

t According to Szegi, loc. cit. See also G. Szegé, Zur Theorie der fastperiodischen Funktionen, 
Mathematische Annalen, vol. 96 (1927), pp. 378-382; and the theorem of S. Bernstein referred to in 
Theorem 6. 

§ F. Riesz, Sur les polynémes trigonométriques, Paris Comptes Rendus, vol. 158 (1914), pp. 1657- 
1661. Similar modifications of the same method have been used by Szegé and by Zygmund. 

|| See, e.g., D. V. Widder, A generalization of Dirichlet’s series and of Laplace’s integrals by means 
of a Stieltjes integral, these Transactions, vol. 31 (1929), pp. 694-743; p. 708. The result given there 
needs slight modifications to cover the case in hand. 
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The change of order of integration is justified without difficulty. We have 
also, in the same way, 


R 
ss 0 J taser -9 


1 6° f(ty) ,. 
Ra(R) + —{ —— e?!Ru(1 — e~‘kv)dy; 
Miu ¥ 


R 
f saac— 9 
0 
1 R ix > 
om» —f af f(s) e*tds 
2rid o ae 
and hence, 
1 p* fy) 
(32) ams —{ f(iy) (eiRy — 1)dy, 
2rJ_. y 


where f(s) is the complex conjugate of f(s). Similarly, 


5 1 ¢* f(ty) ,. 

(33) 0 -{ tdB(t — 2R) = — —{ —— e*tRu(] — eB) dy. 
0 2r —2 y? 

We subtract (30) from (31) and (32) from (33). This gives 


1 (* fliy 

so =— fA (ems — ray, 
2rJ_. y? 
1° jG 
—{ f(ty) (e'Rv — 1)%dy; 
2rJ_. y? 


and hence, on adding the last two relations, 


1 — cos Ry 


2 a 
(34) e#f"(0) = — f HR [f(iy) Je'Ru+# ——__—~ dy, 
Ce nip y? 


We take the conjugate of both sides of (34), and add the resulting relation 
to (34), obtaining 


— cos Ry 


2 ” 1 
(35) R[ei*/’(0)] = =f RL f(iy)] cos (@ + Ry) me, 
Tw ~« y 


In (35) we may replace cos (6+ Ry) by g(@+Ry), where g(u) is any integrable 
function with the period 27, having a Fourier series of the form 


REMC 


MPR SH 


ERS RET em) 


{ 
| 
| 
| 


APPS i Rey 





ETE AERTS ORT eA LE RS eS ENON HTT: 
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io} 
g(u) ~ cos u + >> a, cos nu. 


n=2 
For, reasoning similar to that used in deriving (35) shows that 
— cos Ry 
(36) i: HL f(y) Jettev —— 008 BY 7 dy =0 (k= +2,4+3,--:), 
F 


and it is permissible to substitute the Fourier series of g(u) in the integral and 


integrate term by term.7 
Now, for any yo, E(z)=f(iyo+z) has the form (24), and £’(0) =f’ (iyo), 
E(iy) =f(iyo+iy). Hence we have, introducing g(6+Ry) in (35), 


‘ a . 7” , , 1 — cos Ry 
(37) RLets"Ciye)] = — fHLsLiy + éye)]e(@ + Ry) ——— ay. 
T 7, Es 
Now, we have 


R 
(38) o(iy) = =f (R — te-da(t), 


and by reasoning similar to that used in obtaining (37), we find 


Ry 
R[o(iyo)] = =f" RU fliy + iyo) | ay 


Combining this with (37), we obtain 


G(yo) =| R[Ro(ivo) + ef’(iyo)] | 
cos Ry 


39 
(39) s—f- | RLf(iy + iyo)] | - J+ 2600 + Ry)| Say, 


We now specialize g(u), taking a function nearly the same as that used 
by Szegé. Set 





fo r)*(1 — r) (1 — r)*(1 ret = h(u) 
1 —2rcosu +r? 1+ 2rcosu-+ r? pit 


(40) 1+ 2g(u) = = 


(O0O<r<1). 


This is readily seen to have the desired form, since 





t See, e.g., E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s 
Series, vol. 2, 1926, p. 583. 
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Then, 








| 1+ 2g(u)| < k(u) = — 


epee + eee & 


1—2rcosu+r? 1+ 2rcosu+r? 


The function k(u) has a Fourier series of the form 


1 co) 
k(u) = — + >) c, cos nu. 


f n=1 
It is easily verified that 
co) os Ry 
f cos (0 -+ Ry) ——— dy = 0 (n= 1,2, 
r 


so that 


IMO LENE AN IS AAS sett 
SSG, FC 


1 cos Ry 
— fo | M0 + Ry) | "> ~? ay 
TJ _. y? 


(41) 


1 — cos Ry R 
s—f" + ae 3 = 
y? r 


We apply this result to (39). We have in the first place, since by hypothesis 
| R [f(éy+éyo)]| <M, 
MR 
G(yo) S 
and, letting r—1, 
G(yo) < RM. 


Referring to (41), we obtain (25) of Theorem 4, established now whenever 
a(t) is continuous at ¢=R. If a(t) is discontinuous at t=R, take R’>R, and 


write 
R’ - - a(t), ¢<R; 
fa f dat), a(t) =  . = 


Then a;(¢) is continuous at t= R’, and we deduce 
G(yo) S R’M. 


Letting R’R, we have Theorem 4 fully established. 

To obtain Theorem 5, we introduce the function k(@+Ry) in (39), apply 
“Jensen’s inequality” for integrals} to the right-hand side, and integrate over 
E. Then, 


t G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, 1934, pp. 150-152. 
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Jo (< Gy) dyo 
— 
i — ons Ry dy f o(|xUpiy + iyo)]| )dyo. 
E 


em: fo + Ry * 
~ Rr =~ ? 


y? 

$ 
In the integral over E on the right, apply the periodicity of f(iy) if E=(0, 27), 
and make an obvious change of variable if E=(— ©, ©); then 


(42) f 6 (= G(y0)) dyy < fo | se L/Céyo)] | ayo. 


Finally, let r—1 in (42). We may take the limit under the integral sign, and 
we obtain the conclusions of Theorem 5, in the case where a(¢) is continuous 
at t=R. This condition may be removed as it was in Theorem 4. 

There is also a generalization of Bernstein’s theorem along quite different 
lines, given by Bernstein himself. Zygmund’s generalization of the original 
theorem suggests the following further generalization. 


THEOREM 6. Let F(z) be an entire function such that 


lim sup | F(z) |" =r >0 
for some given z (hence for every z). Let o(u) have the same properties as in Theo- 
rem 5; let E denote (0, p) if F(x) is a periodic function with period p, and 
(—«, ©) otherwise. Then 


F’ 
(43) f mi dvs f 9(\R()| daz, 


where the integral on the right may be infinite. 


The theorem of S. Bernstein states that if F(z) satisfies the hypotheses 
of Theorem 6, and if |F(x)| <M, —2<x<o, then |F’(x)| <Mr, 
—« <x<o. The proof of this theorem given by Pélya and Szegét may 
easily be modified to give a proof of Theorem 6. A function f(x) of the form 
(2) is a function of the class considered here, with r= R. 

5. Inequalities for the conjugate of a trigonometric integral.We now ap- 
ply Theorem 1, and the results of §4, to obtain the generalized theorem of 
Fekete, mentioned in the introduction. 


7 S. Bernstein, loc. cit. 
tG. Pélya and G. Szegé, Aufgaben und Lehrsdtze aus der Analysis, 1925, vol. 2, section IV, 
problem 201, pp. 35, 219. 
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THEOREM 7. If f(x) is a trigonometric Stieltjes integral of the special form 


—? R 
(44) f(x) =e+ (f +f ) eda (O0<r<R), 
—R Tr 


where a(t) is a normalized, complex-valued function of bounded variation with 
a(t) =a(—t#); and if |f(x)| <M, —2 <x<~, then 


” 2 R 
(45) | f(x)| < (4 + — log ~) M, 
Tv Yr 


where A is an absolute constant (<4/7), independent of R, r, and f(x). 


f(x) is defined by (11) or (7), which are here equivalent. The factor 2/x 
is the best possible in a certain sense to be specified later. 

If a(t) is a step-function with jumps only at integral points, f(x) is a 
trigonometric polynomial, and this theorem, as we stated in the introduction, 
becomes in one respect more precise, in another respect less precise, than a 
theorem of Fekete.7 

We establish Theorem 7 for r=1; the general case follows by a change of 
variable. 

By Corollaries 1 and 2 of Theorem 1, 





f(a )=— sin ¢ dt, 


UR f(x ad - 
r|f(x)| s If It ae “i ” sin tat + A+: 


Applying Theorem 4, and the elementary fact that [f(x+é)—f(x)]/t and 
f(x) have the same upper and lower bounds, 


—f- ae 








f ed f(x + t) — f(z — 8) 
0 e 


sin ta < 2M, 


since | (sin é)/t| <1. Then, 


+t) —f(x—i 1 dt 
AK It te 1at| < ou f ry = 2M log R, 
/R 





| 1/R 


+i)—f(x—t * | sin ¢ 
If * f(a sé b intat| s 2m f - bi 
F 1 





Tt M. Fekete, loc. cit. 
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oe 
<2M — = 2M, 
» + 


i 2 
l7(x)| < — M(2 + log R). 


The constant 2/7 multiplying log (R/r) is the best possible constant in 
the sense that for no constant B <2/rz is it true that 
max | f(« 
lim a < BM 


Row 


log — 
r 


for all f(x) of the form (44), satisfying | f(«)| <M. This may be seen by taking 
for f(x) first order arithmetic means of the partial sums of the series 
> 7 (1/n) sin nx. 
The value 4/7 is certainly not the best possible value of the constant A; 
it is easy to improve it slightly by a more accurate estimate of f7°| sin ¢| ¢-2dt. 
It is clear that if r=0, we can say nothing about the order of magnitude 
of f(x). A simple example is furnished by 


1 
f(x) -f #-' sin xt dt (0<6 <3). 
0 


It is perhaps worth while to remark that since f(x) is independent of the 
constant ¢ in (44), we may make Theorem 7 somewhat sharper by replacing 
in (45) M by 3(k+K), where —k<f(x) <K. 

We turn now to an inequality for a mean value of the conjugate of a 
trigonometric integral. Applying Theorem 5 (or Theorem 6), we shall prove 
the following theorem. 


THEOREM 8. Let f(x) be (A) a trigonometric polynomial of order R, or (B) 
a trigonometric integral of the form 


~4 R 
(46) f(x) =ct+ (f +f ) eda (R > 1), 
—R 1 


where a(t) has the same properties as in Theorem 7. Let o(u) be a non-negative, 
non-decreasing convex function of u(u=0). Let E denote (0, 21) in case (A), 
and (—, ©) in case (B). Then 


- | f(x) | 1 
(47) foGe)e < 5 fe | (a) |) + 6C| a) | lex, 


where 
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* | sin ¢| 
A(R) -f dt, 
yr 





and the integral in the right-hand member of (47) may be infinite. 


If R22, we may replace the right-hand side of (47) by 


f $(| fla) | de. 


We have (2/7) log R+3 <A(R) <log R+1; this evaluation of A(R) brings 
out the analogy between (47) and (43). 

For the case ¢(y) =’, r>1, a stronger result than case (A) of Theorem 8 
is known. M. Riesz has shown that for any f(x) of L’(0, 27), r>1 (and hence 
for f(x) a trigonometric polynomial), there is a constant A, depending only 


on r such that 
Qn - 
f | F(x) 
0 


On the other hand, our result is still available when ¢(y) = y, while the result 
of Riesz breaks down for r= 1. 

We require an additional lemma, which is a generalization of the fact that 
the derivative and the difference quotient of a continuous function have the 
same upper and lower bounds in an interval. 








Qn 
‘dx < ay f | f(x) |"dx. 
0 


Lemna 3. Let f(x) be absolutely continuous in asx <b. Let o(y) be non- 
negative, non-decreasing, and convex for y=0. Then 





(48) f ore | ax = 
implies 

d dite —— 
(49) ese NY ae = a, 


provided that 0<t<}(b—a), c—a>t, b—d>t. 


For the proof we have 


een oy zt f'(u) 
1= f'o(Glne 9 —so— al en = ff |" ao 


Tt See A. Zygmund, Trigonometrical Series, 1935, p. 147. E. C. Titchmarsh has given a similar 
result when ¢(y) involves also logarithmic factors: A theorem on conjugate functions, Journal of the 
London Mathematical Society, vol. 5 (1930), pp. 88-91. 
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d az+t 
< at ax fo roo du, 


by “Jensen’s inequality.” Then, integrating in the reverse order, 


d—t 


1 u+t 1 c+t u+t 
J = 41 £0) [du fae + > foc 70 | du f dx 


e+ 


IIA 


1 d+t d 
+—( ol rq au f és 
2t d—t u—t 

d+t 


(| f’(u)| du < M. 


IIA 


c— 


Coro.iary 1. Lemma 3 remains valid if a or b is infinite, or if both are, 
with any finite t=0. 


Coro.iary 2. If f(x) has the period 2m, the conclusion of Lemma 3 holds 
with a=c=0, b=d=2r, 0OSi<2r. 

This follows from a more precise evaluation of the integrals in the last 
step of the proof. 

We are now in a position to establish Theorem 8. We have 


- shed r+t)— —t 
rlio| sf | f(x oe My 


“lf(x+)—f(x—d| 
* J. e | 








sin ¢| dt, 


as in the proof of Theorem 7. Applying the convexity of ¢(y), 


x | f(x) | 1 UR | f(x +) — f(x — | 
26/ 4A =) . <f 21 i) 


1 2? |f(xt+O—-f(x-d|,. 
+ *(@ J. = | sin ¢| at). 











To the two terms on the right we apply Jensen’s inequality. This gives 


fi 1/R ee aap 
a . xf _— ) — fiz Ya 
44(R) P 2RtA(R) 
- 1 (fet feW ON) lst. 
A(R) J yr 2 e 
Now, ¢(y) is an increasing function. In the first term on the right, we 
use the fact that 1/A(R)<2; in the second term, we use the inequality 
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[f(x+t) —f(x—2)| S|f(x+8| + |f(@—2|, and apply the convexity of $(y). 


This gives us 


| f(x) | wR /| f(x +t) — f(x —2)| 
20( oe) . rf (2 Rt )a 
| sin ¢| 


1 
+ aap J, le tol +6 seo) a, 


1/R 








(50) 


Now we integrate both sides of (50) over E, and change the order of integra- 
tion, obtaining 


2 f o(H FON ae s " rf af (fete foal), 
4A(R) 


1 * | sin ¢| 
7 mere | 2 Lar f lo(l see +91) + (1 02 - 0 | es. 


/R 





(S1) 





Apply the appropriate corollary of Lemma 3 to the first term on the right of 


(51); in the second term, apply the periodicity of f(x) in case (A), and make an 
obvious change of variable in case (B); then, 


2 fo(e Nas < rfoafe Cn) ly 
ze \ 4A(R) 
1 | s sin 
+ zal. ty Jods )dx 


s f s@l fo | ax + f 6c) | ae, 


by Theorem 5 or 6. This completes the proof. It has been tacitly assumed that 


the integral in the right-hand member of (47) is finite; if it is infinite, the 
theorem is trivial. 
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DIFFERENTIABLE FUNCTIONS DEFINED IN 
ARBITRARY SUBSETS OF EUCLIDEAN 
SPACE* 


BY 
HASSLER WHITNEY 


1. Introduction. In a former paperf we studied the differentiability of a 
function defined in closed subsets of Euclidean n-space E. We consider here 
the differentiability “about” an arbitrary point of a function defined in an 
arbitrary subset of EZ. We show in Theorem 1 that any function defined in a 
subset A of E which is differentiable about a subset B of E may be extended 
over E so that it remains differentiable about B. This theorem is a generaliza- 
tion of AE Lemma 2. We show further that any function of class C” about a 
set B is of class C™— about an open set B’ containing B. In the second part of 
the paper we consider some elementary properties of differentiable functions, 
such as: the sum or product of two such functions is such a function.{ We 
end with the theorem that differentiability is a local property.§ 

2. Definitions and elementary properties. We use a one-dimensional nota- 
tion asin AE. Thus fi(«) =fi,.--%, (41, - +, %n), eo = amy - - a, TL=h!---d,!, 
Dif (x) =O"++ + -+nf(x) /Oay* - - - Oxn', etc.; we set o.=hit - ~~ +hn, rx =dis- 
tance from x to y. We always set f(x) =fo(x). Suppose the functions f;(x) for 
a, <™m are defined in the subset A of Euclidean -space E. Define Ri(x’; x) 
for x, x’ in A by 


* Presented to the Society, January 2, 1936; received by the editors October 26, 1935. 

¢ Analytic extensions of differentiable functions defined in closed sets, these Transactions, vol. 36 
(1934), pp. 63-89. We refer to this paper as AE. See also Functions differentiable on the boundaries of 
regions, Annals of Mathematics, vol. 35 (1934), pp. 482-485, and Differentiable functions defined in 
closed sets, I, these Transactions, vol. 36 (1934), pp. 369-387, which we refer to as F and D respec- 
tively. 

P. Franklin in Theorem 1 of a paper Derivatives of higher order as single limits, Bulletin of the 
American Mathematical Society, vol. 41 (1935), pp. 573-582, has given a necessary and sufficient 
condition for the existence of a continuous mth derivative. We remark that this theorem is exactly 
the special case of Theorem I of D obtained by letting f(x) be defined in an interval. It is also a special 
case of Theorem 2 of the author’s Derivatives, difference quotients, and Taylor’s formula, Bulletin of 
the American Mathematical Society, vol. 40 (1934), pp. 89-94 (see also Errata, p. 894). For his as- 
sumption is easily seen to imply the needed uniformity condition; it also implies at once that f(x) is 
continuous, so that no considerations of measurability are necessary. His Theorem 2 should be com- 
pared with Theorems II and III of D. 

t If the set is closed, these theorems may be proved by first extending the functions through- 
out E. 

§ For the case of one variable this follows from D, Theorem I. 
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Siri(x) 


(x’ — x)' + Ri(x’; x). 





(1) f(x’) = DO 
o1Sm—o; I! 

Let x° be an arbitrary point of £. If for each k (o, <m) and every e>0 there 

is a 6>0 such that 


(2) | Ri(x’; x)| S re “e if x, x’ in A, nv <4, ree <5, 


we shall say that f(x) is of class C™ in A about x° in terms of the f(x), or, 
f(x) is (C™, A, x, fi(x)). If this is true for each x in B, we say f(x) is 
(C™, A, B, fx(x)), and replace “about x” by “about B.” We say f(x) (de- 
fined in A) is of class C™ in A about B, or, f(x) is (C”, A, B), if there exist 
functions f;,(x) (o,<m) defined in A such that f(x) is (C”, A, B, fi(x)). If 
B=A< in the last two definitions, we leave out the words “about B”; this is 
in agreement with the previous definitions. We say f(x) is (C”, A, B, fi(x)) 
if f(x) is (C”, A, B, fi(x)) for each m. Any function defined in A is (C-', A, £). 

Remark. We might define in an obvious manner such relations as 
(C™, A, x°), (C*, A, B). To study them would require a study of the different 
possible definitions of the f;(«) if f(x) is (C", A, B). The f;(x) are not in gen- 
eral determined by f(x). Thus if A=B is the x-axis, only the f,(x) with 
ko= --- =k,=0 are determined by f(x). It is not obvious for what point 
sets A the f,(x) are all determined by f(x). 

If f(x) is (C”, A, B, fx(x)) (m=O), then the f,(x) are continuous at each 
point of B;* that is, the f,(x) may be defined in B—B-A so that this will be 
true. To show this, take x° in B, set e=1, and choose 6 so that (2) holds for 
any k (o,<m). Take x in A within 6 of x° (if there is such a point); then (1) 
and (2) show that f,(x’) is bounded for x’ in A within 6 of x° (o,<m). Now 
let {x‘} be any sequence of points of A, x'—«*; (1) and (2) show that 
| fx(x*) } is a regular sequence. 

If A is open and f(x) is (C™, A, A, fi(x)), then D,f(x) exists and equals 
fi(x) in A (0. Sm). (See AE.) If x° is an isolated point of A or is at a positive 
distance from A, then f(x) is (C”, A, x°, fi(x)) for any fi(x). If f(x) is 
(C™, A, B, fi(x)) [or (C™, A, B)], and A’ is in A, B’ is in B, then f(x) is 
(C™, A’, B’, fx(x)) [or (C™, A’, B’)]. Also f(x) is (C®, A, B) if and only if 
it is continuous at each point of B. If f(x) is (C™, A, B, fi(x)), then it is 
(C”’, A, B, fi(x)) for all m’ <m; a stronger theorem is proved in Theorem 2. 
If f(x) is (C”, A, B, fi(x)), then fi(x) is (C™-*, A, B, fi(x)). 

3. Extension theorems. We prove here a theorem which gives the maxi- 
mum range of differentiability of a function, and a theorem about the still 
larger range of differentiability of a function to an order one less. 


* Or better, “continuous in A about B.” 
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THEOREM 1. Jf f(x) is (C™, A, B, fi(x))* (m finite or infinite), then the f;,(x) 
may be extended throughout E so that f(x) is (C™, E, B, fi(x)).t 


We note, conversely, that if f(x) is not (C, A, x°, f.(x)), then no extension 
of f(x) will be so. We remark also that f(x) may be made analytic in E—A 
(A =A plus limit points). 

To prove the theorem, we first extend the f;,(x) through A —A as follows: 
Take any x° in A—A. Let f;(x°) be the upper limit of f;,(x*) for sequences 
{x}, xix, x in A, if this is finite; otherwise, set f:(x°) =0. Next we extend 
the f.(x) throughout E—A by the method of AE Lemma 2. We shall assume 
in the proof that m is finite. If m=, we prove C” for every integer m’. 
The only alteration needed in the proof is that AE §12 should be used; but 
this makes no essential change. 

As E-—A is open, f(x) is (C™, E, E—A, fx(x)); we must show that f(x) 
is (C™, E, B-A, f.(x)). Take a fixed point x° in B-A. Let us say (k, €, Ai, As) 
holds if there is a 6>0 such that (2) holds whenever x is in A, x’ is in Ao, 
and 7,0 <6, r22<6. We must prove (k, e, E, EZ) for each k (¢, Sm) and each 
e>0. 

First we prove (k, €, A, A). Set e’ = €/[2(m+1)*], and let 6 be the smallest 
of the 6’s given by (J, e’, A, A) for o,<m. Let U be the spherical neighborhood 
of x° of radius 6; then f,(x) is bounded in U-A (0;<m). Given x, x’ in U-A, 
choose sequences {x‘}, {x’‘} of points of U-A, with x‘, x’'—x’. Suppose 
first o,=m. Then we may take these sequences so that f;(x‘)—f;(x), 
Si(x’')—fi(x’), and the desired inequality for Ri(x’; x) follows from that 
for R,(x’'; x‘). Suppose now that o,<m. Relations (1) and (2) with k, x’, 
« replaced by J, x‘, x’ show that for any such {x‘}, { f:(x‘)} is a regular se- 
quence (0;<m); hence f;(x‘)—>f,(x), and similarly f:(x’‘)—-f,(x’) (0:<m). 
Relation (1) now shows that for i large enough, A=R,(x’; x) —Ri(x’*; x‘) 
differs as little as we please from 

= pe Sisi(%) - Siegi(x*) 
o[=m—0; : 
As | f(x) —f;(x*)| < ’ (¢;=m) and | (x’—x)!| <r2t,, |A| <(m4+1)"e’rnr** for i 
large enough; the inequality again follows. 

Next we prove (k, «, A, E—A). Set e’=«€/[2-4"(m+1)*], and define 7 
in terms of e’ and then 6 as in AE §11, using (k, n, A, A). Take x in A and 
x’ in E—A, each within 6/4 of x°. By AE (6.3) and the equation following 
(11.6), 

* Or merely locally (C™, A, B); see Theorem 6. 


t If A=B is closed, then B may be replaced by E; the present proof then gives a proof of AE 
Lemma 2 which makes no use of AE Lemma 1. 


(x’ — x)’. 
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= Daf(x’) — vex"; 2) 
Ryuzi(x*; x) k 
>» ——— (x? — a*)!' + DD ( } ) Didy,(%')or,;4-1( 2’) , 
l 


l l! s=1 


where x* is a point of A distant 6./4 from x’, 54/4 being the distance from 
x’ to A. As reer S2ree', P22 S 22x, and 54 S4rz2, we find with the help of 
AE (11.8) 


| Ru(x’; x) | < (m+ 1) (2reer)” "9 + (Arae)” ““e'/2 < rane". 


Next we prove (k, e, E—A, A). As is easily seen from AE (6.3) or by F (6) 
with x‘—!, x‘ replaced by x, x’, 
R.(x’; x) = >> ae (x’ — x)!. 
1 : 
Set e’=«/(m+1)", and take the smallest 5 given by (k+1, e’, A, E—A) for 
a, <m-—o,. The required inequality now follows at once. 

Finally we must show (k, e, E—A, E—A). Set e’ =«€/[2n(m+1)"], and 
take 6 smaller than the 6/4 given by AE §11 with e replaced by e’ and smaller 
than the 6’s given by (k+l, e’, A, E—A) and (k+l, e’, E—A, A) for 
o;<m-—o,. Now take x and x’ in E—A within 6 of x°; we must consider two 
cases. Case I: The line segment S=xx’ lies wholly in E—A. By AE (11.2), 
| fly) —fi(x’)| <2’ for y on S (o,;<m); the desired inequality now follows 
from F, Lemma 3. Case II: There is a point x* of A on S. From AE (6.3), or 
F (6) with x«‘-', x‘ replaced by x, x*, we find 

Riesi(x*; x) 


Ri(x’; x) = Ri(x’3 x*) + DO ne ae 
l pe 


and the inequality again follows. 


THEOREM 2. If f(x) is (C”, A, B, fx(x)) (m finite), then there is an open 
set B’ containing B such that f(x) is (C”—', A, B’, fi(x)). 


For each x in B, let 5(x) be the largest of the numbers 6 for which (2) 
holds for all k (o;,<m) with e replaced by 1. Let U(x) be the set of all points 
x’ within 6(x) of x; then B’ is the sum of all U(x). The set B’ is open. To prove 
(C™-!, A, B’, fi(x)), take any x° in B’ and any e>0. For some 2* in B, 
r2*:0 <6(x*). There is an M such that | f;(y)| <M for y in A-U(x*) (0, Sm).t 
Let 6 be the smaller of 6(x*)—r.+. and ¢/[2(m+1)"M+2]. Now take any 
x and x’ in A within 6 of x°. We are interested in the remainders 


+ For the proof, see the paragraph following the remark. 
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Ri (x’; x) = b fa (x’ — x)’ + R,(x’; x) 


with o,<m. As riz <25, 


m—O m—l—oc, 


| Ri (x’; x) | < (m+ 1)"Mrz. te tiw  % 


Corotiary. If f(x) is of class C™ in any given point set about B, then it 
may be extended through an open set B’ containing B so that it is of class C™— 
in B’ and of class C™ in B’ about B. 


4. Composite functions, etc. We prove here three theorems. 

THEOREM 3. If f and g are of class C™ in A about B, then so are f+g and 
f—g, with 
(3) (f+ ge = fe + ge. 


This is obvious. 


TueoreM 4. If f and g are of class C" in A about B, then so is fg, and f/g 
if g~0. The derivatives are given by the ordinary formulas. Thus 


(4) (fg)k = QU (5) fa 


l 


We might prove this theorem directly, but it follows from Theorem 5: 
fg and f/g are functions (of two variables) of class C” of the functions f and g. 
(The condition B in A is obtained by using Theorem 1.) 


THEOREM 5. Let A and B be subsets of n-space E,, and let A’ and B’ be 
subsets of v-space E,. Let f'(x) be (C™, A, B, fii (x)) (¢=1,--+-, v), and let 
g(y) be (C™, A’, B’, gx(y)) (m finite or infinite). Suppose B is in A, x in A 
implies 

A tid (y1, piney y») _ (f*(x), re » f’(x)) = f(x) 
in A’, and x in B implies f(x) in B’. Then the function 
h(x) = g(f'(x),--- , f(%)) = g(f(x)) 
is (C™, A, B, hy(x)); the h,(x) are given by the ordinary formulas (9) for deriva- 
tives. 

As a consequence of this theorem, the definition of being of class C™ is 
independent of the coordinate system chosen. If the condition x in A [or B] 
does not imply f(x) in A’ [or B’], we may apply the theorem to any subset 


A, [or B,| of A [or B| for which it does. We shall suppose m is finite; if m= ~, 
we merely apply the reasoning below for each positive integer. 
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Suppose first «'(x), -- -, w’(x) are functions of class C™ in an open set 
I of £,, suppose 2(y) is of class C” in an open set I’ of £,, and suppose x in 
IT implies u(x) in I’. Letting R’‘, S’ denote remainders for u‘, v, Taylor’s 
formula gives 


> ui41( x) 


(5) uj (x’) = D,ui(x’) = (x’ — x)'+ Rif (x’; x), 





1S m—s;, i! 
; , Mey) oo 
(6) ve(y’) = Dyo(y’) = . * = (y’ — y)' + Sk (y’; 9), 
o )Sm—o, . 


certain inequalities on the R/* and S/ being satisfied. We have set 
of =ki+ --- +k,. Set w(x) =v(u(x)); then (5) and (6) with k=0 give 


: w(e’) = EY 2AD) (a — y+ Resa) 
(7) ra te 


+ S'(u(x’); u(x)), 
where S’=Sj/. Also, by Taylor’s formula, 


(8) w(x’) => aati (a! —- 2)! + Ti (x; 2). 
l : 


Subtract (8) with k=0 from (7); then as R’‘, S’, and 7’ all approach 0 to 
the mth order as x’—x,} we may equate coefficients of (x’—«)* for o,<m.t 
Thus we find polynomials 





Py(uz , q) (op S ox, 04 S ox; 0% Sm) 
such that, for any x in T, 
(9) we(x) = Px(u,i (x), o¢(u(x))). 
Using (8) gives for w,(x’) 


(10) — > Pry i(u;t te Vq(u(x))) (x — s)' + Ti (2; 2). 





We may also evaluate it by replacing x by x’ in (9) and using (5) and (6). 
(In (6) we replace y’ by u(x’) and use (5) again.) Each variable in the result- 
ing polynomial P, consists of a polynomial in quantities R’, S’, and other 
quantities; if we multiply out and collect all terms with an R’ or an S’ as 
a factor, we obtain 


t This is clear for S’ if m=0; if m>0, then 
S!/ rer = [S'/| u(x’) —u(x)|™]- [| u(x’) —u(x)| /rex]”, 
where | y’—» |=r,,’, and the last factor is bounded in U- A. 
t This is easily proved in succession for 7,=0, 1,--- on letting x’—x. 
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w,(x’) - Ps > == (x! hai x)*, 


F s! 


> sete > u ;(x) (x = oi) + Qn, 


t t! oj21 i! 


(11) 


where Q) is a polynomial containing an R’ or an S’ as a factor in each term. 
It must be understood that >°w,',,(x)(x’—x)*/s! appears as the variable in 
the position of uj, etc., in Px(u,, v4). 





We now prove: If ué (o,Sm;i=1,---,v), % (of Sm) are any numbers, 
then 
Uses v u; )\¢ 
P(x; ufo) = Pel DEE a, DY Dah) 
8 s! t t! @;21 j! 
(12) 


l 
’ 


Pryi(tys , Vq) 
1 l! 


considered as a polynomial in x, contains no terms of degree <m—c;,. To prove 
this, define the polynomials 


up v 
(13) u(x) = >> wl z', Wy) = > on (y — uo)'; 
7jSm I! osm l! 
then u (0) = D,u‘(0) =ud , v4(u0) = Div(uo) =v. Set w(x) =0(u(x)). Replacing 
x’, « by x, 0 in (10) and (11) and putting in (12) gives, as 0; =0 in this case, 


(14) Pi¥(x; uz, 0g) = Te (x; 0). 


As T; 0 to the (m—o;,)th order as x0, P;* cannot contain any terms of 
degree <m—o;,. 

We return now to the functions f‘(x), g(y), A(x). Set h.(x) =P. (f(x), 
g_({(x))). The formulas (10) and (11) hold equally well for the f‘, g, #. Hence 
using (10), (11), and (12), we find for the remainder for /;(x) 


(15) Ty(x!; x) = Py(x! — x; fof (x), ga(f(~))) + Oe. 


To show that h(x) is (C", A, B, h,(x)), take any x° in B, and set y°=f(x*). 
As f(x) is continuous in A about B, for each neighborhood V of y° there is a 
neighborhood U(V) of x° such that x in U(V)-A implies f(x) in V-A’. As y° 
is in B’, we may take V so that the g,(y) are bounded in V- A’. We may take 
U in U(V) so small that the f(x) are bounded in U- A. Because of the prop- 
erty of P;*, we may obviously take 6 small enough so that P*¥ satisfies an in- 
equality of the nature of (2). Moreover each term in Q; contains an R,(x’; x) 
or an S,(u(x’); u(x)) with o,<o, or oj So,; as each such remainder satisfies 
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an inequality (2) (see a recent footnote) and all other quantities entering into 
Q,, are bounded, we may take 6 small enough so that Q;, also satisfies an in- 
equality (2). Hence the same is true of 7,, and the theorem is proved. 

5. Differentiability a local property. Our object is to prove 


THEOREM 6. Let f(x) be locally (C™, A, B) (m finite or infinite). For each 
point x° of B there is a neighborhood U of x° and functions f,2"(x) defined in 
U-A such that f(x) is (C™,U-A, U-B, fx (x)).t Then f(x) is (C™, A, B). If 
the f(x) fora, < p are independent (at any x for which they are defined) of x°, 
then these functions may be included among the f;.(x) (o, <m). 


We may take each neighborhood U as an open n-cube, so small that 
the f,*(x) are bounded in U. A finite or denumerable number of them, 
C,, Co, --- , cover B; we may take them so that any one touches at most a 
finite number of the others, and so that any boundary point of any C; is in- 
terior to some C;.t By hypothesis, to each i there correspond functions f; (x), 
a. =m, such that f(x) is (C™, C;-A, Ci-B, fii (x)). In each C; we define the 
function z (x) as it was defined in J; in AE §9; set 


(16) Gi() = wi(x)/ DY r(x) 
in Ci+Co+---. Set g(x) =o,(x)f(x) in C;-A. By Theorem 4, g(x) is 
(C™, C;-A, C;-B), and 
k 
(17) ge (x) = be ( 1) Didi(w) fala). 
l 


As the f(x) are bounded in C;-A and the D;(x)—0 to infinite order as x 
approaches the boundary of C; (see AE §9), the latter statement is true also 
of the g(x). Hence, evidently, if we set g(x) =0 in A—C;-A, gi(x) is 
(C™, A, B, gi (x)). Set 


(18) fi (x) = gui (x) + gi?(x) Hore, 


which in any C;-A is a finite sum; this reduces to f(x) for k=0. Theorem 3 
shows at once that f(x) is (C”, A, B, f.(x)). (Given x in B, to apply Theorem 


T Note that “f(x) is locally (C*,---)” is not the same statement as “f(x) is locally (C™, - - - ) 
for each m.” 

t Let C1, C?,--+ bea denumerable set of the cubes which cover B. Express each C‘ as the sum 
of a denumerable number of cubes C;' with the following properties: Each C;‘ is, with its boundary, 
interior to C*; the diameter of C;*, 6(C;'), is <1/7; 6(C;*)--0 as j7-+~ ; the cubes Cj‘ approach the 
boundary of C‘ as 7. Now drop out a!l cubes C;* which are interior to larger cubes C;*; the remain- 
ing cubes C;, C2,--- still cover B. To each cube C;‘ corresponds a number 7>0 such that any point 
set of diameter <7 having points in common with C;‘ lies interior to some C;,'; using this fact, it is 
easily seen that any C; has points in common with but a finite number of the C;. 
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3, we choose 6 so small that the points within 6 of x° lie in but a finite number 
of the C,.) 
To prove the second statement, let f/ (x) denote the common value of 
fi (x) for o: <p. Differentiating >>¢;=1 gives 
1if 1=0, 
19 D lr) = 
sil ~ an D cwk 
Define the f(x) as before. Take any k with o, <p; then (17) and (18) give 
k 
f(x) = DO ( I ) faa) DX Dii(x) = fi (x) 
l i 


in C\+C2+ ---.It does not matter how f;(x) is defined outside this set. 

The second statement in the theorem does not hold for an arbitrary set 
of f(x), at least using the above method. To see this, take n=m=2, A=B 
=the interval (—1, 1) of the x-axis, C:=C:=the square with corners 
(+1, +1); set f=0, 


fio = 7 =a = Se = 9; fn = 1, 
and f;;= —f;; on A. Also set 
oi(x, y) = 2+ 3x—5x*, = ga(x, y) = 3 — Gx t+ Ga. 


(Though ¢, and ¢» are not the functions defined above, they have the neces- 
sary properties.) We find on A 


bu (x,y) = Bi, y) = 3 — 72’, fu(x, y) = 3} — 32? 40. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 





ON THE CLASS NUMBER OF A QUATERNION 
ALGEBRA WITH A NEGATIVE FUNDA- 
MENTAL NUMBER* 


BY 
CLAIBORNE G,. LATIMER 


1. Introduction. Let & be a rational generalized quaternion algebra and 
let G be a set of integral elements in % according to Dickson’s definition.f 
The number h, of classes of left ideals in G is independent of the particular 
® in & which is considered and is equal to the number of classes of right 
ideals.{ We shall show that if 9 contains an element with a negative norm, 
then every ideal in G is principal and hence h=1. 

From this, we obtain theorems on the existence of a greatest common right 
divisor, or g.c.r.d., and a g.c.l.d. of two elements and on the factorization of 
an element in G. Results equivalent to these have been previously obtained 
for a number of special cases.§ These theorems are also similar to well known 
results, due to Hurwitz, for a certain @ in the classic rational quaternion 
algebra. : 

Let G be the set of all integral algebraic numbers in a quadratic field. It 
will be shown that G is contained in a set @ as above defined, such that every 
pair of elements &, 7 in G, not both zero, have a g.c.r.d. 6; and a g.c.l.d. 6: 
in ®@ which are uniquely determined, apart from unit factors. Moreover, if 
£, n have a g.c.d. 6 in G, we may take 6; =6.=6. Hence, while sacrificing com- 
mutativity, such an enlargement of G yields a result similar to that obtained 
by the introduction of ideals. 

2. A special G. It is known that % has a basis 1, 7, 7, 77 such that 


2P=—-7, f=-d, f= —ji, 


’ 


where d is the fundamental number of %f and 7 is any one of the infinitude 
of positive primes which satisfy the conditions: 

(a) r is prime to d, r=3 (mod 4) and —7 is a quadratic non-residue of 
every odd prime factor of d; 


* Presented to the Society, September 13, 1935, received by the editors October 9, 1935. 

} Algebras and their Arithmetics, pp. 141-142. This definition is equivalent to the definition of a 
maximal realm of integrity as given by Brandt, Jdealtheorie in Quaternionenalgebren, Mathernatische 
Annalen, vol. 99 (1928), p. 11. 

t Brandt, loc. cit., p. 23. 

§ E.g.,On ideals in generalized quaernion algebras and Hermitian forms, these Transactions, 
vol. 38 (1935), pp. 436-446, where references are given to other special cases. This paper will be re- 
ferred to hereafter as Tr. 
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(b) —d is a quadratic residue of 7; 

(c) if dis even, 7=3 (mod 8).* 
Though not necessary for the proofs of the three lemmas to follow, we shall 
assume without loss of generality that 


(di r>4|d|. 

We shall now prove 

Lemna 1. Let u be an integer such that 4u?+-d=0 (mod 7). Then 
tTH+i _ (= 2m t eden 


eq =1, ee = ’ és =f, e4 
2 T 





form a basis of a set of integral elements.} 


We shall prove this lemma by showing that the e’s may be obtained by 
an integral transformation of determinant +1 from known basal elements of 
a set of integral elements. 

For the case where d is odd, basal elements of those sets of integral ele- 
ments which contain 7 and 7 may be obtained by specializing certain results 
obtained by the writer.{ In this reference, set J =i, J =j, K =ij, a= —r, B=d, 
take H; so that dH; =2y (mod r) and, employing (a) and (b) above, properly 
specialize the various divisors of a8 which appear in the expressions for the 
basal elements 1, P’’, Qi’, Ri of S/’, as given on p. 62. It will then be found 
that the above e’s are obtained from these basal elements by an integral trans- 
formation of determinant +1. But by the same reference, S/’ is a set of in- 
tegral elements. The lemma follows for the case where d is odd. 

Suppose d is even. We employ results due to Darkow,§ setting her e, é2, es 
equal to ij, 7, —di, respectively. Then by (c) above, is of type A as defined 
by Darkow. Take her H,=Fi=1 and £, so that dE,=2y (mod 7). It will be 
found, as in the case where d is odd, that the e’s of the lemma are obtained 
from her Ao, - - - , Az (p. 267) by an integral transformation of determinant 
+1. But the A’s form a basis of a set of integral elements. The lemma follows. 


* On the fundamental number of a rational generalized quaternion algebra, Duke Mathematical 
Journal, vol. 1 (1935), pp. 433-435. For the definition of d, see Brandt, loc. cit., p. 9. 

+ For the case where 2 is a division algebra, a similar result was obtained by Albert. See his 
Integral domains of rational generalized quaternion algebras, Bulletin of the American Mathematical 
Society, vol. 40 (1934), p. 176, Theorem 9. In the paper in the Duke Mathematical Journal cited 
above, it was shown that Albert’s c= —d. Albert’s 7, the negative of ours, is subject to the restriction 
that it is represented by a certain binary quadratic form. 

t Arithmetics of generalized quaternion algebras, American Journal of Mathematics, vol.48 (1926), 
pp. 57-63. 

§ Determination of a basis for the integral elements of certain generalized quaternion algebras, 
Annals of Mathematics, (2), vol. 28 (1926-27), pp. 263-270. 
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It will be assumed hereafter, unless the contrary is explicitly stated, that 
is the set of integral elements given by Lemma 1. 

Suppose % has a basis 1, 7, J, JJ, where [?= —a, J?=—6, IJ=—JI, 
a and £ being rational integers, neither divisible by the square of a prime. It 
may be shown that if a set of integral elements contains two of J, J, IJ/6, 
then it contains the third, 6 being the g.c.d. of a and 8, for otherwise the set 
would not be maximal. While not necessary for the sequel, we note that this, 
together with Lemma 1 and the papers cited in its proof, has an important 
bearing on certain remarks and results in Albert’s paper previously cited. 

In the papers cited in the proof of Lemma 1, Darkow and the writer de- 
termined those sets of integral elements containing J and J if a=6 (mod 2), 
Darkow treating the case where a is even. Albert remarked (loc. cit., p. 165) 
that these results did not complete the problem, presumably referring to the 
case where a=$+1 (mod 2). However this lack of completeness is only ap- 
parent since, by a change of notation, this case is seen to be included in 
Darkow’s results. Thus if a=$8+1=1 (mod 2), the sets containing J and J 
are identical with the sets containing JJ /6 and J, and the latter are obtained 
from Darkow’s results by setting her ¢:, ¢2, es; equal to 1J/6, J, —BI/6, re- 
spectively. 

If d is odd, by the above mentioned results of the writer’s, there are ex- 
actly two sets of integral elements containing e2 and e; of Lemma 1. If d is 
even, the same is true by Darkow’s results and by the above statement as 
to a set containing two of J, J, 1//6. Albert’s Theorem 9 (loc. cit., p. 176) 
follows at once from Lemma 1 without the restriction that % be a division 
algebra. 

3. On the ideals in a certain ring. It will be observed that 1 and e. form 
a basis of a set G, equivalent to the set of all integral numbers in the field 
defined by (—r)'/?. Let @, be the ring consisting of all elements in the form 
x+esy, where x, y are in G. @ contains G, and an element >-u,e; of G is in G, 
if and only if w,=0 (mod r). Hence é;=e; (i=1, 2, 3), &=7e, form a basis 
of G,. 

We shall use the same definitions of a left ideal in G, a class of such ideals 
and the norm of an ideal as given by Brandt.* A left ideal in @,, a regular 
ideal and a class of such ideals are defined as in Tr.f Unless the contrary is 
explicitly stated, it will be understood that all ideals referred to, in © or in G,, 
are left ideals; also, that every element of an ideal in G belongs to @. 

Those elements of an ideal ¥%, in @ which are in G, form an ideal &, in 
, which will be said to correspond to 2. We shall now prove 


* Brandt, loc. cit., pp. 16, 14. See aiso second footnote, p. 21 and p. 3. 
t To identify the notation of Tr. with that of this paper, set E=e3, a= —d, A= —r, G=@,. 
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Lemma 2. If % is an ideal in © and & is the corresponding ideal in Gy, 
then %, is a regular ideal if and only if & contains an element not in ®,. 


has a basis w; =) ,a;,e; (i=1, - - - , 4), where the determinant | a;;| =<’, 
a being a positive integer which, by definition, is the norm N() of &2.* We 
shall assume, without loss of generality, that every a;;>0 and a;;=0 if i<j. 


&, has as a basis @;=w,; (i=1, 2, 3), y=, Or @;=w; (t=1,--- , 4) ac- 
cording as not all or all of the elements of & are in G,. If we set ;=)_ jd;;é;, 
in the first case the determinant |a;;|=|d;;| and in the second case, 
| a;;| =r| G;;| e 


There are certain ideals a, 6, } in G determined by %; and by Lemmas 1, 2 
of Tr., | d;| =N(a)N(6) =a? N?(6)N(d), where a, is a rational integer. —7 is 
the discriminant of the quadratic field defined by 7. Hence by (a) and (c) of 
§2 and by a well known result, no rational prime factor of d is divisible by 
a prime ideal in G of the first degree. Then by Lemma 2 of Tr., N(d) =1 or 
N(») =r. But |a,;| is a square. Therefore in the first case above N(d) =1; 
in the second case, N(d) =r. Since % is regular by definition if and only if 
N() =1, the lemma follows. 

We shall assume hereafter that d<0. 


Lemna 3. Every regular ideal in @, is a principal ideal. 


By Theorem 3 of Tr. there is a one-to-one correspondence between the 
regular classes of ideals in @; and the classes of Hermitian forms in G of de- 
terminant —d. By the last sentence in §4 of Tr., every ideal in a regular 
class is regular. Hence, to prove the lemma, it is sufficient to show that there 
is a single class of such Hermitian forms. Let f(x, y) =axx’+bx'y+b'xy’+cyy’ 
be such a form. It may be shown that f is equivalent, under a unitary trans- 
formation with coefficients in G, to such a form with a odd and 6 in the ring 
G;, consisting of all elements in the form r+si where 7, s are rational integers. 
Assume that a is odd and 6 is in G;. Since 6b’—ac = —d and d contains no 
square factor >1,t if we restrict x, y to Gi, f is a properly primitive form in G,. 
By a result due to Humbert,§ there is a single class of such forms; i.e., any 
two such forms are equivalent under a unitary transformation with coeffi- 
cients in G;. Since G contains Gi, the lemma follows. 

4. Proof of principal theorem. Let C be a class of ideals in G. The class 


* Brandt, loc. cit., pp. 13, 16. 

t Cf. Hecke, Vorlesungen iiber die Theorie der Algebraischen Zahlen, p. 110, Satz. 90. 

t Fueter, Zur Theorie der Brandtschen Quaternionenalgebren, Mathematische Annalen, vol. 110 
(1934), p. 658. 

§ Comptes Rendus, Paris, vol. 171 (1920), pp. 287-293; Dickson, History of the Theory of Num- 
bers, vol. 3, p. 278. 
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C contains an ideal 2 such that N(%) <2(—d)/?.* Let wi, - - - , ws be a basis of 
% as used in the proof of Lemma 2. Then by (d) of §2, N?(2) =aude2dssaus 
< —4d <r, ay is prime to 7 and 4;=a; (i=1, 2, 3), d;=70, form a basis of the 
corresponding ideal % in @,. If we set 4;=)_jdijé;, we have N*(2) =| a;;| 
= | G;;| . 

Since a4, is prime to 7, w; is not in G;. Then by Lemmas 2, 3, & is a princi- 
pal ideal {p}, where p is an element in G;. Then ép =)  rijé; (i=1, - - - , 4) 
form a basis of %, where the matrix (7;;) is the transpose of the second 
matrix of p, with respect to the basis &, - - - , & of &.t Hence |r;;| =N*(p). 
But the 4; also form a basis of &. Therefore N?(2) =| d;;| =N(p). 

Since p is in &, e;p => tij0; =>. ;8:;e;, where the ?’s are rational integers and 
(s:;) = (t;)(a;;) is the transpose of the second matrix of p with respect to the 





basis e,---, & of &. Hence N2(p) =| si;| =| ¢;;| N2(2), |t:;| =1 and the ejp 
(i=1,---, 4) form a basis of %. Therefore % is the principal ideal defined 
by p. 


It follows that every ideal in C is a principal ideal. But C was an arbi- 
trarily chosen class. Hence every ideal in @ is principal. We have then by the 
second sentence in §1, 


THEOREM 1. Let % be a rational generalized quaternion algebra with a nega- 
tive fundamental number, and let © be an arbitrarily chosen set of integral ele- 
ments in UX. Every one-sided ideal in © is a principal ideal. 


It will be observed that in the above proof, the condition V(%) <2(—d)"? 
was used only to insure a. being prime to 7, i.e., that & contains an element 
not in @,. It follows from the above proof that if 7 is a non-singular element 
in the special G considered above, there is a unit U in G, i.e., an element of 
norm +1, such that Un=p is in @;.f 

If we employ narrow equivalence of ideals, as in Tr., it may be shown that 
the number ho, of classes of narrowly equivalent ideals in an arbitrary © is 
independent of the particular G which is considered; the proof of this being 
the same as Brandt’s proof for the broader case.§ By the proof of Lemma 3, 
there is a single class of regular ideals in @,, narrow equivalence being em- 
ployed. Hence G, contains an element of norm —1. Therefore the same is 
true of the special © employed in the proof of Theorem 1. Hence 4o=1 and 
every & contains an element of norm —1.|| 


* Brandt, loc. cit., p. 23. 

t Dickson, Algebras and their Arithmetics, p. 95. 

t Cf. Dickson, Algebras and their Arithmetics, p. 153, Lemma 7. 
§ Brandt, loc. cit., p. 23. 

|| Cf. Brandt, loc. cit., p. 29. 
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5. Applications of Theorem 1. Let G be as in Theorem 1 and let m, 2 be 
elements of G such that one of N(m), N(n2), m2 is #0. Let 2 be the set of 
all elements £::+ £2, where £1, & are in G. The set & is an ideal if it contains 
a non-singular element. This is obviously the case if either m or 72 is non- 
singular. Suppose they are both singular. For a properly chosen rational in- 
teger ¢, G contains ti, tj, tij7. We have N(&m+72) = Emin? +7on1 £’, which is 
the trace of Enin/. Hence if we take §=1, #i, tj, or tij, N(Em+72) #0 and 2 
is an ideal. 

Let the g.c.r.d. and the g.c.l.d. of two elements in G be defined as in Tr. 
Employing the above and Theorem 1, the following theorems may be proved 
by the same methods used in the proof of Theorem 4 of Tr. 


THEOREM 2. Let & be as in Theorem 1, and let m1, n2 be elements of © such 
that one of N(m), N(n2), nin? is #0. Then m, nz have a g.c.r.d. 5:, and a g.c.l.d, 
5. and there are elements jn, Me, Yi, Y2 in © such that wynit pene = 61, 111+ Neve = be. 
Furthermore, 5; |52| is uniquely determined, apart from a unit left [right] factor. 


THEOREM 3. Let @ be as in Theorem 1, let X be a non-singular element 
in @ not divisible by a rational prime, and let N(A) = +pi- po: ++ - «pr, where 
the p’s are rational primes arranged in an arbitrary but fixed order. Then 
N=m1:T2: +++ «wt, where N(m;)= +p; (¢=1, 2,---, 7) and each 7; is an ele- 
ment of © which is uniquely determined apart from unit factors. 


We have seen that @ contains an element of norm —1. Hence, in the 
above factorization of \, the sign of each N(7;), except one, may be arbitrarily 
chosen. 

6. An enlargement of a set of quadratic integers. Let G be the set of all 
algebraic integers in the quadratic field defined by (—a)"/?, a being a rational 
integer with no square factor >1. Let 6 be a negative integer, with no square 
factor >1, such that a=8 (mod 2). Let Y& be the rational generalized 
quaternion algebra with a basis 1, i, 7, ij where 7?=—a, 7?=—6, ij = —ji. 
Since N(j)=8 <0, the fundamental number of % is negative. By the results 
of Darkow or of the writer cited in the proof of Lemma 1, there is a set G 
of integral elements in & which contains a sub-set equivalent to G. Then 
the statements made in the last paragraph of §1 follow from Theorem 2. 


UNIVERSITY OF KENTUCKY, 
LExIncTON, Ky. 





ON SIMPLY TRANSITIVE GROUPS WITH 
TRANSITIVE ABELIAN SUBGROUPS 
OF THE SAME DEGREE* 


BY 
DOROTHY MANNING 


Introduction. It was in 1900 that William Burnside? first proved that a 
simply transitive permutation group of prime degree » must contain an in- 
variant subgroup of order p. He later showed{ that a simply transitive group 
of degree p” with p a prime and m>1 is imprimitive and compound if it 
contains a permutation of order p”. In 1921 he§ published a short proof that 
a simply transitive group in which there is a transitive Abelian subgroup of 
the same degree is compound unless all the operations of the Abelian sub- 
group are of the same prime order. However, the proof is not sound, as we 
shall see in §15. 

In 1933 Professor I. Schur|| published a paper on those simply transitive 
groups of degree m in which there is a transitive cyclic subgroup of degree n. 
He found them to be imprimitive and compound when z is not a prime. He 
seems to have been unaware of Burnside’s paper of 1921. It was this fact that 
led W. . Manning to a critical study of the status of the problem, and to 
the conviction that an investigation of the remaining cases should be under- 
taken. 

In this paper it will be proved that if a simply transitive group of degree 
p+” (p a prime and a#b) contains a transitive Abelian subgroup of the same 
degree and of type (a, b), it is imprimitive and compound. That no such theo- 
rem holds when a=d is shown by the existence of exceptions. There is an 
infinite family of simply transitive primitive groups{ of degree k? (k >2) and 
order 2(k!)? which contain transitive Abelian subgroups of degree k? that are 

* Presented to the Society, April 6, 1935; received by the editors June 4, 1935. 

+ W. Burnside, On the properties of groups of odd order, Proceedings of the London Mathematical 
Society, vol. 33 (1900), p. 174; On simply transitive groups of prime degree, Quarterly Journal of Mathe- 
matics, vol. 37 (1906), p. 215; I. Schur, Newer Beweis eines Satzes von W. Burnside, Jahresbericht der 
Deutschen Mathematiker-Vereinigung, vol. 17 (1908), p. 171; W. Burnside, Theory of Groups of 
Finite Order, 2d edition (1911), p. 341. 

t W. Burnside, Theory of Groups of Finite Order, 2d edition (1911), p. 343. 

§ W. Burnside, On certain simply-transitive permutation-groups, Proceedings of the Cambridge 
Philosophical Society, vol. 20 (1921), pp. 482-484. 

|| Zur Theorie der einfach transitiven Permutationsgruppen, Sitzungsberichte der Preussischen 
Akademie der Wissenschaften, Physikalisch-mathematische Klasse, 1933, pp. 598-623. 

© W. A. Manning, On the primitive groups of class ten, American Journal of Mathematics, vol. 28 


(1906), p. 235. 
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direct products of two Abelian subgroups of order k. The members of this 
family with k= p*>2 are exceptions to the proposed theorem. 

There is a somewhat similar problem for solvable groups, first encountered 
by Professor J. F. Ritt.* He proved that a primitive solvable group in p™ 
letters with » prime and m>1 cannot contain a substitution of order p” 
except in the case p=2, m=2. 

It should be noted that if an imprimitive group contains a transitive 
Abelian subgroup of the same degree, it is compound. For if it were simple, 
the group according to which its systems of imprimitivity are permuted 
would contain a transitive Abelian subgroup of order m and degree less than n, 
an impossibility, since a transitive Abelian group is always regular. 

1. In this section we reproduce without proof as much of the preliminary 
work of Burnside’s paper of 1921f{ as we shall need. 

Let a and bd be natural numbers, f and g primes, the same or different. 
Any transitive Abelian permutation group of degree n= p°q’ generated by 
two permutations of orders p* and q’, may be written { P,Q}, where 


F: Sune = Sust,9 
bw = 0,10 19 = 041, -++,g*—1), 
Q: Vuyv = Lu,v41 . 

the two symbols x,,, and x,,. representing the same letter if and only if w=y 
mod p* and v=z mod q’. (This rule is also to be applied to the &,,,, the T.,,., 
the A,,,, the M,,,,, the m,,,, the 7;,;, and the W;,;, which will be introduced 
later.) 

Let H={P, Q} and let G be any simply transitive permutation group 
containing H as a proper subgroup. 

If € is a primitive p*th and 7 a primitive g’th root of unity, 


—1 go 


1 mst got 
Y if tu,2 = y a Dd e"n”*Ey,2 («= 0,1,---,p*—1;0 =0,1,--- ,q?— 1) 
n 


y=0 z=0 
completely reduces both G and H. 
(1.1) TPT: Eye = ey: 
(1.2) TOT: fy.2 = n°€y,s 


(y= 0,1,--- p= 18 =0,1,-++, gD, 


* On algebraic functions which can be expressed in terms of radicals, these Transactions, vol. 24 
(1922), p. 27. 

+ This has already been proved by Professor Schur when the Abelian subgroup is cyclic, Zur 
Theorie der einfach transitiven Permutationsgruppen, Sitzungsberichte der Preussischen Akademie der 
Wissenschaften, Physikalisch-mathematische Klasse, 1933, p. 622. 

t Proceedings of the Cambridge Philosophical Society, vol. 20 (1921), pp. 482-483. The mistakes 
occur on page 484. 
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If we represent the variables of an irreducible constituent group I of 
T-'GT: Ear, (V=1, 2,--+, mw) (where p is the degree of I), and the letters 
of a transitive constituent A of Gp (the subgroup of G which fixes 29,0): %a,,», 
(u=1, 2,---, m) (where m is the degree of A), and if xp2.g' represents the 
trace of the substitution of ! which corresponds to P*«Q*«, then 


s m 
(1.3) Xprughu = D> etuaoybuby = £ DS tution dube , 

v=1 mM u=1 
provided I is not the identical constituent (on £,5 alone) and A is not the 
transitive constituent of Go on %o,o. 

2. We now establish a sufficient condition that the group G be im- 
primitive. 

Lemna I. If any permutation S of G which is not also in Go corresponds to 
the identity of any irreducible constituent T of T-'GT except the identical con- 
stituent, G is imprimitive.* 

The correspondence between G and I is not one to one, for both S and 
the identity of G correspond to the identity of I’. Let I’ be the subgroup of I 
which corresponds to Go. Let G’ be the largest (proper or improper) subgroup 
of G which corresponds to I'’. Then Gp is a proper subgroup of G’, for G’ 
contains S. Since G is simply transitive, £.,,s,+ --- +£a,,s, is an absolute 
invariant of I'’,t while I’, being irreducible, can have none. Hence I’ is a 


proper subgroup of I’, and G’ is a proper subgroup of G. Therefore, Go is a 
non-maximal subgroup of G, and G is imprimitive. 

3. Throughout this paper, 7 and j will represent positive integers relatively 
prime to p and q, respectively. 

We introduce 


p2—1 qb—1 


1 
Ti,3? Su,0 = — D> Dd (e)"(n')€y.2 


y=0 z=0 


(wu =0,1,---,p*-—1;0=0,1,---,g*—1), 


and let I',,. represent the irreducible constituent of 7-'GT which affects, 
among others, the variable £,,., and let ey represent the irreducible con- 
stituent of 77} GT;,; which affects £,,.. If we replace ¢ by e‘ and 7 by 7’, we 
obtain from the substitution 7-!AT, the substitution Tj7'A 7; ;. 

Since we can write JT in the form 


* Cf. W. Burnside, Theory of Groups of Finite Order, 2d edition (1911), p. 342. 
+ W. Burnside, On certain simply-transitive permutation-groups, Proceedings of the Cambridge 


Philosophical Society, vol. 20 (1921), p. 483. 
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1 m= 1 


Xu.0 =— p DS et ivyr Goes 5. 


n y=0 z=0 


(wu =0,1,---,p*-—1;0=0,1,---,g>— 1), 


T =T;,;W;,;, where W;,; is the permutation by.0™ Liy.is (y=0,1,---, p°-1; 
z=0, 1,---, g’—1). Hence T"AT=W;,;(T;,jATi,;)W;,;. This shows that 
_ and I,,;e differ only in the names of their variables. That is, if we con- 
sider the corresponding matrix groups, the variables of py being denoted 
fa, 8:1 £a2,82) °* *» €a,,8, and the rows and columns of the matrices of the first 
matrix group being made to correspond to the variables in that order, then 
the variables of Tiy,j2 are fia,,i8,, Fie,,i8.°** » Fia,,i3, and if the rows and 
columns of the matrices of the second group are made to correspond to the 
variables in this order, then the two matrix groups consist of the same mat- 
rices and the two matrices which correspond to A are equal.* Combining the 
results of these two paragraphs, we have 


Lemna II. If we replace € by e€‘ and n by n’, we “replace Ty. by Tiy,j2,” 
that is, from the matrix of T,,2 which corresponds to any permutation of G, we 
obtain the matrix of Tiy,;2 which corresponds to the same permutation of G, pro- 
vided that if the rows and columns of the matrices of T,,2 correspond to the varia- 
bles &a,.8,» a:.8.°°*» €a,.8, 1” that order, then the rows and columns of the 
matrices of Viy,je (which necessarily correspond to the variables £ia,.49,, 
Eies,i8a) °° » Siau,i8,) correspond to them in that order. 


This gives us 


Lemna III. If we replace ¢ by e€' and n by itself, we replace To, by itself. 
If we replace ¢ by itself and n by ny, we replace Tyo by itself. 


4. The operation of replacing e by e* and n by n’, we may denote by 


ef, 7? ; 


These operations form a group K which is simply isomorphic to the group K’ 
whose letters are the p*g’ symbols I',,, and whose permutations are of the 


form 
l'y,s o To,0 es T po—1,q>—1 
Hag - .. nay ee 
Its order is $(p*)@(q°).T 


* Two matrices are equal to one another if and only if corresponding elements are equal. 
7 Euler’s ¢-function. 
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Our system of notation for the irreducible constituents gives us as many 
different symbols for a given irreducible constituent as it has variables. The 
actual number y of irreducible constituents is less than p%q’, for otherwise G 
would be Abelian and H would not be a proper subgroup of G. Let K”’ repre- 
sent the group according to which the irreducible constituents are permuted 
by the operations of K. Then K”’ is of degree y, its order lies between 1 and 
(p*)(q"), inclusive, and the number of its transitive constituents (counting 
those on one letter) lies between 2 and (a+1)(b+1), inclusive, and will be 
shown later to be greater than 2. 


DeFIniTIon. The o(p*~")o(q*>-") variables £5, iq” for given values of u and v 
(O<us<a, 0<v<b) will be said to belong to the (u, v) category. 


Lemma IV. The variables of the (u, v) category are affected by irreducible 
constituents all of which belong to the same transitive constituent of K"’. 


For T’;,*, jg” is replaced by T;-,*,;-,” by the operation 


é! ’ n? "idl ’ n 
of K. 


We shall say that the (u, v) category belongs to this transitive constituent 
of K’’. 

It follows from Lemma II that all the irreducible constituents of a given 
transitive constituent of K’’ have the same number of variables belonging 
to any given category. Hence Lemma IV gives us 


Lemna V. [f there are t irreducible constituents of T-'GT in a given transi- 
tive constituent of K"’ and if one of these irreducible constituents affects a variable 
of the (u, v) category, then it must affect exactly 1/t of the variables of that cate- 
gory. 

5. We now prove 


Lema VI. Jf Ty.0 affects &:)*,;4° (v<b), it affects each of the variables 
Eip*.¢"; Ein* 24", cabal Esp” (q—Da"s E55" (at) aq") Ot Ein” q’—a’- Whether v<b or 
not, the number t of irreducible constituents in the transitive constituent of K"’ 
to which Ty,» belongs must divide o(p*“). Similarly for To,2. If TVy,o=To,2, t=1 
and this irreducible constituent affects all the variables of the (u, v) category. 


If Tyo affects Ei" 59°, Ty,o=Tip*,;.”. By Lemma III, if we replace e by 
itself and » by any primitive g’th root of unity, n” (say), we replace T'y,. by 
itself. By Lemma II, if we do the same thing to T';,",;,", we obtain T;,*,;;-4”. 
If we let j’ run through a reduced set of residues mod q’, jj’ will do the same, 
while if »<b, jj’g’ will assume values congruent to g’, 2g’,---, (¢—1)q’, 
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(q+1)q’, ---,q*°—g” mod q’, each $(g°)/(g*-*) times. Hence the first state- 
ment. 

The second statement then follows from Lemma V. 

The irreducible constituent I’, ,o is invariant under the operation 


.~ 9? 
€, 7? 
e 7 


Hence if T',,o=To,., it is invariant under their product 


€,7 
ef , ni)’ 


and thus under the group K. Then I’, » alone forms one of the transitive con- 
stituents of K’’ and, by Lemma V, it must affect all the variables of each 
category which belongs to it. 


and I,,, is invariant under 


Lemma VII. The group K"’ has at least two transitive constituents besides 
the one on To, alone. 


If K”’ had only one transitive constituent besides the one on Ip,» alone, 
all the variables except &),o would belong to it. Then each of its irreducible 
constituents would contain at least one variable of an (a, v) category with 
2<b and at least one variable of a (u, b) category with «<a. Hence, by 
Lemma VI, it would consist of just one irreducible constituent. Then 7-'GT 
would consist of two irreducible constituents. But that is impossible, for G is, 
by hypothesis (§1), simply transitive.* 

6. We now restrict our attention to the irreducible constituent T',-+ 
and the permutations P¥Q? of the Abelian subgroup H. Let xpvq represent 
the trace of the substitution of I',2,) which corresponds to P¥Q* and let u 
represent the degree of [',2- ,. 

It follows from Lemma VI that for the transitive constituent of K’’ to 
which I',«-1 , belongs, ¢ must divide p—1 . Let 


(6.1) c= (p—1)/t. 


It also follows from Lemma VI (together with equations (1.1) and (1.2)) 
that we may write 


* W. Buraside, Theory of Groups of Finite Order, 2d edition (1911), p. 339. 
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Xpq=dar(e4*+ --- tet )(nt -- > +t t+attt+ --- +9?) 
+da_1,p(€?21+ eee + PBer*) (n+ eee +n +neti+ be Tasty +n?)+ ae 
Hd (OOF «+ He) (Qt - - - yt yet -- - +P) 
+daslet > ++ gt *49+ - -- +94) 
HdanalePsp === $e) (gap --- $yeDepqglerDap .-~ +y%2) 
+ +++ $dosslgtt -- + pyle Mefgletiey - - - 4-9") + 


+edai(eBt+ «++ feb) (get --- tye *)4.--- 
tdoa(n@t+ --- +y¢-#) 

+dao(Ptt «+ fe) +dy 1 o(ePG1t «++ ferGet)4 ... 
+dyo(e* “Hi ~~~ fer Ae) 4+dy o, 


where d,,,=1 or 0 depending on whether the variables of the (a—k, b—/) 

category do or do not belong to the transitive constituent of K’’ which in- 

cludes I’, 9, and where each A, B, - - - , H is relatively prime to p and no 

two A’s are equal, no two B’s are equal, etc. Notice that d;,o=1 and dy,,=0. 
Because of (1.1) and (1.2), we have 


(6.3) T“P“O?T: — Eu,» = €N?*EL, 
(1 =0,1,---,p*-—1;0=0,1,---,g>—1). 


This shows that the substitution of I',*~,) which corresponds to PQ? is a 
multiplication and that it may be obtained from the substitution of I',--, 
which corresponds to PQ by replacing ¢ by e” and 7 by 7’ in each multiplier. 
We may obtain xpq from xre@ by replacing e by e” and 7 by 7? provided 
xXrq is written out in full as the sum of the » multipliers just as they are taken 
from (6.3). (Any cancellation or substitution making use of any relation exist- 
ing between powers of ¢ or powers of n, or between ¢ and 7, etc., before replac- 
ing « by e” and 7 by 7’ will in general lead to incorrect results.) However, 
the expression in the right-hand member of (6.2) is such that we may obtain 
xp? from it by replacing € by e” and 7 by 7’. 

We now make use of the following procedure: Replace ¢ by e” and 7 by n? 
in the right-hand member of (6.2) (obtaining x p»9). The sums obtained from 
the sums of powers of 7 are equal to ordinary integers. Replace each by the 
corresponding integer and collect like powers of €, reducing expenents mod /*. 
The result is a polynomial in ¢e with integers as coefficients. We write it 


XP¥Qt§ = go + oye + ore? + - ++ + opr_ie”—. 


Using the first and third members of (1.3), we obtain 
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pt—1 pm 
(6.4) DX sxe = — Do wg 0, 
k=0 Mm u=1 
where m denotes the degree of A,,., the transitive constituent of Go which in- 
cludes x,,2 and where %a,,5,, %a,,b.) °° * » Vam,b, are the letters of A,,.. Equation 
(6.4) holds except when y=0 mod p* and z=0 mod q’ at the same time. From 
(6.4) we obtain 


p?—l 


p-1 
a | 
oxe* = = myel?* ’ 
l=0 


k=0 


where 7; is the number of letters x.,,5, of Ay,. whose first subscripts a, are 
congruent to / mod . Hence ¢ is a root of the equation 


pa—i m p—l 
(6.5) DY opx* —— > ax! = 0, 

k=0 mM i=0 
whose coefficients are rational numbers. But e¢ is also a root of the equation 
(6.6) 1+ xP gtr we. 4 gle = 0, 


which is irreducible in the field of rational numbers.* Hence if the left-hand 
member of (6.5) is not identically zero, it must be divisible by the left-hand 
member of (6.6). In either case we may write the left-hand member of (6.5) 
in the form 


(yotywtees + pte 1) (1 xP get eee yb a(P—1) pad) 
Therefore, 


Me Me 
oo = -——- Fe = op7 ——<—— 7, = O2p*} ——%Ww Sess = F (p—1) p*™ —_ — Tp—1y 
m m n 


and 
p—-l p—l m 
m = px i D4 + — (cig — cup . 
1=0 1=0 fod 
Hence 
(6.7) m{ e+ pop — (oo + opt +--+ + o¢p-yy)} = pure 


(k =0,1,---,p—1). 
Let 


(6.8) M,,: = (p — 1)o0 — (o,0-02 + Oop +--+ + o(p-1)9*), 


* Weber, Lehrbuch der Algebra, 2d edition (1898), vol. 1, pp. 459 and 600. 
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for the permutation P¥Q*, and write m,,. instead of m for the degree of A, ... 
When k =0, (6.7) becomes 


(6.9) My,2\ e + M,.2} = puto. 


Adding the —1 equations for which k=1, 2, - - - , p—1, we obtain 
(6.10) my.2\(p — Iu — My,2} = pulri t+ m2 +--+ + mp1). 


When using these formulas, we must remember that 7, - - - , t»-1 depend on 
A,,. and that these formulas do not apply to Ago. 

7. Since p and yp are constants and since m,,, and mo can each have but 
one value for a given transitive constituent of Go, (6.9) gives us 


Lemma VIII. [f A,-,. is the same transitive constituent of Go as Ay,2, then 
My 2 =M,,:. 

DeFINITION. The $(p*-")(q°-*) letters xip*, iq? (u and v fixed) will be said 
to belong to the (u, v) category of letters. 

From the meaning of the 7, it follows that A,,, includes at least one letter 
of some (0, v) category if and only if m:+72+ --- +7,1>0. Since my,,., u, 
and p are positive integers, (6.10) shows us that when A,,, is not Ao,o, 
m+mo+ +--+: +2,1>0 if and only if (p—1)u—M,,.>0. 


Lemna IX. If (p— 1)u—M,..>0 and A,,, 1s not Ag,o, Ay,z includes at least 
one x;,, and M,,. is equal to at least one of the M ;,v. 


8. We now develop two sufficient conditions for the imprimitivity of G. 


Lemma X. If an irreducible constituent of T-'GT which is not To.o affects 
no variable of any (0, v) category (or if it affects no variable of any (u, 0) 
category), G is imprimitive. 

For if I affects no variable of any (0, v) category, (1.1) shows that P?** 
corresponds to the identity of I, and then, by Lemma I, G is imprimitive. 
If I affects no variable of any (u, 0) category, Q”" corresponds to the iden- 
tity of T and again G is imprimitive. 

Lemma XI. If da»=doitn= --- =do.», or if dan=dawi= --+ =da.o, G 
is imprimitive. 

For if da»=dst»= --- =do,=0, it follows from the meaning of the 
d,,, (§6) that [,»-,» contains no variable of the (0, 0), the (1, 0),---, 
or the (a, 0) category, and then, by Lemma X, G is imprimitive. If 
da»=da1te= *-** =do»=1, all the variables of those categories belong to 
the transitive constituent of A’’ which includes [',-,». By Lemma VII, 
there must then be at least one transitive constituent of K’’ besides the one 
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on I'p,o alone whose irreducible constituents affect none of the variables of 
those categories. We apply Lemma X to one of those irreducible constituents 
and see that G is imprimitive. Hence, if da»=ds4tn= --- =do,s, G is im- 
primitive. The proof of the other half of the lemma is similar. 

9. To simplify the formulas, we let 


(9.1) da+1,0 maser =@ da41,b = do,b41 = ee ae da,b+1 = da41,b+1 = 0, 


and let R.,, represent the number of variables in the (a—u, b—v) category 
affected by I',*+,o. Then 


(9.2) Ru» = du,o(p")(q")/t. 


Equation (6.8) now gives us 


l 
M ipk,igt = Cep1,41¢p*q' — y Rieti,» 
(9.3) - 


+(p-0)(- D desesco *g! — do,iyig’ + SUR, :). 


u=0 v=0 
(To obtain this expression, it is neither necessary nor desirable to calculate 
o,°, Fo, + - - 5 Fp—»p* separately. It is easier to calculate their sum di- 


rectly.) 
To calculate (p—1)u—M;,*,;,', we make use of the fact that we may write 


k l k l+1 k+1 


«Re, * 2} e 2a ee > Ren 


u=0 v=0 u=0 v=0 u=0 v=1+1 u=k+1 v=0 


k+1 +1 a i+1 k+1 


+ LDRwtL VR t+ DY S2..+t ee... 
u=k+1 v=14+1 u=k+2 v=0 u=0 v=14+2 u=k+2 v=l+2 


where any summation is to be considered equal to zero if one or both of its }>'s 
starts with a number larger than the one with which it ends. Then 


a I+1 k+1 


a a ee (4 e Fe + F Ex... 


u=k+2 v=0 u=0 v=1+2 


+ ps pe Ru.rk + dass,rrcp*g'| (p — 1)\¢-1)- 1} 


u=k+2 v=14+2 


l 
+ > dnzs,.cp**'"(q — 1)? + dyy1,ocp**? 


v=1 


k 
+ DY duyic(p — 1)p™g'** + douilp — 1g". 


u=1 
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10. Since we wish to prove whenever it may be possible that G is imprimi- 
tive, we need only consider the case when the conditions of Lemma XI are 
not satisfied. Then at least one of the d,,,, = 1 and at least one of the d,,,=1. We 
seek to show, when possible, that under these conditions (p—1)u—M;;,*,;,!>0. 

Notice first that each term of (9.4) is 20, and that each term is >0 if 
the corresponding d,,,~0 with the exception of the term di41,.4:¢p*q! 
{(p—1)(q—1) —1} when p=q=2. 

If k+2<a, the terms which involve the d,,, (v=0, 1,---, 6) occur 
within the first pair of brackets. Hence, since at least one of the d,,,=1, 
(p—1)u—M;,*,;.!>90. Similarly if +2 <0). 

If k=a—1 and /=6—1, the d,,, (v=0, 1,---, 6) and d,. (u=0,1,---, 
a—1) occur in the last five terms (counting a summation as a term now) and 
(p—1)u—Mi,*,;4!>0 except when dao= --- =da,w1=dox= --- =doi,=0 
and p=q=2, and then it equals zero. 

If k=a—1 and /=b, the d,,, (v=0, 1,---, 5) occur in the terms 
ia rdiss cp**(q—1)g and dis1,0cp**. Hence (p—1)u—M yt, ;,!>0. Simi- 
larly if k=a and/=b—1. 

The case k=a, /=b corresponds to Ay, and is of no interest since we can- 
not apply Lemma IX. 

Combining these results, we find 

Lemma XII. Unless one or more of the three conditions 

(1) dap=dasi= +++ =dao, 

(2) dop=dois= °° =dp,., or 

(3) p=q=2 
holds, (p—1)u—M i,t ,jq!>0 for each transitive constituent Aj, 34! not Ao,o. 

When conditions (1) and (2) do not hold but condition (3) does, 
(p—1)up—Miy* 5h =u—Me2!. Now »—M-* »'>0 for all transitive constitu- 
ents (not Ao,o) except perhaps A,“ >. Lemma IX and its proof then tell 
us that when »— MM." o>“ =0, each transitive constituent of Go includes at 
least one letter of some (0, 7) category except Ao, and A, »'~, and that they 
do not. Then x2» must be the only letter of As“ .», and Gp fixes at 
least two letters, %o,9 and «*~ »’'. Hence G is imprimitive. 

Therefore, regardless of whether =q =2 or not, we have, with the aid of 
Lemmas XI and IX, 

Lemma XIII. If G is primitive, each transitive constituent of Go except Ao,o 
includes at least one letter of some (0, v) category, and M,*,,' is equal to at least 
one of the M;,;,. when k+1<a+b. Also each transitive constituent includes at 
least one letter of some (u, 0) category, and M,*,,' is equal to at least one of the 


Mi,’ ,;- 
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11. We can obtain an expression for M;,',;,! which is more convenient 
than (9.3) for comparing the M’s as indicated in Lemma XIII. To this end, 
we observe that (p—1)do,.=cdo,., for if do, =0, it is obviously true and if 
do,» =1, T27,0=T0,;.°-*, = 1 (Lemma VI), and (6.1) gives usc=p—1. Start- 
ing from (9.3), we replace each R,,, by its value in terms of d,,., c, p, g, 4, and 
v, making use of (9.2) and (6.1). The coefficient of each do,, contains p—1 asa 
factor and we replace (p—1)do,, by cdo,». On simplifying, we find 


k l 
(11.1) Mipt,igt = CD) D, Duvh"Q’, 


u=0 v=0 

where 
(11.2) Das = 6.0 iat du,v+1 _ duti,» + du+1,v41- 

Lemma XIV. D,,, is an integer and |D..»| $2. Furthermore, |Da,v| <1 
and |D..»| <1. 

For each d,,,, is equal to one or zero (§6) and each da41,, and d, 4: is zero 
(§9). 

Lema XV. If M,*,,'=M,,;¢ with h<l, 

l 
Duop'g? = — 2, Dowwg’s 
v=h+1 


with h=1, 


I 
1 Dy Duh"! 


with h>l, 
k l 
Do Du wb"Q” 


u=1 v=0 
If M,* ,4'=Mi,! ,; with f <k, 
k l 
» Dp 
u=0 v=1 
with f=k, 
ea 
DL Du.vh*¢" 


u=0 v=1 


k 
DD Du,»p"q’ = 


u=0 v=1 


with f>k, 


These may be obtained from (11.1). 
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LemMA XVI. Jf Dao=Din=-- > =Dapi=90, or if Dos=Din=--: 
=D,_1,,=0, G is imprimitive. 

For if Dao=Dan= -- + =Dapi=0, dao=daa= -- + =da»1=dae, and if 
Do s=Di,= - ++ =Dai..=9, don=din= --- =da1,,=da.. In either case 
G is imprimitive, by Lemma XI. 

For future convenience we introduce the function F(h, 1) defined in this 
way: 


l 
F(h,l) = — >> Dog? when OS Ah <1 3; 


v=h+1 


F(h,l) = 0 when 0S h=/125 3; 


h 
F(h,l) = > Do.g? = when OSI <hS). 
v=l+1 
12. We are now ready to prove the theorem stated in the introduction. 

For this purpose we take p=q and a>d and suppose that G is primitive. Let s 
be an integer satisfying 0 <s<b—1 and consider M,°-',,*. Because of Lemma 
XIII, it is equal to at least one of the M;,;,* (k=0, 1, -- - , or b). Then be- 
cause of Lemma XV, we have 

e-l1 se 
(12.1) > > Du.p"t? = F(h, s). 

u=1 v=0 


Since a+sSa+b—1<a+0, we also know that M,-,,* must be equal to at 
least one of the M;,;,', to Mj jy", say. Then 


(12.2) > Dd Du p*** = F(h’, s). 
u=1 v=0 


(The values of # and h’ are determined by the group G, but are unknown to 
us.) Subtracting (12.1) from (12.2), we find 


(12.3) > Da, ptt? = F(h’, s) — F(h, s). 
v=0 


Notice that for a fixed value of s the coefficient of Do,, in F(h, s) if not zero 
is independent of h. Hence, if the values of # and h’ are such that the coeffi- 
cient of Do,, in neither F(h, s) nor F(h’, s) is zero, the corresponding terms 
cancel in F(h’, s)—F(h, s). 
We now take s=0 and try to show that D,,,=0. For that purpose, it is 
‘ sufficient to show that | D..op*; <p*, for then | Da,o| <1, and since Da,o is 
an integer (Lemma XIV), it must be zero. 


a ee Le ee ag eg eee ee a 
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Since p=q, 
F(0, 0) = 0, 
F(1, 0) = Donp, 
F(2,0) = Dorp + Do,2p?, 


If b=1, (12.3), Lemma XIV, and the condition )<a used in turn give us 
| Deop*| S| Dorp| < p < p*. 


There remains for consideration the case )>1. 
If h<b and h’ <b, 
| Da.op* | = | Do,:p | + | Do,2p? | ><> + | Do,»-1p? | 
2p + 2p? +--+ + 2ph! = 2(p? — p)/(p — 1) 
2p — 2p < prt < pr. 
If h=h’=b, 
Di op* = 0, Dao = 0. 

The remaining possibility is that h=6 and h’ <b or that h’=b and h<b. 
Then if Do,.=0, 
| Da of* | > | Dorp | + | Do,2p? | +--+ + | Do,»-1p* | + 0 

= 2p + 2p? + ¥en + 2p?! < p*. 
If Do»#0, Do»= +1, by Lemma XIV. Then, since Do»-: is an integer and 
| Do »-1| S2 Do,o-1 is equal to Do by 2Do,., —Dao.», —2Dbo», or 0. 
If Do »1=Do,», 
do.v-1 = do,» = dy 5-1 + di» = do,» = di.s, 
do,o-1 ead dy.o-1 - 2(do,» = d;»), 


dos—1 — 41,,-1 = Omod 2. 
But 


| doo-1 — dizr| S 1. 


Therefore do ,»-1—d,,5-1=0, dp,,—di,,=0, and Dy,,=0, contrary to our hy- 
pothesis. 

The case Do ,s-1=2D,,, can also be shown to be impossible when Dp ,,~90, 
and in much the same way. 

If Do»-1= —Do., we consider separately the two possibilities |h—h’| =1 
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and |k—h’| >1. (|h—h’| =0 is impossible since, by hypothesis, one of the 
numbers h or h’ is equal to 6 and the other is not.) 
When |—h’| =1, one of the two numbers / and h’ is equal to b and the 


other to b—1. Then 
| Da.op*| = | Do.rp| = p< p*. 
When |h—h’| >1, if b=2, 
| Da.op*| = | Dorp + Do.2p?| 
=| Do»(— p + p*)| 
=pP—p<p<p. 


= | Do.sp | +-°-+ | Do,.»-2p-? | + | Do,»-1p*" + Dov? | 
Ss 2p+ - ae + 2p>-? + p> — pr} 
= 2p! — p)/(p — 1) + p> — pr 
< 2p) — 2p + p> aa i 
< pt p> < 27° S pr. 
So that if Do»i=—Do.s, |Daop*| <p*. 
The case Do »-1= —2D o,» may be handled in much the same way. Again 
| Da.op*| <p. 
The fifth and last possibility was Do». =0. Then, if b=2, 
| Daop*| S$ O+| Do2p?| = p? < pr. 
If b>2, 


| Daop*| S| Doap| + --- +| Dowsp>*| + 0+| Dorp?| 
= 2(p>"' — p)/(p — 1) + Pp” 
2p>! — 2p + p? < 2p’ S pr. 
So that in all cases D,,o =0. 


We now make use of this fact and (12.3) to calculate D.,, when 0<s <b. 
We may write (12.3): 


s—1 
Da »p*** = F(h’, S) = F(h, 5) Soa pH D.,.f"", 


v=0 


so that 
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| Dasp***| S| Doap| + --- +| Dow+rp**| +| Dorp?| 
+ | Daop*| +| Darptt?| +--+ +| Daeapete| 
S2pt+---+2ph14 ph +04 ptt... +" 
= 2(p> — p)/(p — 1) + p> + (ptt? — prt)/(p — 1) 
2p> — 2p + pret pats — pati 
= prt? + (3p> _ p*) — 2p < pre, 
Das = 0. 


Hence we have Dz.o=Dai= --- =Da»1=0. But, by Lemma XVI, that 
is impossible when G is primitive. Therefore G is imprimitive when p=q 
and ab. That it is also compound follows from the last paragraph of the 
introduction. | 

13. The corresponding theorem when pg is covered by Schur’s paper.* 
However, we are now in a position to prove it quite easily. And a proof based 
on the properties of group characteristics is not without interest, for the ques- 
tion of the relative advantages of using the theory of group characteristics 
(and the roots of unity which it involves) or of avoiding all irrational quanti- 
ties as Schur did, is of importance to future investigations in the field. We 
therefore include the proof. 

We may without loss of generality suppose that p<q. Assume that G 
is primitive. Then, by Lemma XIII, M,, is equal to some M;,;,* with 
h=0,1,---,orb. 

If h=0, Lemma XV gives us 


1 0 


p>» D Dub’ - 0, 


u=1 v=0 
D,,0 = 0. 


1 0 h 


De Ls Duwh"q" = Ly Do.o9", 


u=1 v=0 v=1 
Diop = Dong + Dog? +--+: + Dong’, 
Do = Omod q. 


Since p and q are both primes and p<q, g=3. Now |D,,0| $2 (by Lemma 
XIV). Therefore D,,.=0. 

Hence, regardless of h, Di,.=0. 

Suppose D;,o=D2,o= --- =Dyz-1,0=0 and consider M,*,, (1<k Sa). By 
Lemma XIII, it is equal to some M;,;,6 with k=0,1,---,orb. 


* Zur Theorie der einfach transitiven Permutationsgruppen, Sitzungsberichte der Preussischen 
Akademie der Wissenschaften, Physikalisch-mathematische Klasse, 1933, pp. 598-623. 
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If h=0, by Lemma XV, 
0 
De Duwp"g’ = 0, 
uw v=0 


Dy op + Do,op? + >>> + De-rop*! + Deop* = 0, 
Di.op* = 0, 


Dx.o = 0. 
If h>0, 


k 


0 h 
Ze z Duwp"q’ = = Do,»9’; 
v=1 


u=1 v=0 
Dyop* = Dong + Dog? + -- > + Dong’, 
Dx.o = 0 mod q; 
Dx.o = 0. 


So that, regardless of h, D,.o=0. 

Hence, by induction, D,,o=D2,o= --- =Dao=9. 

Lemma XIII tells us that M,*,,' is equal to at least one of the Miyy,;. 
Then since D,,9=D2,o= - - - =Da,o=0, the second part of Lemma XV shows 
us that, regardless of the value of f, 


By applying this equation using in turn the following sets of values for k and /: 
(0, 1) ’ (0, 2) ’ a (0, b), 
(1, 1), (1, 2), Te oe (1, 5), 
(a— 1,1), (@-—1,2),--- , (a — 1, d), 


we find D,,,,=0 (w=0, 1,---,a—1;7=1,2,---, 6). But Do»=Din= --- 
= D,,_:,=0 is impossible when G is primitive (Lemma XVI). Hence G is im- 
primitive when p#q. 

14. Combining the results of §§12 and 13 with the remarks made in the 
introduction about imprimitive groups with transitive Abelian subgroups, 
we have the 

THEOREM. If p and q represent prime numbers, which may or may not be 
equal, and a and b positive integers, a simply transitive permutation group G of 
degree n= pq? which contains « transitive Abelian subgroup of degree n gen- 
erated by two permutations, one of order p* and one of order q>, is imprimitive 
and has an invariant proper subgroup unless p*=q?. 
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15. We are now ready to discuss Burnside’s paper of 1921, which we men- 
tioned in the introduction. It gives his proof of the theorem stated there when 
the Abelian subgroup can have two independent generators. The preliminary 
work is essentially that given in §1 of the present paper, the principal differ- 
ence being that Burnside did not restrict the orders of the generators of the © 
Abelian subgroup to powers of primes as has been done in this paper. The 
proof itself consists of two parts corresponding to the two cases in which (1) 
the order of at least one of the two generators is composite, and (2) the orders 
of both generators are primes. 

In the first case, it will be sufficient to show that the work is incorrect 
when the orders of the generators are powers of primes. If, for example, p* 
is composite, the statement from which Burnside concluded that G is com- 
pound says that P?” is represented by the identity of [',*~ 5. However, that 
cannot in general be true, for Lemma I shows us that if it were true, G would 
be imprimitive. This is contradicted by the existence of exceptions, for ex- 
ample, the simply transitive primitive groups of degree k? and order 2(k!)? 
mentioned in the introduction when k= p* with a>1. So that the first and 
most important part of the proof must contain a serious mistake. 

The other case which Burnside takes up is that in which the two genera- 
tors are of different prime orders. To quote from this paper (changing the 
notation to conform with that which we have been using): “If » and q are 
different primes, and T is that irreducible representation to which £;,, be- 


ongs, so that xpg>u= (u/m) >>", e, then 


BS = 
(15. 1) —_— bs eu = Zz etucrn By | 
v=} 


m u=1 


Unless each £, is zero, in which case the group has a self-conjugate subgroup 
containing Q, this equation actually contains powers of 7 on the right. Hence 
when the indices of the powers of 7 are reduced (mod g) each power must 
occur with the same coefficient. This shews that u must be a multiple of q, 
and ---.” We cannot deny that y is a multiple of g when at least one of the 
8, is not equal to zero,* but we do deny that that conclusion can be drawn 


* For the material of §§10-13 may be used to show that if the first two conditions of Lemma XII 
are not satisfied, either each transitive constituent of Gp except Ao,o affects at least one x;,2 (i, p)=1, 
or G is imprimitive and p=q=2. In the former case, we found that unless p*=g’, Dao= °° 
=Da,»1=0 or Do»= + + + =Da1,5=0, both of which contradict the assumption that the first two 
conditions of Lemma XII are not satisfied. Therefore, except perhaps when p=q=2 or p*=q’, at 
least one of the first two conditions of Lemma XII is satisfied. We apply this fact and Lemma VII 
to Ty) when n=pq (pq). Either di1=di,oX%do,1. or di,1=d01di,o. But di,o always equals 
one. Therefore if d:,:=do,, both equal zero, and each 8, equals zero. Hence if at least one of 
the 8, is not zero, di1=d,o=1, do.1=0, and u=c(q—1)+c=cg. 
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directly from (15.1). For if we use the permutation PQ, (15.1) becomes 


(15.2) PS ee = Yin. 
M u=1 v=1 

It is possible to set up letters for the transitive constituent of Go which in- 
volves x;,, and variables for T',,. which satisfy the requirements imposed by 
(15.2) and for which yp is not a multiple of g. For example, if p=3 and g=5, 
we might propose 21,1, %2,1, %0,1, X1,2, %2,2, X1,3, 2,3, %1,4, X2,4 as the letters of 
Ain, and &1,0, 2,0, £0,1, £0,2, £0,3, 0,4 aS the variables of T1,o. Then p=6, m=9, 
and (15.2) becomes 


6 
getetitetbetetetete) setetatet atta, 


and since € now denotes a primitive cube root of unity and 7 a primitive fifth 
root of unity, this reduces to 


So that the proof of the second case is also incorrect. 

The cases in which the Abelian subgroup cannot be generated by two 
generators Burnside dismisses with the statement, “It is clear that the same 
method of proof will apply, when the transitive Abelian subgroup has three 
or more independent generators.” So the failure of his proof when the Abelian 
subgroup has two generators leaves the theorem unproved except in the cases 
dealt with elsewhere. 


STANFORD UNIVERSITY, 
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ON BOOLEAN FUNCTIONS OF MANY VARIABLES* 


BY 
J. C. C. McKINSEY 


1. Introduction. I here treat of some facts regarding Boolean functions 
of » variables. The results are in part an extension to functions of m variables 
of theorems already known for functions of one variable, in part a discussion 
of new problems. 

By a function of n Boolean variables I mean a rule whereby to each ordered 
set 41, --- , x, of Boolean elements is assigned a Boolean element z. A func- 
tion of Boolean variables is called a Boolean function if it can be expressed 
through a finite number of applications of the Boolean operations +, X, 
and ’. It is well known that every Boolean function f(x, - - - , %,) can be ex- 
pressed as f(1,---, 1)ai---a,+---+f(0,---, O)a’ ---x,!. By a non- 
Boolean function, I mean a function of Boolean variables which is not a 
Boolean function. I shall be concerned mainly, as already mentioned, with 
Boolean functions, but an occasional reference will be made to non-Boolean 
functions. 

In §§2-6 I discuss “monotone” Boolean functions, which are analogous to 
the monotone functions of ordinary analysis. I establish conditions that func- 
tions be monotone non-decreasing and monotone non-increasing. In §§7-9 I 
discuss a more special kind of functions, namely, “additive” and “subtrac- 
tive” functions. In §§10 and 11 I define and discuss an analogue, for Boolean 
functions of the “continuity” of classical analysis. I show here that all 
Boolean functions are “continuous” and suggest the importance of con- 
tinuity with regard to non-Boolean functions. In §12 I discuss inverse func- 
tions, finding all the domains within which a function of variables has a 
one-valued inverse. 

Schmidt} obtained some interesting facts concerning Boolean functions 
of one variable. Schmidt’s results are included in my Theorems 15, 17, 20, 24, 
and 30. Theorems 15, 17, 20, and 24 constitute a generalization to functions 
of m variables of his “Principal Theorem” { concerning Boolean functions of 
one variable. In §§5 and 8 I make some remarks on the ways in which this 

* Presented to the Society, April 11, 1936; received by the editors February 28, 1936. 

+ Karl Schmidt, The theory of functions of one Boolean variable, these Transactions, vol. 23 (1922), 
pp. 212-222. All later references to Schmidt are to this paper. 

¢ The theorem is as follows: Every change of x, or part of x, in the increment region ab’ produces 


the same change in ax+-bx’; in the decrement region a'b it produces the opposite effect; and a change of x 
in any other region has no effect whatsoever on ax+-bx’, which always occupies ab and never enters a’b’. 


343 


BOSTON UNIVERSITY 
COLLEGE OF LIBERAL ARTS 
LIBRARY 





344 J. C. C. McKINSEY [November 


theorem fails to admit of generalization. Theorem 30 gives the domains within 
which a function of variables has a one-valued inverse; this problem was 
only partially solved by Schmidt for functions of one variable. 

Throughout the paper I use, besides the familiar Boolean operations, +, 
x, and ’, the operations a o b and aAb, which have been recently discussed 
by Bernstein.* These operations are defined as follows: ao b=a’b+ab’, 
aAb=ab+a’b’. From their definitions it is easily seen that both operations en- 
joy the commutative and associative properties and that aAb= (a 0 b)’. Other 
properties will be found in Bernstein’s paper. 

2. Monotone non-decreasing functions. One of the important general 
types of functions of a real variable is the set of monotone functions. A func- 
tion of a real variable is monotone non-decreasing if it does not decrease when 
the argument increases, and monotone non-increasing if it does not increase 
when the argument increases. Thus, for example, the function f(x) =sin x is 
monotone non-decreasing in the interval (0, 7/2) and monotone non-increas- 
ing in the interval (7/2, 7). This classification rests upon the use of the rela- 
tion < as holding between real numbers, and hence cannot be applied 
directly to functions of Boolean variables. If we consider one of the most 
important interpretations of Boolean algebra, however, namely, the inter- 
pretation of the algebra as a calculus of classes, we are led to consider a func- 
tion as monotone non-decreasing when it has the following characteristic: If 
the argument changes from one class to a more inclusive class, the function 
changes from one class to a more inclusive class. And analogously for mono- 
tone non-increasing functions. These notions are made more precise by the 
following definitions. 

DEFINITION 1. A Boolean function f(*:, - - - , x.) is said to be monotone 
non-decreasing with respect to x, in the domain (A, B) if, for all a in (A, B), 

f(m,-- +, Xn) < f(x + a, %2,°°* , Xn) 
independent of the choice of x1, -- - , Xn. If f(a, - - - , X,) is monotone non- 


decreasing with respect to x, in the domain (0, 1), we say that f(a, --- , x,) 
is monotone non-decreasing with respect to x, everywhere. 


DEFINITION 2. A Boolean function f(x, --- , X,) is said to be monotone 
non-increasing with respect to x, in the domain (A, B) if, for all a in (A, B), 
f(*1 + a, %3,°°-, Xn) < f(m, ee 
independent of the choice of 1, --- , Xn. If f(a, -- - , x.) is monotone non- 


* B. A. Bernstein, Postulates for Boolean algebra involving the operation of complete disjunction, 
to appear in the Annals of Mathematics. I take this opportunity of acknowledging my indebtedness 
to Professor Bernstein for his valuable suggestions regarding the present paper. 
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increasing with respect to x; in the domain (0, 1), we say that f(m, +--+ , *n) 
is monotone non-increasing with respect to x, everywhere. 


Thus, for example, the Boolean function of one variable f(x) = ax is mono- 
tone non-decreasing everywhere; for, 


f(%) = ax < ax + aa = a(x +a) = f(x + a) 
for any x. Similarly the function f(x) = ax’ is monotone non-increasing every- 
where; for, 
f(% + a) = a(x + a)! = ax'a’ < ax’ = f(x) 


for any x. 
I now find a condition that a function of one variable be monotone non- 
decreasing in a domain. 


THEOREM 1. A necessary and sufficient condition that a given function f(x) 
of one variable be monotone non-decreasing in the domain (A, B) is that 


B< f(1) + f’(). 


Proof. To say that f(x) is monotone non-decreasing in (A, B) is, by defini- 
tion, equivalent to saying that for all a in (A, B) we have 


(1) f(x) < f(x +a). 
But (1) is equivalent to 

(2) I(x) f(x + a) = 0, 
which is equivalent to 

(3) S(0)f'A)ax’ = 0. 
Since (3) is an identity in x, it is equivalent to 
(4) f(0)f’'(1)a = 0, 
or to 


(5) a < f(l) + f(0). 


If (5) holds for all a in (A, B), it holds in particular for a= B, since B is in 
(A, B); moreover, if (5) holds for B, it holds for all a in (A, B), since if @ is in 
(A, B) we have a <B. Hence to say that (5) holds for all a in (A, B) is equiva- 
lent to saying that 

(6) B<f(i)+/(), 


as was to be shown. 
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I next generalize Theorem 1 to functions of m variables. 


THEOREM 2. A necessary and sufficient condition that a given function 
f(*1,-++, Xn) be monotone non-decreasing with respect to x, in the domain 
(A, B) is that 

B< Il [fa, G2," "4 On) + f'(0, @2,°"", a,) }. 
a;=0,1 

Proof. I prove the theorem by mathematical induction on n. 

For a function of one variable, we have Theorem 1. 

Suppose, now, that the theorem is true for »=k. Let f(a, - - - , x:41) be 
any function of k+1 variables. For any fixed value, z, of x41, f(a1, - - - , Xx, 3) 
is a function of k variables. Then, since by hypothesis the theorem holds for 
a function of k variables, we have: A necessary and sufficient condition that 
f (x1, - - + ,%%, 2) be monotone non-decreasing with respect to x; for the domain 
(A, B) is that 
(1) B< Il [f(1, Ge,*** » Ak, 2) + f'(0, G2,*** 5 Ak, z)]. 

a;=0,1 
Since (1) is the required necessary and sufficient condition for each z, we may 
regard z as a variable.in the condition. Thus, a necessary and sufficient condi- 
tion that f(x, - - - ,x,) be monotone non-decreasing in (A, B) is that (1) hold 
for all z. But to say that (1) holds for all z is equivalent to saying 


B< II Lf, @2,°* * » ky 1) + f'(0, G2, ° * * 5 ky 1)] 


(2) 
B< II Lf, G2," " * » ky 0) + f'(0, G2," ° * 5 ky, 0)]. 
a,;=0,1 
And conditions (2) are equivalent to the condition specified in the theorem. 
Hence the theorem is proved. 
THEOREM 3. A necessary and sufficient condition that a function f(x, - - - Xn) 
be monotone non-decreasing with respect to x, everywhere is that 


f(@, a2, ~~ 5 On) < f(1, ae, +++ , an) la; = 0, 1]. 


Proof. For, to say {(*1, - - - , X,) is monotone non-decreasing with respect 
to x; everywhere is, by definition, to say that f(x, - - - , x.) is monotone non- 
decreasing with respect to x; in the domain (0, 1). This, by Theorem 2, is 
equivalent to 


II [f(1, a, Dae » On) + f'(0, Ge," ** » On) | = 1, 


a,;=0,1 
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S(l, a2,-- + 5 an) + f'(0, a2,-- +, On) = 1 la; = 0, 1). 
The last equations are equivalent to the given inclusions. 


THEOREM 4. A necessary and sufficient condition that a function f(x1, - - - Xn) 
be monotone non-decreasing with respect to x, everywhere is that f(x, --- , Xn) 
be expressible in a form which does not involve x{ (but which may involve x;). 

Proof. If f(*:,---, X,) is monotone non-decreasing with respect to x; 
everywhere, then, by the preceding theorem, we have 


S(O, a2, >> +, @n) < f(1, ae, --- , an) [a; = 0, 1]. 


Hence 
f(0, @2,° °° » &n) ~ S(O, Ga," °"*y an) f(A, G2,°°" y Qn) [a; - 0,1]. 


Thus 
f(x, ++ 5 Xn) = f(ly-- +, Wares + ant > + f(1,0,---, O)aied ---x,f 
+ f(0,1,---,1f(,---,1aelxe--- at: 
+ f(0,---,O0)f(1,0,---,O)x/--- x, 
= f(1,---,1)[x1 + «/f(, 1,---,1)]ae---a,+- 
+ f(1, 0,--- , 0)[a. + xi f(O,--- , 0) } xe’ ne od 
= f(1,---,1)[a1+ f(0,1,---,1))a2--+ an t--- 
+ (1,0, +++, O)[x1 + f0, +++, O]af ++ xf, 
which is a form not involving x/ . Hence, the condition is necessary. 
Suppose, on the other hand, that f(*,---, x.) can be expressed in a 
form not involving x/ . The most general such form is 
f(*1, °° +, %n) = wig(%e,-- + , Xn) + Axe, + , Hn). 
Then we have 
S(O, a2, +++ , On) = h(as,--- , an); 
fC, a2, > ++ 5 On) = glee, ~~ - , On) + h(as, +--+ , an). 
Therefore, 

f(O, a2, +++, an) < f(1, a2, >>> , On) [a; = 0,1], 
and hence, again by the preceding theorem, f(*:, - - - , x,) is monotone non- 
decreasing with respect to x; everywhere. Hence, the condition is sufficient. 

THEOREM 5. A necessary and sufficient condition that f(%1, - - - , Xn) be mono- 


tone non-decreasing with respect to x, everywhere is that, for every u and 2, 


f(ut+ v0, X2,°°", ¥n) = f(u, %2,°°"* Xn) + f(r, Wa,° Xn). 
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Proof. To say that 
(1) f(u + Vv, X2,°°", Xn) = S(u, V2," "4 Xn) + f(r, X2,°""* , Xn) 


holds for all « and v, is equivalent to saying it holds for u, v=0, 1. But (1) 
becomes an identity when we substitute «=v=1, and likewise when we sub- 
stitute ~=v=0. Furthermore, we obtain the same condition when we put 
u=1, v=0 as when we put w=0, v=1. Hence to say that (1) holds for all 
and 2 is equivalent to saying that 


(2) f(, X2,°"" y Xn) - f(a, mo ty Xn) + f(0, hn ws 
which is in turn equivalent to 
(3) S(O, Te" ** 5 %n) < f(l, a,° °°, Sa). 


Since (3) is an identity in x2, - - - , x, it is the same as the condition, given in 

Theorem 3, that f(x:,---, %,) be monotone non-decreasing with respect 

to x; everywhere. Hence, (1) is a necessary and sufficient condition that 

f(*1,- ++, *n) be monotone non-decreasing with respect to x; everywhere. 
The following theorem is proved in a similar way. 


THEOREM 6. A necessary and sufficient condition that f(%1,---, Xn) be 
monotone non-decreasing with respect to x, everywhere is that, for every u and v 


f(wv, %2,° ++ , Xn) = f(u, %2,+ ++ , Xn) f(v, %2,° °° , Xn). 


The following theorem gives a condition for monotone non-decreasing 
domains which might have been taken as the definition. Definition 1 was 
selected only because its content is slightly more obvious intuitively. 


THEOREM 7. A necessary and sufficient condition that a function f(x1, - - - , Xn) 
be monotone non-decreasing with respect to x, in the domain (A, B) is that, for 
all ain (A, B), we have 


flim al, %2,- ++ 5 Sa) < fl¥r, Xa, °** » Sa) 
independent of the choice of x1, --* , Xn. 

Proof. Let f(x) be a function of one variable which satisfies 
(1) f(xa") < f(x) 
identically for all a in (A, B). Condition (1) reduces to 
(2) f(D fO)ax = 0. 
Since (2) is an identity in x, it is equivalent to 


(3) f'(D)fO)a = 0, 
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which is equivalent to 
(4) a < f(1) + f'(0). 
Thus, 
(5) B< f(l) + (0). 

It may now be shown, by mathematical induction on m, that f(x, - - - , x») 
satisfies 

f(x a’, %2, +++ , Hn) < f(¥1, +++ , Xn) 

identically for all a in (A, B) if and only if 


B< II [f(, a" * *s @n) + f'(0, @2,°°"; a,)]. 
a,=0,1 
But this is the condition, found in Theorem 2, that f(, - - - ,x,) be monotone 
non-decreasing in (A, B). 
3. Monotone non-increasing functions. The proofs of the following seven 
theorems are omitted, since they are closely analogous to the proofs of the 
corresponding theorems on monotone non-decreasing functions. 


THEOREM 8. A necessary and sufficient condition that a given function f(x) 
of one variable be monotone non-increasing in the domain (A, B) is that 


B<f'(1) + f(0). 


THEOREM 9. A necessary and sufficient condition that a given function 
f (a1, - + + , Xn) be monotone non-increasing with respect to x; in the domain (A, B) 
is that 


Be< Il [f’(1, a2, ++, am) + f(0, ae, --- , a@n)]. 


a;=0,1 : 


THEOREM 10. A necessary and sufficient condition that a function 
f (a1, +--+, Xn) be monotone non-increasing with respect to x, everywhere is that 


f(1, a2, +++ , an) < f(0, a2, +--+ , an) [a; = 0, 1]. 


THEOREM 11. A necessary and sufficient condition that a function 
f (x1, «++, Xn) be monotone non-increasing with respect to x, everywhere is that 
f(xi, > - +, Xn) be expressible in a form which does not involve x; (but which may 
involve xj ). 

THEOREM 12. A necessary and sufficient condition that f(x1,---, Xn) be 
monotone non-increasing with respect to x; everywhere is that, for every u and v, 


f(u + UV, ¥2,°°* y Xn) = I (u, X2,°""* 4 Xn) f(v, %2,°°"* y Za). 
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THEOREM 13. A necessary and sufficient condition that f(%1,---, %n) be 
monotone non-increasing with respect to x, everywhere is that, for every u and 2, 


f(uo, Pa Ss Xn) = f(u, V2,°° "4 %n) + f(r, ee Xn). 


THEOREM 14. A necessary and sufficient condition that a function 
S(%1,- ++, Xn) be monotone non-increasing with respect to x, in the domain 
(A, B) is that, for all a in (A, B), we have 

f(*1, nr Xn) < f(% a’, V2," °* Xn) 
independent of the choice of x1,--~ , Xn. 

4. Functions both monotone non-decreasing and monotone non-increas- 
ing. Constant functions. We prove the following theorem. 

THEOREM 15. A necessary and sufficient condition that a function 
f (1, +--+, *n) be both monotone non-decreasing and monotone non-increasing 
with respect to x; in the domain (A, B) is that 


B< Il [f(1, a, a , an) A f(0, @2,°°° , &) |. 


a;=0,1 
Proof. To say that f(x:, - - - , x») is both monotone non-decreasing and 
monotone non-increasing with respect to x; in (A, B) is, by Theorems 2 and 9, 
equivalent to saying that 


B< II [f(, Qe," "" Qn) + f'(0, @2,°°° , ay) |, 


(1) 
B< II [f'(1, exe, - te , a) + f(0, @2,° °° , Oy). 


a;=0,1 


Conditions (1) are equivalent to the single condition 


B< [I [/Q, a2,--- , an) + f'(0, a2, --- , &n)] 


a;=0,1 


2 
@) . Il [f’'(1, a2, - ++, an) + f(0, a2,---, an)], 


a,;=0,1 


or 


(3) B< II [f(t,ax---, a0) +f, a2,-+ a) | 


-[f’(1, exe, ile , On) + f(0, @2,° °° , an), 


or, finally, 
(4) B< [I LG, az,--- , an) A f(O, a2, ++ , a). 


a,;=0,1 
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THEOREM 16. A necessary and sufficient condition that f(x:,---, Xn) be 
both monotone non-decreasing and monotone non-increasing with respect to x, 
everywhere ts that 

S(1, a2, +++, an) = f(0, ae, - ~~ , an) le; = 0, 1], 
hence, that f (x1, - - - , Xn) be expressible in a form which involves neither x, nor x; . 


Proof. The theorem is an immediate consequence of Theorem 15. 

By saying that f(x, --- , Xn) is constant with respect to x; in the domain 
(A, B), I mean that f(m, - - - , x.) is unchanged when x; assumes or loses any 
increment from (A, B). 


THEOREM 17. A necessary and sufficient condition that f(%1,---, %n) be 
constant with respect to x, in a domain (A, B) is that f(x1,---, Xn) be both 
monotone non-decreasing and monotone non-increasing with respect to x; in the 
domain (A, B). 

Proof. To say that f(m,---, x») is constant with respect to x, in the 
domain (A, B) is to say that for all a in (A, B) 

I (m1 +a, Xe, PY ee Xn) = f(*, 7 ee Za), 
S(xra", %2,-+ +, Xn) = f(%1,+ ++ , Xn). 


(1) 


Conditions (1) are equivalent to the four conditions 
S(%1 + a, %2,°- + , tn) < f(%1, ++ - , Xn), 
f(a + a, %2,--- , Xn) > f(%1,-- + , Xn), 
f(%1e', %2,+ ++ , Xn) < f(%1, +--+, Xn), 
S(a10", %2,°++ , Xn) > f(%1,°-* 5 Xn). 


By Theorems 7 and 14, respectively, the third and fourth conditions of (2) 
are consequences of the first and second. Hence conditions (1) are equivalent 
to 


f(%1 + @, %e,° °° » Sa) < f(m, vee ae Xn) 
f(%1 + @, Xe,°"*" Xn) > f(m, 7 a Xn) 


Hence the theorem is established. 


(3) 


THEOREM 18. A necessary and sufficient condition that f(x1, - + - , Xn) be con- 
stant with respect to x; everywhere is that 


fl, @2,+ ++, @n) = f(O, a2,- ++ , an) la; = 0, 1], 


hence, that f(x1,---, %n) be expressible in a form which involves neither x, 
nor xi. 
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Proof. The theorem is an immediate consequence of Theorems 16 and 17. 

5. Remarks on the variation of functions. It is of some interest to notice 
that the theorems given so far are sufficient to give a complete, though rough, 
characteriziation of the variation of a function of one variable. When we are 
given the function f(x) = ax+ bx’, then we may consider the universe as falling 
into the four regions: ab, ab’, a’b, ab’. From Theorems 15, 17, 1, 7, 8, and 14 
we now see that f(x) is affected as follows when x assumes or loses increments 
from these regions: 


region if x assumes an increment if x loses an increment 


ab f(x) is unchanged f(x) is unchanged 

a’b’ f(x) is unchanged f(x) is unchanged 

ab’ f(x) assumes an increment* f(x) loses an increment 
a’b f(x) loses an increment f(x) assumes an increment 


For functions of more than one variable, however, the theorems are not 
sufficient to allow such a complete characterization. For a function of two 
variables, for example, f(x, y) = axy+bxy’+cx’y+dx'y’, we may consider the 
universe as falling into sixteen regions: 

abcd, abe'd, a’b'cd, a’bcd’, 

ab’cd’, ~~ abcd’, a’b'cd’, ab’c'd. 

a’be'd, abc'd’, a’b'c'd, 

a’b’c'd’, ab’c'd’, a’bed, 

a’be'd’, ab’cd’, 

From Theorems 15 and 17, it is seen that the four regions in the first column 
are such that, when x assumes or loses an increment from one of them, f(x, y) 
is unchanged; they are thus like the regions ab and a’b’ for functions of one 
variable. From Theorems 1 and 7, we see that the five regions in the second 
column are monotone non-decreasing and not constant; they are thus like 
region ab’ for one variable. And from Theorems 8 and 14, we see that the 
five regions in the third column are monotone non-increasing and not con- 
stant, and are thus like region a’b for one variable. Of the two regions in the 
last column, however, we know only that f(x, y) is neither monotone non- 
decreasing nor monotone non-increasing for changes of x in them. 

6. Duality considerations for monotone functions. By Theorem 1, to say 
that f(x) =ax-+bx’ is monotone non-decreasing in (A, B) is equivalent to say- 
ing 
(1) A<B<a+t+bJ’. 


* The increment assumed, or lost, by f(x) may, however, in any one of the cases, be vanishing. 
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The dual of (1) is, if we represent the dual of A by A, etc., 
(2) A, > B, > a,b{ 


or 
(3) Aj < Bi < at + by. 


By Theorem 8, to say that g(x)=ai:x+,x’ is monotone non-increasing in 
(Ay, By) is equivalent to saying 


(4) Af < Bi < af + bx. 


But (4) is the same as (3). Hence, the dual of “ax+bx’ is monotone non-de- 
creasing in (A, B)” is “a;x+),x’ is monotone non-increasing in (A, B/ ).” 

Similar considerations apply to functions of variables. 

It is now seen that Theorem 8 is the dual of Theorem 1. For, writing 
ax+ bx’ for f(x), a for f(1) and b for f(0) in Theorem 1, and applying the rule, 
we obtain the following proposition: A necessary and sufficient condition that 
a,;x+6,x’ be monotone non-increasing in (A , By ) is that B,; > a,by . Substitut- 
ing a; for a, b, for b, Ay for A, and By for B, we obtain: A necessary and suffi- 
cient condition that ax+bx’ be monotone non-increasing in (A, B) is that 
B’> ab’. But B’><ab’ is equivalent to B<a’+b, so we have Theorem 8. 

In a similar way, it can be shown that Theorems 9, 10, 12, 13, and 14 are 
the respective duals of Theorems 2, 3, 5,6, and 7. Theorems 15, 16, 17, and 18 
are self-dual. 

7. Additive and subtractive functions. Schmidt has established the follow- 
ing fact concerning a Boolean function of one variable, f(x)=ax+bx’: If 
a<ab’, then f(x+a)=f(x)+a and f(xa’)=f(x)a’; and if a<a’b, then 
f(x+a)=f(x)a’ and f(xa’)=f(x)+a. 

I propose in this section to generalize this result to functions of » varia- 
bles. To this end I first lay down the following definitions. 


DEFINITION 3. A function f(*1, - - - , X,) is said to be additive with respect 
to x, in the domain (A, B) if, for alla in (A, B), we have 


f(% + a, mao My Xn) = f(x, Paine %a) + a, 


f(x10’, er Xn) aaa f(x, a Xn)a’ 


independent of the choice of 1, - - - , %n. If f(ai, - - - , Xn) is additive with re- 
spect to x; in the domain (0, 1), we say that f(m, - - - , x») is additive with re- 
Spect to x, everywhere. 

DeriniTion 4. A function f(%, - -- , *,) is said to be subtractive with re- 
spect to x, in the domain (A, B) if, for alla in (A, B), we have 
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S(%1 +o, %2,° ++ 5 Xn) = f(%1,-- +, Kno’, 
f(x a’, ee Xn) = f(*, pas Xn) + a 


independent of the choice of «1, - - - , Xn. If f(a, - - - , x.) is subtractive with 
respect to x; in the domain (0, 1), we say that f(a, --- , x,) is subtractive 
with respect to x, everywhere. 


The following theorem includes the result, mentioned above, due to 
Schmidt, but is somewhat more complete, in that it shows that the given 
condition is necessary as well as sufficient. 


THEOREM 19. A necessary and sufficient condition that a function of one 
variable f(x) be additive in (A, B) is that B < f(1)f'(0). 


Proof. The condition 
(1) f(x + a) = f(x) +a 
reduces to 
(2) f'(j)ax + fax’ = 0, 
or 
(3) f(a = 0. 
The condition 
(4) f(xa!) = f(x)al 
reduces to 
(S) {O)ax + f(O)ax’ = 0, 
or 
(6) f(O)a = 0. 
Equations (3) and (6) are together equivalent to 
(7) a[f’(1) + f(0)] = 0, 
or 


(8) a < f(1)f’(0). 


By an argument like that used in the proof of Theorem 1, it is now seen that 
to say that (8) holds for all a in (A, B) is equivalent to saying that 


(9) B< f(i)f'(0). 
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In the above proof, it will be noticed that the condition that (2) hold for 
all x is the same as the condition that it have a solution for some x; and simi- 
larly, the condition that (5) hold for all x is the same as that it have a solu- 
tion for some x. Hence, we could weaken Definition 3 (as applying to functions 
of one variable) to say that f(x) is additive in (A, B) if for all ain (A, B) there 
ts at least one x such that 


f(x + a) = f(x) +a 
and at least one x such that 
f(xa’) = f(x)a’. 


A similar situation will be found to obtain with respect to Definition 4. 
I next generalize Theorem 19 to functions of » variables. 


THEOREM 20. A necessary and sufficient condition that f(x1, - - - , Xn) be ad- 

ditive with respect to x, in (A, B) is that 
B< II f(, @q,°°*, an) f’(0, @2,°** , Qn). 
a;=0,1 

Proof. For n=1 the theorem reduces to Theorem 19. 

Suppose the theorem true for m=k, and let f(a, - - - , X%41) be a function of 
k+1 variables. Then, for any given value of x:41, as y, f(%1,---,%, y) isa 
function of k variables; hence, by hypothesis, a necessary and sufficient con- 
dition that f(x, --- , xx, y) be additive with respect to x; in (A, B) is that 


B< II f(, Ge,°** » Ak, y)f'(0, Og, ° * * » Ak, y). 


a,;=0,1 


Hence, a necessary and sufficient condition that f(x, - - - , x.41) be additive 
is that (1) hold for all y. But to say that (1) holds for all y is equivalent to 
saying that it holds for y=1 and y=0, hence to 


B< II fd, O2,° °° , Ak, 1)f’(0, G@e,°** » Ak, 1), 


a;=0,1 


B< II f(, G2," °° 5 Aky 0)f’(0, Ge,° °° » Ak, 0). 


a;=0,1 
These two inclusions are equivalent to the single inclusion 
B< II f(l, mm *"'" » ai+i)f (0, @2,°" "ys On+1)- 


a,;=0,1 


Hence, the theorem holds for n= k+1 if it holds for n=k. 


THEOREM 21. A necessary and sufficient condition that f(*1, - - - , Xn) be ad- 
ditive with respect to x, everywhere is that 


f(1, a2,-++,a,) = 1, f(0, a2,--+,a,) = 0 [a; = 0, 1]. 
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The theorem follows from Theorem 20. 
THEOREM 22. The only function that is additive with respect to x, everywhere 


f(*, 7 ie Xn) = %1. 
Proof. Substituting the values given by Theorem 21 into the identity 
flay +++, Se) = fl, ++, Mars - + tebe + $fO,---, Oxf --- af, 


we find 
f(¥1, °° ° 5 Xn) = My Mn ts + ee - +> x! 
m= 24(%¢°°: tet - ++ + Bg °+- He) 
= X\. 

The following theorems on subtractive functions are stated without proof, 
since the proofs are analogous to the corresponding proofs for additive func- 
tions. 

THEOREM 23. A necessary and sufficient condition that a function of one 
variable f(x) be subtractive in (A, B) is that 

B< f'(1)f(). 

THEOREM 24. A necessary and sufficient condition that f(x, - -- , Xn) be sub- 

tractive with respect to x, in (A, B) is that 
B< [I SQ, as, +--+ , an) f(0, a2, +++ , an). 
a,;=0,1 

THEOREM 25. A necessary and sufficient condition that f(x,, - - - , Xn) be sub- 
tractive with respect to x, everywhere is that 


f(l, a2,°- +, an) = 0, S(O, a2,--+,a,) = 1 la; = 0, 1]. 
THEOREM 26. The only function that is subtractive with respect to x, every- 
where is 
f(x, a. ’ Xn) => xf i 


8. Remarks on additive and subtractive functions. It will doubtless have 
been noticed that, for a function of one variable, the region, ab’, in which 
f(x) is monotone non-decreasing and not constant, coincides with the region 
in which f(x) is additive. Such is not the case, however, for functions of two 
or more variables. Thus, for example, for a function of two variables, 
f(x, y)=axy+bxy’+cx’y+dx’y’, f(x, y) is monotone non-decreasing with re- 
spect to x and not constant in the five regions abc’d, abcd’, abc'd’, ab'c'd’, 
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a’bc'd, while the only region in which f(x, y) is additive with respect to x is 
abc'd’. It is also of some interest to observe that a function of » variables is 
never additive in the same domain with respect to two or more variables. 

Analogous remarks apply to subtractive domains. 

9. Duality considerations. By an argument similar to that used in §6, it 
can be shown that the dual of “ax+bx’ is additive in (A, B)” is “ayx+),x’ is 
subtractive in (A/, By ).” Thus, Theorems 23, 24, 25, and 26 are the duals, 
respectively, of Theorems 19, 20, 21, and 22. 

10. Continuity. In ordinary analysis, we say that a function f(x) is uni- 
formly continuous if for every €>9 there is a 6>0 such that 


if []e—y| <3} then {| f(x) — fy)| <6. 
It is of some interest to try to extend the notion of “uniform continuity” to 
Boolean algebra. 

To make such an extension it is first necessary to find in Boolean algebra 
some analogue of the operation |«—+|. Probably the best such analogue* is 
x O y. From the usual geometrical representation of x 0 y it is seen that x o y 
is the total amount by which x and y fail to coincide; if x o y=0, then x= y. 

On the basis of this analogy, we may lay down the following definition. 


DeFInitTion 5. A function f(x) of a Boolean variable is said to be uni- 
formly continuous if, for every Boolean element «+0, there exists an element 
50 such that 


if {roy <6} then { f(x) o f(y) < e}. 


The definition can be extended to functions of ” variables as follows. 


DEFINITION 6. A function f(x, - - - , X,) of m Boolean variables is said to 
be uniformly continuous if, for every Boolean element ¢+0, there exists an 
ordered set of Boolean elements 6;,--- , 5,, with 6;40, such that 


if {(%10 91 < 61), ll sts , (%n© Yn < dn) then { f(a, aa »%n)Of(y1, sik *) Vn) <e}. 


The concept just defined, however, despite the fact that it is analogous 
to one of the dominant concepts of ordinary analysis, is not a very important 
one in connection with Boolean functions, for, as shown in the following 
theorems, every Boolean function is uniformly continuous. 


THEOREM 27. If f(x1, - - - , Xn) is any Boolean function, then 


f(*1, - Ts Xn) Of(M1, ° oe Yn) < (41 0 1) ee + (%n O Yn). 


* For a treatment of x o y as an analogue of |x— y| see P. J. Daniell, The modular difference of 
classes, Bulletin of the American Mathematical Society, vol. 23 (1917), pp. 446-450. For a treatment 
of x o y as an analogue of “distance,” see M. H. Stone, Postulates for Boolean algebras and generalized 
Boolean algebra, American Journal of Mathematics, vol. 57 (1935), pp. 703-732. 
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Proof. It is easily seen that when the expression f(*1, - - -,*n)Of(y1, - - >, Yn) 
is expanded, all terms where x; and y; are primed or not primed together (such 
AS Xp- + Xa Yi Wn OF XL ++ + Xliy-Xa ML ++ * Yn-1-Yn) have discriminants 
=(. On the other hand, if we expand the expression (x10 yi) + - - -+(%n0 Yn), 
we see that the expansion will be as follows: All terms where x; and y; are 
primed or not primed together have discriminants =0, and all other terms 
have discriminants = 1. Hence the theorem is proved. 

THEOREM 28. Every Boolean function is uniformly continuous. 


Proof. Let «#0 be arbitrary, and choose 6:= --- =6,=e€. Then, by 
Theorem 25, when 


(x, O V1 < 61), ee (2 O Vn < 6x), 
we have 


f(x, ~~ 5 %n) Of(y1,* > - 5 Yn) < (41091) +> + (nO Vn) 
<6,+---+6,=e+---+te=e. 


11. Remarks on continuity. Since we have now seen that all Boolean 
functions are uniformly continuous, it would be interesting to inquire what 
non-Boolean functions, if any, are uniformly continuous. Such an investiga- 
tion, however, would lie outside the bounds I have set myself. I shall merely 


remark here that one can construct examples to show that some, but not all 
non-Boolean functions are uniformly continuous. From this it seems likely 
that the continuity concept might be of importance in the study of a more 
general type of functions. The relation of Boolean functions to uniformly con- 
tinuous functions in Boolean algebra is somewhat similar to the relation of 
polynomials to uniformly continuous functions in ordinary algebra. 

12. One-valued inverses of functions. When z is a Boolean function of x, 
then it is possible to consider x as a function of z, say g(z), where g(z), how- 
ever, is not, in general, one-valued. Similarly, if z is afunction of «1, -- - , Xn, 
then, again, we may consider x, as a function of 2, 42, - - - , X, where g, again, 
may be many-valued. 

It is of some interest to investigate the conditions on the given function 
in order that the inverse function be single-valued. More generally, it is of 
interest to find, for any f, what domains are such that for x in them f has a 
single-valued inverse. This question has been solved by Schmidt for a special 
case: namely, he has shown that a Boolean function of one variable, 
f(x) =ax+bx’, has a one-valued inverse for x in (ab, a+) and also for x in 
(0, ao b). I propose to find all the domains for a function of variables. I 
first lay down the following formal definition. 





1936] BOOLEAN FUNCTIONS 359 


DEFINITION 7. A Boolean function f(«;,--- , x.) is said to have a one- 
valued inverse with respect to x; in the domain (A, B) if, for every u and v in 
(A, B), we have 


[f(u, Ne,°°" y Xn) = f(r, Va,°"" y Xn) | > (1 - v), 


independent of x2, --- , Xn. If f(a, -- - , x.) has a one-valued inverse for x, 
in the domain (0, 1), we say that f(a, - - - , x,) has a one-valued inverse with 
respect to x, everywhere. 


Preliminary to establishing the principal theorem of this section, it is con- 
venient to prove the following lemma. 


LEMMA TO THEOREM 29. If every solution of a(v; O v2)=0 is also a solution 
of b(v1 O v2) =0, then b <a. 


Proof. Suppose that every solution of 
(1) a(v; 0 v2) = 0 
is also a solution of 
(2) b(v1 O ve) = 0. 


A particular solution of (1) is 1.=a, v2=1, since a(ao 1)=aa’=0. Hence, 
this must also be a solution of (2); hence b(a o 1)=ba’=0. Hence b <a. 


THEOREM 29. A function f(x)=ax+bx' has a one-valued inverse in those 
and only those domains that are of the form 


(A,A + B[aod}). 

Proof. First suppose that y, and yz lie in a domain (A, A+B[ao 6)). 
Then there exists a 7; and a 7 such that 
(1) v1 = Avot + (A+ Blaod])n, ye = Ave + (A + Blao b])ve. 
From (1), we see that 
(2) ¥10 Ye = A’B(ao b)(2 0 22). 
Now, 
(3) f(y1) © f(y) = (@0 6)(y1 0 2). 
Thus, from (2) and (3), 
(4) f(y) © f(y2) = 10 Yee 


Hence, if f(y:)=f(ye), then y:=y2; hence f(x) has a one-valued inverse in 
(A, A+B[ao })). 
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Suppose, on the other hand, that the domain (A, A+B) is such that with- 
in it f(x) has a one-valued inverse. Let y; and 2 be any elements in (A, A+B); 
then there exists a v7; and a v2 such that 


(5) yi. = Avi + (A + B)n, yo = Avg + (A + B)oe. 
By hypothesis, 

(6) [f(y1) = f(y2)] > (nn = 92), 

which is equivalent to 

(7) [(2.06)(y10 y2) = O) > [y1 0 y2 = 0). 
Substituting (5) in (7) and simplifying, we have 

(8) [(a 0 b)A’B(v, 0 v2) = 0] > [A’B(v, 0 v2) = O}. 
Applying the lemma to (8), we have 

(9) A'B < A'B(aob). 

But (9) is equivalent to 

(10) B= AB+ B(aod). 


Thus 
(A, A + B) = (A, A +AB+ B[aod]) = (A, A + B[aod]). 


It will be noticed that the two results previously mentioned as having 
been given by Schmidt are special cases of Theorem 29. To show that f(x) 
has a one-valued inverse in (ab, a+b), set A=ab and B=1. To show that 
f(x) has a one-valued inverse in (0, ao b), set A=0 and B=1. It is evident 
that the most inclusive domains are got by taking B=1. 

I now generalize Theorem 29 to functions of variables. 


THEOREM 30. A function f(%1,---, Xn) has a one-valued inverse with re- 
spect to x; in those and only those domains that are of the form 


(4,4 +BY]]J [f(, a2, --- , an) 0 f(0, a2, --- ,ax)]). 


a,;=0,1 


Proof. For n»=1, we have Theorem 29. 

Suppose the theorem true for n=k. Let f(a, - - + , x, Xx41) be any func- 
tion of k+1 variables. Then for any fixed value of xi41, as y, f(%1, -- - , Xx, Y) 
is a function of k variables. Hence by the induction hypothesis we have: 
f(a, +--+, %x, y) has a one-valued inverse with respect to x; in the domain 
(A, A+C) if and only if there is a B such that 


EERO MIE FERED “Ig 
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(1) A+C=A+B]]J [f(1, a2, +--+ , ax, y) 0 f(0, a, +--+, ax, y)]. 


a;=0,1 


But there is a B such that (1) holds if and only if 
(2) C<A+][] [/G, a2,---, ax, y) 0 f(0, a, --- , ox, y)]. 


a,;=0,1 
Thus, a necessary and sufficient condition that f(x, --- , xx, y) have a one- 
valued inverse with respect to x: in (A, A+C) is that (2) hold. Hence, a 
necessary and sufficient condition that f(a, - - - , xz, X-41) have a one-valued 
inverse with respect to x; in (A, A+C) is that (2) hold for all y. But to say 
that (2) holds for all y is equivalent to saying it holds for y= 1 and y=0, hence 
equivalent to 
C<A+]] [f(, a2,---, ax, 1)0f(0, a2,---, ax, 1)], 


a;=0,1 


(3) C<A + Il [fa, Ge,°** 5 Ak, 0) o f(0, G@2,°** 5 Ak, 0)], 


a,;=0,1 


which is equivalent to 


(4) C<A + II fa, Q@e,*"* » X41) O f(0, Qe," "*"* ai41)]. 


a,;=0,1 


But to say that (4) holds, is equivalent to saying that there exists a B such 
that 


(5) A+C=A+B]]J [/(, a2, +--+ , ae41) Of, a2, +++ , oegs)]. 


a;=0,1 


Hence, the theorem holds for n=k-+1 if it holds for n=k. 


THEOREM 31. A necessary and sufficient condition that a function 
f(x1,- ++, Xn) have a one-valued inverse with respect to x, everywhere is that 


f(1, a2,- ++ , an) = f'(O, a2, --- , On) le; = 0, 1]. 


Proof. Since every domain in which f(x, - - - ,x,) has a one-valued inverse 
with respect to x; is, by Theorem 30, of the form 


(4,4 +B II [f(1, oe, “allie , a) o f(0, G@e,°** ,a.)!), 


a,;=0,1 


it is clear that if f(a, - - - , x,) has a one-valued inverse with respect to x, in 
the domain (0, 1), we must take A=0 and 


A+BI][ [f(1, a2,-+- , an) Of(O, a2,--+,an)] = 1. 


a,=0,1 


Hence, 
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f(1, a2, --~* , @n) Of(O, a2,-- +, an) = 1 [a; = 0, 1]. 


Hence, 
f(1,a2,---,@n) = f'(0, a2, -- + , an) le; = 0, 1]. 
THEOREM 32. Those and only those functions have one-valued inverses with 
respect to x, everywhere that are of the form 
f(*1, +++, tn) = [x A f(1,1,---,1)]xe--- aa t--- 
+ [x, A f(1,0,---,O)]ad --- x. 
This theorem is an immediate consequence of Theorem 31. 


The next theorem tells us the form which inverse functions have when 
they exist. 
THEOREM 33. If f(a, - - - , Xn) =2 has a one-valued inverse with respect to x, 
verywhere, this inverse function with respect to x, is 
1 = f(z, Xe, °-* , Xn). 
Proof. Under the given hypothesis, we have, by Theorem 31, 
~ fl, 1,-->, tan -> tot ++ $f, 0,---, Oar-2f --- a 
+ f’(1, 1,-- ° yA)at -x2- -* Xn + cee + f’(1,0,--- , O)x/ tsa 
which is equivalent to 
[so f(1,1,---,1)]Jar---a,---++ [zo f(1,0,---,0)]ar-af --- x 
(2) + [zo f'(1,1,---,1)]xf-xe--- aa +- 
+ [so f’(1,0,---,O)]a/ --- xf =0, 
or, again, to 
3) {[zo f(1,1,---,1)]xe--+ ait--- 
+ [zo f(1,0,---,O)|xf --- xf }Ax. = 0. 
Equation (3) has the unique solution 
ay = [zAf(1,1,---,1)]xe--- an +--+: + [2A f(1,0,--- ,0)]ad --- x 
= f(s, x2,°- +, tn), 
as was to be shown. 
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A CONSTRUCTION FOR ABSOLUTE VALUES 
IN POLYNOMIAL RINGS* 


BY 
SAUNDERS MacLANE 


1. Introduction. An absolute value or “Bewertung” of a ring is a function 
'|b|| which has some of the formal properties of the ordinary absolute value. 
More explicitly, for any b in the ring, ||b|| must be a real number with the 
properties 
[lecl] = [all-llel], Jo + ell < [ll] + Id. 


If the second inequality holds also in the stronger sense 
[|e + el] < max (ld, |I¢|) 


then the value ||d|| is called non-archimedean (Ostrowski [17], p. 272). The 
thus delimited non-archimedean values are of considerable arithmetic inter- 
est. They are useful in questions of divisibility and irreducibility and in fact 
often correspond exactly to the prime ideals of the given ring. This paper is 
devoted to the explicit construction of non-archimedean values. More spe- 
cifically, given all such values for the field R of rational numbers, we con- 
struct all possible values of the ring R[x] of all polynomials in x with coeffi- 
cients in R. 

In treating a non-archimedean value it is convenient to replace ||a|| by a 
related “exponential” value 


Va = — log |lall, 


with corresponding forms (§2) of the formal properties of V (Krull [13], p. 
531, and [14], p. 164). All possible non-archimedean values of the field of 
rational numbers have been determined by Ostrowski ({17], pp. 273-274). 
For every prime p there is a p-adic exponential value V» in which the value 
of any rational number is obtained by writing the number as p*(u/v), where 
u and v are prime to #, and setting 


(1) Volp2(u/v)] = ke, 
where k is any fixed positive constant. This value we denote by the symbol 
|Vop=k]. The only other value V is a trivial one, in which Va is zero for a0. 


* Presented to the Society, April 20, 1935, under the title, Abstract absolute values and polygonal 
irreducibility criteria; received by the editors June 28, 1935. 
+t See Kiirsch4k [15]. (Numbers in brackets refer to the bibliography at the end of the paper.) 
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On this basis we can determine all possible values in the ring of polyno- 
mials with rational coefficients. Any such value W gives a p-adic or trivial 
value V,»a= Wa for the rational numbers and a value n= Wx for the variable 
x. These facts alone give a first approximation V, to the value W, as follows: 


V 1(a,x" ao Ga—1%"' +.eet ao) 
= min [Voa, + mp, Vodn1 + (n — 1)u,--- , Voaol. 


(2) 


This V; is actually a value and is never larger than W. If V; is not equal to W, 
we choose a ¢(x) of smallest possible degree for which W¢(x) > Vid(x). We 
then define a second approximation V2f(x) by using* the true value for ¢(«). 
In this manner we construct successive approximations V;, V2, V3, - - - which 
in the limit will give the arbitrary value W (§8). 

The succession of values Vi, V2, --- is defined in Part I for polynomials 
with coefficients in any field K. This requires a general method (§§4 and 5) 
of constructing a value V; from a previously obtained value V;_1. The value 
given by the limit of such a sequence needs a special study (§7). Here, as in 
§§8 and 16, we assume that every value of the field K is “discrete” ; that is, 
that the real numbers used as values form an isolated point set, as in the case 
of p-adic values. 

Part II investigates the structure of the values which have been con- 
structed. The central problem is the construction of the “residue-class field” 
which arises when polynomials which differ by a polynomial of positive value 
are put into the same residue-class. For the absolute values constructed in 
Part I this field is determined by an inductive construction of the homo- 
morphism of polynomials to residue-classes (§$§10-14). This homomorphism 
also yields a more specific description of how our values can be built up 
($§9, 13). Since a given value W can be represented in many ways by a se- 
quence of approximations Vi, V2, V3,---, we treat in §§15 and 16 the 
questions as to when two such sequences can give the same ultimate value W, 
and how such a sequence can be put in a normal form. 

Among the applications of this construction of absolute values we men- 
tion the classification of irreducibility criteria of the Newton Polygon type. 
The theorem of Eisenstein [4] states that a polynomial 


f(x) = 2" A Gye"! + Ange”? + --- + a 


with integral coefficients a; is irreducible if each coefficient a; is divisible by 
some fixed prime p, while the last term a is not divisible by p?. In terms of the 
value V, of (2) with u.=1/n the-e hypotheses on f(x) become 


* Similar “second-stage” values V2 appear implicitly in the irreducibility investigations of Ore 
[7], Kiirschak [6], and Rella [10]. 
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Vi f(x) = V x” = V ido < V ,(a;x') (i = 1, .? a 1). 


In this form a simple proof of the theorem can be given. The theorems of 
Konigsberger [5], Dumas [3], and Ore [8] are likewise related to the values 
V,. The second stage values V2 can be similarly applied to interpret the ir- 
reducibility theorems of Schéneman [11], Bauer [1], Kiirsch4k [6], and Ore 
|7]. By using the general value V, one can obtain a still more extensive irre- 
ducibility criterion which includes all these previous theorems (MacLane 
[16]), and which asserts that certain polynomials f(x) with irreducible homo- 
morphic images of sufficiently high degree are themselves irreducible. Our con- 
struction for absolute values can also be applied to give a new and complete 
treatment of the problem of constructing the prime ideal factors of a given 
rational prime in a given algebraic field.* 


I. THE CONSTRUCTION OF NON-ARCHIMEDEAN VALUES 


2. Elementary properties of values in rings. A ring} S is said to have a 
non-archimedean value (for short, a value) V if to every element a0 in S 
there is assigned a unique real number Va with the properties 


V(ab) = Va+ Vb, V(a + 6) 2 min (Va, Vd). 


These we call the product and triangle laws respectively. We assume also that 
0 is assigned the value +, with the following conventions for any finite 
number y: 


y¥<, o+7 7) ea 2 8) Oe @. 
Two simple consequences of the product law are 
(1) V(1) = V(— 1) = 0, V(— a) = V(a). 
More important is the strengthened form of the triangle law: 
(2) Va # Vb implies V(a + 6) = min (Va, Vd). 
For suppose instead that Va>Vb and V(a+6) >min (Va, Vb). Then 
Vb = Via+ 6 — a) 2 min (V(a + J), Va) > VO, 


a contradiction. 
Since we are using a value analogous to the negative logarithm of the 
ordinary absolute value, a “small” absolute value will correspond to a “large” 


* The application of the methods of this paper to the prime ideal construction is treated in an- 
other paper (Duke Mathematical Journal, vol. 3 (1936), pp. 492-510.) The general irreducibility 
criterion will be presented in a subsequent paper. 

t Here and in the sequel “ring” means “commutative ring with unit element.” 
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value V. Hence we say that two ring elements a and 0 are of the same order 
of magnitude or equivalent* in V—symbol a~wb(in V)—if and only if 


V(a — b) > Va. 


The product and strong triangle laws show that equivalent elements have 
the same value and that equivalence is a reflexive, symmetric, and transitive 
relation, provided the supplementary assumptionf that 0~0 be made. Two 
equivalences 


awb and cwd 
can be multiplied to give 
(3) ac ~ bd. 


An element b is equivalence-divisible in V by a if and only if there exists a 
c in S such that 


beca (inV). 


If this is true, it remains true when a or b is replaced by an equivalent ele- 
ment. 

The product law implies that a ring S with a value V must be a domain 
of integrity. The value V may be extended to the quotient field of S by de- 
fining, in accord with the product law, 


(4) v(<) = Va—Vb 
b 


for any elements a and 60 in S. One then obtains the 


THEOREM 2.1. Let S be a domain of integrity with the quotient field K. If V 
is a value of S, then the function defined by (4) is a value of K. Conversely, every 
value of K can be obtained in this way from one and only one value of S. 


When S=K is a field, the set of all real numbers Va for 240 in S is an 
additive group I’, called the value-group of V. If the positive numbers of T 
have a positive minimum 6>0, then the value V is said to be discrete.f In 
this case the group I is cyclic and consists of all multiples of 6. If all elements 
not 0 have the value 0, then V is called trivial. Every ring has a trivial value, 
while the p-adic values for the field of rational numbers are examples of dis- 
crete values. Values of arithmetic interest are generally discrete. 


* This term, used by Rella [10], is similar to Ore’s “congruent modulo a polygon” ([8], p. 270) 
and Kiirschak’s “equipollence” ([6], p. 185). 
t Here and subsequently the element 0 plays an exceptional role. 
t Krull [14], p. 171, and Hasse-Schmidt [12], p. 31. 
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3. The first stage values. Our problem is this: Given all values of a field 
K; to construct all values for the ring K[x] of all polynomials* in x with 
coefficients in K. By Theorem 2.1, this is equivalent to determining all values 
in the field K(x) of rational functions of x with coefficients in K. No gain in 
generality would result were a ring S used instead of the field K. 

As indicated in the introduction, the values for K [x] will be constructed 
in stages. For the first step, take any value V> for the field K and any real 
number y, and then define a corresponding first stage value V, for any poly- 
nomial by the equation (2) of §1. In particular, this gives 


Vix =p, Via = Voa (any ae K). 
Hence we use the symbol [Vo, Vix=y] for the value V1. 


THEOREM 3.1. If Vo is a value of K and yp a real number, the function 
Vi= [Vo, Vix=p] defined above is a value of K |x}. 


This has been proved by Rella ([{10], pp. 35-36) and by Ostrowski ([18], 
p. 363). The latter calls x an “invariant element.” A particularly simple Vi 
arises when n.=0. On the other hand, if Vo is trivial and u <0, then 


Via(x) = w-deg a(x). 


The symbol deg a(x) here and in the sequel denotes the degree in x of the poly- 
nomial a(x). 

4. Augmented values. Our construction now proceeds to build a second 
stage value on the basis of a first stage one; or, more generally, a kth stage 
value from one at the stage k—1. The process involved can be formulated 
once for all: Given a value W for K [x]; to construct an “augmented” value V 
by assigning larger values to a certain “key” polynomial ¢(«) and to its 
equivalence-multiples. The key polynomial ¢(x) must be suitably chosen. 


DEFINITION 4.1. A key polynomial (x) ~0 over a value W of K [x] is one 
which satisfies the following conditions: 

(i) Irreducibility. If a product is equivalence-divisible in W by $(x), then 
one of the factors is equivalence-divisible by o(x). 

(ii) Minimal degree. Any non-zero polynomial equivalence-divisible in W 
by o(x) has a degree in x not less than the degree of (x). 

(iii) The leading coefficient} of (x) is 1. 

This key polynomial is to be assigned a new value 


(1) Vo(x) =» > W(x). 


* Henceforth all polynomials considered are to have coefficients in K, unless otherwise noted. 
+ This assumption, although unnecessary, will simplify the subsequent work. 
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To find the new values of other polynomials, we use expansions in @; that is, 
expressions in powers of ¢(x) of the form* 


(2) S(%) = fm x)b™ + fm—i(x)o"! +--+ + folx), 


in which each coefficient polynomial f;(x) is either zero or of degree less than 
the degree of ¢(x). Any polynomial has one and only one such expansion, 
which may be found by successive division by powers of ¢. The new value 
V f(x) is computed from the expansion thus: 


(3) V[fm(x)b™ + fm—i(x)o"—! + +++ + fo(x)] = min [Wf(x) + in]. 


Here “min” with subscript i means the smallest quantity of the form 
Wfi(x)+ip, for i=0,1,--- , m. 

THEOREM 4.2. If W is a value of K[x], (x) is a key polynomial over W 
and yp is a real number satisfying (1), then the function V defined in (3) is also 
a value of K|x]|. V is called an augmented value, and is denoted by 

V= |W, Vo = u]. 


Proof. The product and triangle laws for V must be verified.| We first 
prove the triangle law for a sum f(x)+ g(x). Let f and g have the expansions 
(2) and 


(4) g(x) = gn(x)o" + gn—i(x)o""! + --- + go(x) 


respectively. By adjoining zero coefficients we can make m=n. Hence f+g 
has the expansion 


fx) + g(a) =D [ila) + g(x) Jo. 


By the definition of V and the triangle law for W, 
V(f + g) =min [W(f; + gi) + iv] 2 min [min (Wj, Wg,) + in] 


= min [Wi + in, Wei + in] 


= min [min (Whit iu), min (Wei + in), 


V(f + g) 2min (Vf, Vg]. 


* We use ¢ as an abbreviation for ¢(x), and similarly for other polynomials. 
t The proof resembles one of Rella’s ({10], pp. 36-37); the product-law proof is an extension of 
the Dumas-Kiirschék-Ore proof for the Newton polygon of a product. 
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To prove the product law we will use the quotient-remainder expression 
for a polynomial f(x), 
(5) f(x) = q(x) + r(x), 
where r(x) is zero or of degree less than that of $(x). 

Lemna 4.3. If ¢ is a key polynomial over a value W of K |x], and if f(x) #0 
has the quotient-remainder expression (5), then 
(6) Wr(x) 2 Wf(x), 
(7) W(q(x)o) 2 Wf(x). 
The inequality in (6) holds if and only if f(x) is equivalence-divisible by in W. 

Were the first conclusion (6) false, then Wf(x)>Wr(x) in (5) and the 
definition of equivalence would give 

r(x) © (— g(x))o (in W). 


Hence r(x) #0 is equivalence-divisible by ¢, a contradiction to the minimal 
property of ¢ and the restricted degree of r(x). The second conclusion (7) now 
follows from (6) by the triangle law. 

The third conclusion gives a test for equivalence-divisibility in terms of 
ordinary division. When Wr(x)>Wf(x), then (5) shows f(x) equivalence- 
divisible by ¢. Conversely, if f(«) is equivalence-divisible in W by ¢, then 
there exist polynomials /(x) and s(x) so that 


f(x) = h(x) + s(x), Ws(x) > Wf(x). 
If now the equality sign in (6) should hold, we would have 
r(x) = f(x) — g(x) = (h(x) — g(x) + s(x), 
with 
Ws(x) > Wf(x) = Wr(x), 

making ¢ an equivalence-divisor of r(x), again a contradiction. The lemma is 
proved. 

Return to Theorem 4.2 and consider the product law first for a product of 
two monomial expansions a(x)‘ and b(x)g“. Because of the limited degrees of 


a(x) and (x), the product a(x)b(x) has an expansion with not more than two 
terms, 


(8) a(x)b(x) = (x) + d(x). 


The product a(x)b(x) is not equivalence-divisible in W by 9, for if it were, the 
equivalence-irreducibility of @ (Definition 4.1) would require that one of the 
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factors be equivalence-divisible by ¢, contrary to the minimal property. 
Lemma 4.3 and the triangle axiom yield then 


W(c(x)o) 2 W(a(x)b(x)) = Wd(x). 
Since the new value of ¢ exceeds the old value, 
(9) We(x) + wp > W(a(x)b(x)) = Wd(x). 
The product under consideration has by (8) the expansion 
(a(x)p*)(b(x)o") = c(x)pttet! + d(x)o'*"; 
hence the definition of V and the conclusion (9) give 
V [(a(x)o*)(b(x)o")] = min [We(x) + y+ (t+ w)u, W(x) + (t+ udu] 
Wd(x) + (t+ u)p 
Wa(x) + tu + Wd(x) + up 
V(a(x)o') + V(0(x)o"). 
This is the product law for monomial expansions. 
The product law for polynomials f(x) and g(x) with arbitrary expansions 
(2) and (4) respectively is an immediate consequence. The product f(x)g(x) 
has an expansion obtained by adding expansions of monomial products; hence 
(10) V(f(x)g(x)) 2 V(x) + Vo(x). 
To show that the equality holds, choose ¢ and wu as the largest integers with 
V(flx)o!) = Vf(x), = V(gulx)o") = Vg(x) 


respectively. The monomial case then shows* that the expansion of f(x)g(x) 
has a term r(x)¢‘+" with the value Vf+Vg. The equality holds in (10), and 
Theorem 4.2 is established. 

5. Properties of augmented values. An augmented value V is never less 
than the original value W. This characteristic property will now be estab- 
lished. As a consequence the method used to compute V can be extended 
(Theorem 5.2) in a way subsequently useful in §12. 


THEOREM 5.1. (Monotonicity.) The augmented value V = |W, V@=y] makes 
Vf(x) 2 Wf(x) 


for all polynomials f(x) #0. The inequality sign holds if and only if f(x) is 
equivalence-divisible in W by o. In particular, the equality sign holds whenever 
the degree of o(x) exceeds that of f(x). 


* The details here omitted are given in Rella’s proof. 
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The proof is by induction on the degree m of the expansion of f(x) in 
(see §4, (2)). If m=0, the definition of V shows Vf(x) and Wf(x) equal. If 
m>0O, the quotient-remainder expression 


(1) f(x) = g(x)o + 1(x) 


indicates that g(x) has an expansion of degree m—1 in ¢; hence the induction 
assumption will be 


Vq(x) 2 Wa(x). 
The value of the first term on the right of (1), by §4, (1), and the quotient- 
remainder Lemma 4.3, is 
V(q(x)o) 2 Wq(x) + Vo > W(g(x)o) = W(x). 
For the second term, the case m=0 and Lemma 4.3 imply 
Vr(x) = Wr(x) = W(x), 


where the inequality holds if and only if f(x) is equivalence-divisible by ¢ 
in W. The strong triangle law for V applied to (1) now gives the result (see 


§2, (2)). 
THEOREM 5.2. If in the expression 
a(x) = an(x)o" + dn_i(x)p""! + +++ + ao(x) 


the degrees of the a;(x) are not limited, but if no a;(x) is equivalence-divisible in 
W by , then the augmented value V=[W, Vo=n| is 


Va(x) = min [Wa;+ ip] (¢=0,1,---,). 


Proof. A quotient-remainder expression for each coefficient polynomial 

gives 

a;(x) _ qi(x)o + ri(x) (i ial 0, 1, eat n), 

a(x) = D gla)? + Do ri(x)oe. 

i=0 i=0 
Lemma 4.3 shows that the second summation has a value 
v( » » ré*) = min [Wr; + in] = min [Wa; + ig] 
i i é 


and that the first summation has a larger value 


v( pm 1) > min [Vqi + Vo + in] > min [Wai + Wot inl, 
i i é 
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because of the monotonicity. The strong triangle law for the sum of these 
two summations yields the desired conclusion. 

6. Inductive and limit-values. This section classifies the values and value- 
groups obtained by successive augmented values. 


DEFINITION 6.1. A kth stage inductive value V;, is any value of K [x] obtained 
by a sequence of values Vi, V2, -- - , Vi, where Vi=[Vo, Vix=y,] is a first stage 
value (§3) and where each V; is obtained by augmenting V1; 


Vi = [Vi-n, Vidi = Hi] (i = 2,3,--:, k). 
Furthermore, for i=2,--- ,k, the key polynomials $; (x) must satisfy:* 
(1) deg (x) =deg oi-1(x); 
(2) the equivalence (x) @;-1(x) (in Vi-1) is false. 
Here the first key polynomial is understood to be o:(x) =x. 


This value V;. may be conveniently symbolized thus: 


(3) Vi. = [Vo, Vix = m1, Vodbo = wo, V3b3 = ws, ° ++ » Vide = ux]. 


Given an infinite sequence V;, V2,---,Vx,--~- of such values, we set 


(4) Vf) = lim Vif(s). 


The monotonic character of V; indicates that this limit, if not finite, is +. 
V . satisfies the product law for values, as can be shown by taking limits in 
the product law for V;. As for the sum f(x)+ g(x), note that the triangle law 
in V; indicates that one of the inequalities 


Vil f(x) + g(x)) 2 Vil(x), Vi(f(x) + g(x)) 2 Vag(x) 
holds for infinitely many k. One of the conclusions 

Ve(f(x) + g(x)) 2 Vef(x), Ve(f(x) + g(x)) 2 Vig(x) 
then results, and thence follows the triangle law for V.. We have 


THEOREM 6.2. Let {ox(x)} and {ux} be fixed infinite sequences such that 
all the functions V;, indicated in (3) are inductive values. Then the function 
V..f(x) defined in (4) is a value of K[x], provided some polynomials not zero 
be allowed to have the value +. 

This function V,, will be called a limit-value. The case when several suc- 
cessive key polynomials have the same degree will often require separate 
treatment, based on 


* These conditions involve no loss of generality, but simplify subsequent proofs (see Theorem 
6.7 and the end of §9). 
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Lemna 6.3. If in the inductive value V;, in (3) the key polynomials $14:(x), 
d142(X),-- + , bx(x) all have the same degree, for t with O<t<k—1, then 

(i) V(b i4i— 1) =H; (j=t+1, t+2, ne k—1), 

(ii) we>mea> ++ - >Mey, 

(iii) V b@e=V be-i= -- + =Vibeu (if t>0). 


Proof. Let 7 range from ¢+1 to k—1, and set 
(5) Si(x) = $i41(%) — $;(x). 


Since both @’s have the first coefficient 1, the degree of s;(x) is less than that 
of ¢;(x). Therefore, by Theorem 5.1, 


Vis (x) = Vizisj(x) = +--+ = Vis,(x). 
If the first conclusion were false for some 7, we would have 
Visj(x) = Vi(bier — 61) > wi = Vidi, 
for the other inequality is impossible by Lemma 4.3. This would give 
bi41 © $; (in Vj), 


a contradiction of assumption (2). The conclusion (i) is thus established. 
Coupled with the monotonicity and the triangle axiom for (5), it gives the 
second conclusion, for 


Hist = Visidinr > Vidigs = min [Vio;, Vis;] = uj. 


For similar reasons, assuming now that ¢>0, 
Vis (x) = wy = Vid; > Vind; 2 Vid;. 
The strong triangle axiom for V, in (5) then yields conclusion (iii), 
Vidier = min [Vis,(x), Vids] = Vidi. 
An interesting consequence of this lemma is the invariance of the values 


assigned to the key polynomials. 


TaHeoreM 6.4. If the ith stage of the inductive value V;, in (3) uses a key 

polynomial ¢; with an assigned value y;, then 
Vidi(x) = Vidi(x) = wi. 

For this conclusion follows directly from Theorem 5.1 if the degree of 
¢:4:1(x), and hence that of every subsequent key polynomial, exceeds the de- 
gree of ¢;(x). The only case remaining is that of Lemma 6.3, with t=i—1. 
But, by (5), 

bi = bk — S-i(%) — Sp_-2(%) — +++ — S;(x). 
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The terms on the right have by the preceding lemma the V; values 
Mk, Mk-1, °° * , Mi Tespectively, so that the conclusion follows by the strong 
triangle law. Both this theorem and Lemma 6.3 hold equally well for limit- 


values. 
The monotonic property of inductive values can be sharpened thus: 


THEOREM 6.5. Let a limit or inductive value be built up by the inductive 
values Vi, V2,---. Then, for any fixed polynomial f(x) #0, either 


Viegif(x) > Vif(x) (k= 1,2,---), 
or else there is an t1=1 such that 


Vif(x) < Vaf(x) < +++ < Vieaf(x) < Vif(*) = Vieni f(x) = Vinof(x) = ---. 
In the latter case there is an r(x) of degree less than that of $+: with 
f(x) & r(x) (in Vi) (R= i+1,1+2,---). 
Suppose, contrary to the first alternative, that for some 7 
Visi f(x) = Vif(x). 
Then the quotient-remainder expression 
S(*) = q(x) bin1 + r(x) 


must by Theorem 5.1 and Lemma 4.3 have V r= Vf. Hence, for any k=>i+1, 
Vif — 1) = Vises f — 1) = Viar(qdins) > Vilqdins) 2 Vif = Vor = Vier. 


Therefore f(x) and r(x) are equivalent in V; and 
Vif = Vir = Vir = Vif, 
so that V,f(x) is constant for k >i, which is the second alternative. 

An inductive value V;, of K [x] gives by Theorem 2.1 a value for the field 
K(x) of rational functions. This value has by §2 a value-group I';, which we 
call the value-group associated with V;. It may be determined in the following 
way: 

THEOREM 6.6. The value Vin (3) has a value-group T;, consisting of all real 
numbers of the form 

v + mip + Moe +--+ + mee, 
where the m; are integers and v is an element of the value-group of the original 
value Vo. 

That every number of I’; must be of this form follows by induction from 
the definition of the augmented value V;. Conversely, any number of this 
form is by Theorem 6.4 the value in V;, of the rational function 
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where 0 is a constant in K with the value v. 

For a more precise description, designate a real number yp as commensu- 
rable with an additive group of numbers whenever some integral multiple of u 
lies in the group (Ostrowski [18], p. 367). Then 


THEOREM 6.7. In an inductive value V;, from (3) every assigned value yi, 
except perhaps wx, is commensurable with the value-group T;-1 of the preceding 
value (the case i=1 included). 


For a proof, consider the expansion in ¢; of the next key, 
bi41(X) = fm(x)O% + fm—i(x)o-! + +++ + fo(x). 


If u; is not commensurable with I';_:, no two terms here can have the same 
value in V;. Only one term, say the jth, has the minimum value, and 


giti(x) © fi(x)o? (in Vi). 
By the irreducibility of ¢:,: at least one of the conditions: 
(6) f(x) is equivalence-divisible in V; by $i41, 
(7) $i(x) is equivalence-divisible in V; by $41, 
must hold. Because of the minimal property of $4: the first possibility (6) 


contradicts the assumption (1) of Definition 6.1. For the same reasons the 
second possibility (7) implies that $:,; and ¢; have the same degree, while 


S(x) = Pi41(x) — $:(x) 


has a smaller degree. Because of (7), Lemma 4.3 applied to V; and the key 
polynomial ¢;,; shows V;s(x) > V .;(x). Hence 


o:i(x) © $i41(x) (in V,), 


a contradiction of assumption (2). There can be no next key @i+1. 

7. Constant degree limit-values. A limit-value V,, for polynomials does 
not give a value for all rational functions if some of the polynomials have the 
value +. Hence the problem: When is V,, finite; that is, when is V..f(x) 
finite for all f(x) #0? We obtain an answer in the discrete case. 

If the key polynomials ¢;(x) increase indefinitely in degree, then V;f(x) 
is by Theorem 5.1 ultimately constant for fixed f(x) and V,, is finite. A differ- 
ent situation arises if the degrees of ¢,(«) have an upper bound. By assump- 
tion (1) of Definition 6.1, the degrees of ¢,(x) are then all equal to some M 
for k sufficiently large. For an example of such a constant degree limit-value, 
start with the p-adic value [V.3=1] for the rational field (see §1, (1)) and set 
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Vi = [Vo, Vix = 1], 
Vi = (Vin, Vila + 2p+ p?+pit--- +p) =k) (k= 2,3,- 


This gives a limit-value of constant degree 1. Since 


k 


Fa mpt pt pte tp & (k > 1, p = 3) 


holds by the usual methods for p-adic numbers, we find 


k 
ve(x+4) = lim va] (e+ 2o+pret+-:--- +p) - "| =limk = o, 
2 kw 2 kw 

Hence this V,, is not finite. 

This use of p-adic numbers suggests the general notion of a perfect ring. 
In any ring S with a value V, a sequence {a,} is a Cauchy sequence if 
V(a,—dm) approaches © with m and m. If every Cauchy sequence has a 
V-limit b such that V(a,—b) approaches «© with m, the ring S is said to be 
perfect. Any ring can be embedded in a perfect ring by the usual procedure of 
adjoining limits of Cauchy sequences (Kiirschak [15] and Hasse-Schmidt 
[12], p. 24). 


THEOREM 7.1. (Finiteness criterion.) Let V,, be a limit-value with key poly- 
nomials (x) of constant degree M for k>t>0O. Extend the ring K [x] with the 
value V, to be a perfect ring S*. Assume that all values of K are discrete. Then 
{ox} is a Cauchy sequence in V, and has a limit o in S*. Furthermore V . is 
finite if and only if there is no g(x) #0 in K [x] divisible in S* by the limit 9. 

For V,, the symbolism of Theorem 6.2 may be used. Since $141, dr42, + + 
all have the same degree M, the conclusions of Lemma 6.3 on constant degree 
values are applicable. Each number yu; is by Theorem 6.7 commensurable with 
the value-group I';_; of V;1:. Our assumption shows the original value-group 
I’, of Vo to be discrete, hence, by Theorem 6.6 and by induction, the group 
Yl, is discrete. But Lemma 6.3 gives 


(1) wi = Vildi4r — i) ee (i > 4); 
hence [';=T,, for i>¢. This lemma also shows the sequence {u;} to be mono- 
toe increasing for i >¢; it lies in the discrete set T’,, hence 


(2) lim Miro. 
The strong triangle law combined with (1) then proves 


i+j-1 


Vi(di4s — Gi) = vil Dd (¢e41 — 6) = re [ux] = wi. 
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Therefore, by (2), {¢,} is a Cauchy sequence with a limit ¢ in S*. This ¢ need 
not be a polynomial, but, by conclusion (iii) of Lemma 6.3, 60. 
Now consider the necessary condition for finiteness. If g(x) #0 is divisible 
by ¢ in S*, then 
g(x) =h-¢ ’ 


where h is the V,-limit of a Cauchy sequence {h;(x)} from K [x]. The usual 
argument for the convergence of a product shows 


(3) lim Vi[g(x) — Ai(x)-oi(x)] = &. 


~_—o 


By the triangle axiom and the monotonic property for i>, 
(4) Vig = min [Vi(hid), Vig — hipi)] = min [Viki + ui, Vilg — hids)). 


But {h,(x)} is a convergent sequence in V, with a limit not zero, so that, as 
is well known ([12], p. 25), V.i; is ultimately constant. Consequently (2), 
(3), and (4) prove 


(5) Vog(x) = lim Vig(x) = ©, 
so that V,, is not a finite limit-value. 


Conversely, suppose that V,, is not finite. Then (5) holds for some g(x) #0. 
If g(x) has the quotient-remainder expressions g;(x)¢:+7;(«), then, by Theo- 


_ rem 5.1 and by Lemma 4.3, 


Vilg — gibi) = Veri = Vi-uri 2 Vi-ng(x) > © (t> 2). 


Thus the sequence {q:¢;} converges in V, to the limit g(x) 0. Since {¢;} 
already converges to the limit ¢ ~0, the standard argument for the limit of a 
quotient (9:¢;:)/¢; shows that {q;} must converge in V; to some limit g in S*, 
such that 


f(x) = qo. 
Hence ¢ is a factor of f(x) in S*, as asserted. 
8. Completeness. We have the following theorem. 


THEOREM 8.1. If every value of the field K is discrete, then every non-archi- 
medean value W of the ring K |x] can be represented either as an inductive or as 
a limit-value. 


Given W, we shall construct by stages a corresponding inductive value 
V, with the following three properties (notation as in §6, (3)): 
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(1) Wf(x) = Vif(x) (for all f(x)), 
(2) deg f(x) < deg ¢, implies Wf(x) = Vif(x), 
(3) Woi(x) = Vidi(x) = wi (i= 1,2,---,k). 


The initial value V; is defined by 
1 = Wx, Voa = Wa (any ae K); 


the triangle axiom for W and the definition of V; in $1, (2), then show that 
conditions (1), (2), and (3) hold for k= 1. 

Suppose now that an inductive value V; with these three properties has 
already been constructed, and that the equality in (1) does not always hold. 
As a prospective key polynomial, choose a ¥(«) of smallest possible degree 
with the property 


(4) W(x) > Vieb(x). 
Multiplication with some constant gives ¥(x) the first coefficient 1. Further- 
more the two statements, 
(5) Wf(x) > Vif(x), 
(6) f(x) is equivalence-divisible in V; by ¥(x), 
are logically equivalent. For if (5) is given, and if f(x) has the quotient-re- 
mainder expression g(x)~+r(x), then 
Vilgh — f) = Wg — f) = min [W(gd), WS] > min [Vi(qy), Vai], 
because of (2), the minimum degree choice of y and the induction assumption 
(1) for g(x). Hence the strong triangle law shows foqy in V;, which is the 
conclusion (6). Conversely, if (6) holds there exist polynomials h(x) and s(x) 
with 
f(x) = h(x)b + s(x), Vis(x) > Vi f(x) = Vi(h(x)p). 

Then, because of the induction assumption (1), 

Wf = min [W(hp), Ws] = min [Vik + Wy, Vis] > Vik + Vib = Vif, 


which gives conclusion (5). The equivalence of (5) and (6) is established. 

From the equivalence one readily shows that (x) satisfies the Definition 
4.1 of a key polynomial over the value V;. Finally we can assign ¥(x)=@x41 
the new value 


(7) Hey = WY > Va, 


satisfying the proper inequality, and then construct the augmented value 
V exi= [Vi, Viewer: =me+1]. This will be an inductive value if only conditions 
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(1) and (2) of Definition 6.1 hold. By the choice of ¢;.41=y and the induction 
assumption (2), d:(x) cannot exceed ¢;4:(x) in degree, therefore condition (1) 
of §6 is true. Condition (2) of §6 could only be false if $.4: and ¢; were equiva- 
lent in V;; in other words, only if 


Vide — Geti1) > Vide = Vidusi- 
By (2), (3), and the choice of y in (4) this would entail 
Woz = min [Wois1, W(be — der1)| > min [Videri, Vids] = Vide = Wok, 
a contradiction which establishes the desired condition. 
The inductive value V;.,: thus constructed satisfies the analogues of the 
desired conditions (1), (2), and (3). The latter two are consequences of the 


definitions in (4) and (7), while (1) follows from the definition (see §4, (3)) 
of the augmented value V;.4: by the triangle axiom for W: 


w(x Ja) & min [WfCe) + ines] = Vaal > flay). 


The inductive construction of the value V; associated with W is complete. 
This process either will ultimately yield an inductive value V;, equal to W 
or will give an infinite sequence of inductive values with a limit-value V, such 


that 
W(x) 2 V.f(«) = lim Vif(x) (for all f(«)). 
kw 


In the discrete case the first inequality sign never occurs. For suppose in- 
stead that it did hold for some f(x); then since {Vf} is monotone non-de- 
creasing, 


W(x) > Vif(*) (k = 1,2,---). 

The equivalence of (5) and (6) then implies that f(x) is equivalence-divisible 
by $:4:(”) in V;. Hence the monotonicity Theorem 5.1 shows 

Views f(x) > Vif (x) (e =1,2,---). 


This cannot hold if the degrees of the key polynomials ¢;(x) increase in- 
definitely, so that we have the case where ¢;(x) has the fixed degree M for 
k>t, as in Theorem 7.1. The monotonic increasing sequence { V;f(x)} con- 
sists of numbers all from the discrete group I’,, with the result 


WY(2) 2 Vaf(a) = lim Vif(x) = &. 


This can occur only for f(x) =0, a trivial case. Accordingly, W=V,., and the 
completeness theorem is established. 
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Ostrowski ([18], pp. 361-392) has developed another method for finding 
all non-archimedean values of a transcendental extension K(x) of a field K. 
His method makes no discreteness assumptions, but requires that K first 
be extended to an algebraically closed field A. The values of A (x) and thereby 
those of K(x) are constructed by means of “pseudo-convergent sequences” 
analogous to limit-values with linear key polynomials. A higher degree would 
be impossible by the character of A. Note, however, that his method requires 
an elaborate construction to obtain values of A from those of K, and that 
the use of A precludes any application to irreducibility criteria or to the alge- 
braic extensions of the residue-class field discussed in our Part IT. 


II. THE STRUCTURE OF INDUCTIVE VALUES 


9. Properties of key polynomials. To apply the preceding construction of 
values to any particular case it is necessary to know what polynomials can 
be used as key polynomials. This question is not constructively answered 
by the definition in §4. Part of this question will be answered at once (Theo- 
rem 9.4); the rest after the structure of the inductive values V;, has been more 
explicitly formulated. We first show that certain polynomials act like “equiv- 
alence-units” : 

Lema 9.1. If V:, is an inductive value with k >1, then for every polynomial 
b(x) with V.b(x)=V,..b(x) there is a polynomial b’(x) with 
(1) b’(x)b(x) ~ 1 (in V,), V,.b'(%) = Vy_1b’(x). 

The hypothesis on b(x) implies that b(«) is not divisible by the last key 
polynomial ¢;(«). Since ¢, is certainly irreducible in the ordinary sense, there 
are polynomials b’(x) and c(x) with 

b’(x)b(x) + c(x)d.(x) = 1, deg b’(x) < deg ¢:(x). 
By Theorem 5.1, V.b’= Vx_.b’. The transition from V;._; to V; increases the 
value of cf;, but leaves unchanged the values of b’b and 1 in this equation. 
Hence 6’b1, as in (1). 

Lemma 9.2. In any inductive V,., the last key polynomial $, 1s equivalence- 
irreducible in V,.; a polynomial g(x) not equivalence-divisible by o, in V;, has a 
value Vig in Ty-1. 

If a polynomial f(x) has the expansion 
(2) f(x) = frlx)o® + frr(x)oe +--+ + folx), deg fi(x) < deg ox(x), 


then f(x) is equivalence-divisible in Vx by px if and only if Vifo>V;f. For if 
Vifo>Vif, then f—fo is a polynomial equivalent to f with a factor ¢,. Con- 
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versely, if fooh(x)d,, then the last term fy of the expansion for f is obtained 
from f—hdx, where V.(f—hd;.) > Vf, so that Vifo> Vf. In particular, an f not 
equivalence-divisible by $; has Vif=Vifo=Vi-sfoe Tx-1, as asserted. 

This criterion shows ¢; equivalence-irreducible in V;. For suppose in- 
stead that f(x)g(x) is equivalence-divisible by ¢:, although neither factor is 
so divisible. Then the criterion gives Vifo=Vif, Vigo=Vig, where go(x) is 
the last term in the expansion for g. The last term in the expansion for fg is 
the remainder ro(x) obtained by dividing fogo by $x; but since fogo is not 
equivalence-divisible in Vx_1 by $x, Lemma 4.3 shows 


Viro = Visto = Vi-1(fogo) = Vifot+ Vigo = Vi(fg). 


This means that fg is not equivalence-divisible by ¢;, 2 contradiction prov- 
ing the lemma. 

An inductive value V; will be called commensurable if the value px as- 
signed the last key polynomial is commensurable with the previous value- 
group I',_1 (cf. Theorem 6.7). There is then a smallest positive integer 7; 
such that 7, is in 'y_1. For each ¢S there is a similar 7;: 


(3) T, is the smallest integer such that ry, e Ty-1. 


We will subsequently need polynomials with any given values: 
Lemma 9.3. If Vi is a commensurable inductive value, then for any real 


number d in the value-group T. of Vi. there is a polynomial Ry= R(x) with 
value \ in V;, and in every value V4: obtained by augmenting Vx. 


Proof. As in Theorem 6.6, \ has the form 
A =v +t mip + Moye +--+ - + mee, velo. 


Each integer m; may be made non-negative by adding to mj; and subtract- 
ing from v a sufficiently large term gu;, so chosen that gu; ¢ To (e.g., choose 
g=0 (mod rn, 72, - - - , 7:)). If then a is a constant of value », 


Ry = Ry(x) = ax™py™py™ +--+ Hr, ViRy = 2, m; 2 0, 


is the required polynomial. In any augmented value Vi.41, Ry has value \ by 
Theorem 6.4. 


THEOREM 9.4. A polynomial f(x) is a key polynomial for an inductive value 
over V; if and only if the following conditions hold: (i) the expansion (2) has a 
last term with V if = V ifo; (ii) the expansion has a first term}, (x)be with f,(x)=1, 
Vidi} =Vif, and n=0 (mod 7;); (iii) f(x) is equivalence-irreducible in Vx. 


Proof. Condition (i) means, as in the proof of Lemma 9.2, that f(«) is not 
equivalence-divisible in V;, by ¢;. Assume first that f(x) is a key. Condition 





382 SAUNDERS MacLANE [November 


(iii) is necessary by definition. Were (i) false, then Vif<Vifo, so that 
fo (f—fo), while (2) shows f—fo=q(x)@: for a q(x) of degree less than f(x). 
Thus fg¢; in Vx. Since f is a key, this leads to a contradiction much as in 
the proof of Theorem 6.7. The assumption Vi.fo4 V;f is false. 

Since f(x) is minimal (Definition 4.1) it has no equivalence-multiples of 
degree less than itself. Hence f,(x) is a constant in K, for otherwise k >1, and 
Lemma 9.1 supplies a b’(x) with 6’(x)f,(«)co1 in Vy. The product 6’(x)f(x) 
formed from (2) and modified by replacing the first coefficient by 1 and by 
reducing the other coefficients modulo ¢, is then an equivalence-multiple of 
f(x). Its degree is n- deg ¢,, and is less than that of f(x) unless f,,(x) e K. As the 
leading coefficient of f must be 1, f,(*)=1 follows, as in (ii). Certainly 
Vio =Vif is necessary, for otherwise f—¢# is an equivalent polynomial 
of smaller degree. Thus 


Vib = Vif = Vifo = Vi-rfoe Tr-1, 


so that n=0 (mod r;) by (3). This establishes the necessity of (ii). 

Conversely, if f(«) satisfies (i), (ii), and (iii), it has first coefficient 1 and 
is minimal, because any equivalence-multiple of f(*) must be of degree at 
least ” in ¢, (cf. the proof of Theorem 4.2). The remaining restrictions of 
Definition 6.1 are readily verified, so that f(x) is in fact a key polynomial. 

10. Residue-class fields. The structure of a ring S with a value V involves 
the corresponding value-ring S+, which consists of all elements a of S with 
Va=0 (these elements are the so-called “integers” of S). A congruence for 
integers can be defined thus 


(1) a = b (mod V) if and only if V(a — 6) > 0. 


All elements of S+ congruent to a given b form a residue-class; these classes 
together yield as usual the residue-class ring of V in S. This ring can also be 
considered as the residue-class ring S+/P, where P, the set of all elements 
of S+ with positive value, is a prime ideal in St. If S is a field, then S+/P is 
also a field, the residue-class field of V in S. The structure of V depends essen- 
tially* on this residue-class field. For the p-adic value V» of the rational num- 
bers (see §1, (1)) this field is simply the field of integers modulo p. Our prob- 
lem is the determination of the residue-class field for any discrete inductive 
value. 

If the residue-class of each integer a be denoted by Ha, then H is a homo- 
morphism of S* to the residue-class ring A= S+/P, so that H has the following 
properties: 

I. H is a many-one correspondence between S+ and A; 


* Hasse-Schmidt [12], p. 7; Ostrowski [18 ], p. 321. 





DR ie 


ee 


PIAL NPE IRR RO aR LES tah, 


eee a a 








SIE OSE ORAL ILLS IR RCE 5 18 
Stn 


% 
r 
: 
? 
} 
; 
: 





PS NFER IR AY IS YOR EN RS CAT 8 yg 











2 REY EIEN 8 te mI ICH 





1936] ABSOLUTE VALUES 383 


II. H leaves sums and products unchanged; i.e., for Va=>0 and Vb=0, 
(2) H(a+ 6) =Ha+4Hb; H(ab) = (Ha)(Hb). 


III. If Va=0, then Ha=0 if and only if Va>0. 
By II, the last condition means that H carries congruent elements and 
only congruent elements into the same residue-class. 

For an inductive value V;, we denote the residue-class rings thus, for 
t=1,2,---,k: 


(3) A, is the residue-class field of V; in K(x); 
(4) H, is the homomorphism from K(x)+ to Az; 
(5) A, is the residue-class ring of V; in K [x]. 


But f(x) and g(x) are congruent as polynomials (mod V,) if and only if they 
are congruent as rational functions (mod V,). Hence each residue-class of 
A, is contained in a residue-class of A;, and no two residue-classes of A; are 
contained in the same class of A;. Addition and multiplication of classes are 
defined as addition and multiplication on elements in the classes, and hence 
are the same in A, as in A,;. Therefore A; is isomorphic to a subring of Ay. 
Since isomorphism does not alter the structure of a ring, we will replace A, 
henceforth by the isomorphic subring of A,. Then the H, of (4) is also the homo- 
morphism from K [x ]* to A:. 

The correspondence H, for rational functions is usually determined by the 
H, for polynomials. For if f(x)/g(x) 0 is a rational function with non-nega- 
tive value and if V; is commensurable, there is by Lemma 9.3 a polynomial 
R(x) with V.R=— Vg, and by (2) 


(ao) ~ ae) * 


Both H,(Rf) and H,(Rg) are residue-classes of polynomials, while H (Rg) #0 
by Property III. We have proved 








Lemma 10.1. For a commensurable Vx, the residue-class field Aj, of K(x) is 
the quotient-field of the residue-class ring A, of K [x]. 


THEOREM 10.2. For a commensurable first stage inductive value V, 
=[Vo, Vix=m], the residue-class ring A; is isomorphic to the ring Foly] 
of all polynomials in a variable y with coefficients in Fo, the residue-class field 
of the value Vo for K. 


Proof. There is given a homomorphism H, from the ring K+ of all Vo- 
integers b in K to the residue-class field Fo. Each residue-class H,b of A; con- 
tains the residue-class Hob of Fo, and this correspondence H,b<+H,b is an 
isomorphism between F, and the set of those classes of A; containing elements 
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of K. We will identify 7, with this isomorphic subfield of A,; then A; is an 
extension of Fy) and H,b=H ob for all 6 in K+. 

Any monomial bx" of value zero has Vob= —nVix=—ny,, so that the 
exponent » is a multiple of the integer 7;, defined in §9, (3). Any f(x) with 
V,f=0 thus has the form 


S(%) = Dmx + Dmix6™—P1 + + + + bx + Do (mod Vj) 


after terms of positive value are omitted. If e is a constant in K of value 
V c¢=71, each term b,x’: may be rewritten as a product (b,e)(e-*x’") of two 
factors of value 0. The application of the homomorphism H, then yields 


(7) Hif(x) = D0 Holbie')y'; yy = (ex). 
j=0 
With y so defined, any H;f in A, becomes a polynomial in y with coefficients 
H,(b,e’) in Fo, so that the residue-class ring A, is contained in Fo[y]. Since 
y eA, and A; is a ring, Ai= Fo[y]. The element y is transcendental (i.e., a varia- 
ble) over Fo, for otherwise it would satisfy an algebraic relationship a(y)=0, 
where 
aly) = any™ + amy” |! +--+ + a; am ~ 0, ajeFo. 


Then the residue-class a(y) contains the polynomial 
f(x) = Ane "2" + dye tl + - - - + a, 


where each a; is a constant with Hoa;=a;. Then Vif20 and Hif=a(y)=0, 
so that, by Property III of Hi, Vif>0. But a, 40, so that Voa,,=0 and 
Vi(dne~™x"") = V\f=0, a contradiction. The theorem is established. We note 
also that (7) enables us to calculate the residue-class of any given f(x). 

11. Conditions for equivalence-irreducibility. A key polynomial ¢;.4: over 
a value V; is not equivalence-divisible by ¢. (Theorem 9.4, condition (i)). 
For any f(x) with this property, questions of equivalence-divisibility can be 
handled as follows: 


Lemma 11.1. Jn a commensurable V , let f(x) be a polynomial not equivalence- 
divisible by o;, and choose a polynomial R(x) so that Vi rR=V;,R=—Vif. Then 
a polynomial g(x) with V.g=0 is equivalence-divisible by f in V;. if and only if 
Pb ,g is divisible by H,,| Rf | in the residue-class ring Ax. 

By Lemma 9.2, V;f is in T'.1, so Lemma 9.3 yields the R desired, and 
H,|Rf|0. Suppose first that Hig (which is not 0 by Property III of Hx) 
is divisible by H;,[Rf]. Then Hig=a-H;,|Rf] for some residue-class 
a=H,h(x)0 in Ax, and 


Hig = a-H,[Rf|] = (ih) Hi [Rf] = Hi(hRf). 
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Thus g and /Rf have the same residue-class, Vi(g—hRf)>O=Vig, and 
gohRf is equivalence-divisible by f, as asserted. 

Conversely, if g is equivalence-divisible by f, then gwhf ohR’Rf, where 
R’(x) is a polynomial chosen as in Lemma 9.1 so that RR’~1. But Rf, g, 
and hence /R’ have value 0, so that 


Z, = hR'Rf (in Vx); xg = H,(hR’)-H,[ Rf], 
which shows Hg divisible by H.[Rf]. 


Lema 11.2. For f and R as in Lemma 11.1, f(x) is equivalence-irreducible 
in V, if and only if every product in A; divisible by H;.[Rf| has* a factor divisible 
by H,[Rf] in Ax. 

Suppose first that f is equivalence-irreducible and that (Hig)(H:h) 
=H,(gh) is a multiple of H.[Rf]. As we can assume Vig= V,.h=0, the pre- 
vious lemma shows the product gh equivalence-divisible by the equivalence- 
irreducible f, so that one of the factors is so divisible. By Lemma 11.1 this 
means that H,g or H;h is a multiple of H,.[Rf], as asserted in the lemma. 

Conversely, suppose that every product (Hig)(H;h) divisible by H.[Rf] 
has a factor so divisible, and consider a product a(x)b(x) equivalence-divisible 
by f, so that abeoc(x)f for some c. Write a(x) wg(x)o.4 and b(x) wh(x)¢.¢, 
where the powers d and e are chosen so large that g and / are not equivalence- 
divisible by ¢; in Vx. Then Vig and V;h are by Lemma 9.2 in T'y-1, so that 
there are polynomials S(x) and T(x) with V.(gS)=V..(hT)=0. Then 


STab w (Sg)(Th)ox2+* «© STcf (in V;,). 


But f is not equivalence-divisible by ¢; while ¢; is equivalence-irreducible 
(Lemma 9.2), so STc is equivalence-divisible by $,¢+*. Removal of this fac- 
tor makes (Sg)(Th) equivalence-divisible by f, so that as in the previous 
lemma H,(Sg)H;(Th) is divisible by H,.[Rf]. One of the factors, say H..(Sg), 
is then divisible by H,[Rf], and (Lemma 11.1) Sg is equivalence-divisible 
by f. But awS’(Sg)¢.4, where S’ is chosen so that S’S1. Hence a(x) is 
equivalence-divisible by f, and f is equivalence-irreducible. 
12. Residue-class rings for commensurable values. We have 


THEOREM 12.1. If V;. is a commensurable inductive value of K |x|, given as 
in §6, (3), and if the original value V, of K has a residue-class field F o, then there 
is a sequence of fields F}=Fo, Fo, F3,- - - , Fx, each an algebraic extension of the 
preceding, such that for any t=1,--- , k the V.-residue-class ring of K|x| is 
(isomorphic to) the ring F.|y] of polynomials in a variable y with coefficients 


in F,. For t>1 the degree m, of F, is determined by (cf. §9, (3)) 


* That is, the principal ideal (H;.[Rf]) is a prime ideal in Ax. 
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m,7,-1(deg o1-1) = deg 1; nN, = deg [F:: F,-1] ° 


By Lemma 10.1 we can then conclude at once 
Corotiary 12.2. F,(y) is the V,-residue-class field of K(x). 


The case t= 1 of this theorem is known (Theorem 10.2); hence we use in- 
duction, and assume the theorem true for V;. It is convenient to omit the sub- 
script ¢+1 (but not the subscript #) and to write V, ¢, H, 1, etc., for Visi, 
141, Hi41, T141, etc. By the monotonic character of V (Theorem 5.1) poly- 
nomials f(x) and g(x) with V,f20 and V,g=0 are congruent mod V, only if 
they are congruent mod V. Each residue-class mod V, is thus contained in a 
residue-class mod V, and this gives a homomorphism between A,= F,[y]| and 
a subring F of the residue-class ring A (cf. $10, (5)), where F= F 4: is composed 
of all residue-classes mod V containing an f(x) with V.f=0. Polynomials f 
and g incongruent mod V, become congruent mod V if and only if f—g is 
equivalence-divisible by ¢ in V; (Theorem 5.1). This means that H.f— Hg is 
divisible by the polynomial 


(1) Viily) = v(y) = H,[Re]; (ViuR = V.R = — Vid, R = Reyilx)), 


constructed as in Lemma 11.1. Since not all polynomials are equivalence-di- 
visible by ¢ in V;, ¥(y) is not a constant in F,, while Lemma 11.2 shows ¥(y) 
an irreducible polynomial in F,[y]. In the above homomorphism between 
F,|y] and F the multiples of y(y) in F,[y] are the elements corresponding to 0, 
so that F is isomorphic to the ring of polynomials F,[y] modulo y(y), or, 
alternatively, to the field obtained by adjoining to F; a root 6 of ¥(y). We 
identify F with this isomorphic field: 

(2) F =Fy, = F,(6); ¥(0) = 0 (9 = 0441). 


Then the residue-class H,f, when reduced modulo y(y), will be identical to 
the residue-class Hf; that is, 


(3) V.f(x) = Oimplies Hf = [H,f],-0. 


A monomial expansion a(x)¢" of value 0 must have a multiple of + 
(cf. $9, (3)). Hence any f(x) with Vf=0 has the form 


(4) f(x) = fn(x)o"" + fn—i(x)o"-" + - ++ + fo(x) (mod V), deg fi < deg ¢. 


Since Vg" e T,, there are by Lemmas 9.1 and 9.3 polynomials Q;4:(x) and 
Ql4:(*) such that 


(5) VQ=VQ=V¢", QO’=1(modV), V0’ =VO' =—V¢. 


The terms fi‘ in the expansion (4) can be rewritten as products (f,0") (¢’70-*), 
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where V,(f;Q’) =0, V(’7Q-*) =0, the former because Vf20. The application 
of H, with (3), then proves 


(6) Hf(x) = Di [HG2)Q) enews 9 = HO). 
ba 
This shows that every Hf in the residue-class ring A is also in F [y,], while by 
(5), 1» =H (70) = H(¢"Q’) is a residue-class of a polynomial, hence is in A. 
Consequently, F[y,]=A, as asserted in the theorem. 
The element 4, is transcendental over F; for suppose instead that , satis- 
fied an algebraic relation a(y:)=0, with 


a(y1) = Any™ + nay” * + oat + Qo; Qm F 0, a;eF. 


By the original (italicized) definition of F each residue-class a; of F contains 
a polynomial b;(x) with V.b;=0, so that Hb;=a;. Then 


S(*) = 2 bi 2)Q"6" = X bi(x)Q-1p** (in V) 
= i= 
is a polynomial of non-negative value which has Hf=a(y:)=0. By Property 
III of H, Vf>0. On the other hand Vf must equal 0, for Hb,=an0 gives 
Vb, =0 and Vf<V(b,,Q-"¢"") =0, by Theorem 5.2. This contradiction shows 
yi a variable over F. 
The formula (6) enables us to calculate Hf(x) effectively for any f(x) given 
in (4), provided only that V,(f,0’) =0 for all 7. 
It remains to determine the degree of the field F over F;, which by (2) 
is the degree of ¥(y). The key ¢ has by Theorem 9.4 an expansion of the form 


mrt;,—1 


(7) o = ot + > ai(x)d:', Vid = Vio™* = Vido. 
i=0 


If ¢>1, ~=H,.[Rq] can be computed by the analog of (6) for the preceding 
stage (with ¢ in (6) replaced by t—1), for the coefficients Ra; must by the 
choice of R have V;_1(Ra;) 20. This calculation shows (y) to be a poly- 
nomial in y with a first term H,(RQ,")y” arising from the first term of (7). But 


V(RQO”) = ViR — VO = Vid — Vid?" = 0, 
so that the coefficient of y" is not 0. The polynomial y has degree m, and 
by (7) 
mr, deg d, = deg ¢, m = deg W = deg [F:F;], 
as asserted* in Theorem 12.1. This theorem has now been demonstrated. 


* The proof given holds for ¢>1, but may be simplified for the case = 1. 
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13. Conditions for key polynomials. In the criterion of Theorem 9.4 for a 
key polynomial the condition (iii) of equivalence-irreducibility can now be 
replaced by the condition of Lemma 11.2, 


(iiia), H,[ Rf] is an irreducible polynomial in F,[y]. 


This yields a final explicit description of key polynomials. A partial converse 
is possib’e: 

THEOREM 13.1. In a given V,, let (y) #y be a polynomial* of degree m>0, 
irreducible in F,|y| and with first coefficient 1. Then there is one and, except for 
equivalent polynomials in V;., only one (x) which is a key polynomial and which 
has H,.|Ro|=W(y), for a suitable R chosen as in §11. 


Proof. There is a polynomial f(x) with the residue-class y, so that Hi.f=y 
and V,f=0. If we multiply f by Q,” (chosen as in §12, (5)) and in the expan- 
sion of the resulting product drop all terms not of minimum value and then 
replace the leading coefficient of ¢; by 1, we obtain a polynomial ¢(x) with the 
value V,.Q,". For R we can then use Q;”, so that 


H,.[Ro| = H..(QrOrf] = Aif = vy). 


Furthermore ¢ can be shown to satisfy the remaining conditions (i) and (ii) 
of Theorem 9.4, hence ¢ is a key polynomial. The uniqueness is readily estab- 
lished. 

Since H,[Rf| can be effectively constructed by §12, (6), the problem of 
testing whether a given f(x) is a key polynomial is reduced to that of testing 
the image H,[Rf| of f(x) for irreducibility in F;.[y]. If K is the field of ra- 
tionals, then F; is a finite field and the latter problem is completely solvable. 
This result can be used to construct examples for inductive values of any 
stage and for limit-values of both constant degreef and increasing degree 
types. The construction of constant degree values may be simplified by de- 
ducing from Theorem 9.4 the following partial converse of Lemma 6.3: 


Corotiary 13.2. In V; let s(x) be a polynomial of degree less than that of 
(x) and with Vis(x)=Vidy. Then o4(x)+s(x) is a key polynomial for an 
inductive value over V x. 

14. Special cases of homomorphism. The residue-class fields can be simi- 
larly found for finite discrete limit-values and for inductive values where the 
value for K is trivial (§2) or where the last assigned value yu; is incommensu- 
rable (§6). 

* The assumption ¥(y)#y is needed, for the condition Vif=Vzfo in Theorem 9.4 implies 


H, [Rf] #y. 
+ By using a transcendental p-adic number the finiteness condition of §7 can be satisfied. 
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THEOREM 14.1. Let V,, be a limit-value constructed as in Theorem 6.1 from 
a sequence of values Vo, Vi, V2, - - - , and satisfying one of the conditions: 

(a) the degrees of the keys $; are not bounded as k= ; 

(b) V., is finite and discrete, and deg 6,=M for all k>t. 
The fields F, of Theorem 12.1 yield a (possibly infinite) extension field 
F,,=Fo+Fit+F.+ --- which is isomorphic to the V.. residue-class field both 
for K |x] and for K(x). In case (b), F.o=F 41. 


Let H;, be the homomorphism of K [x] to the V; residue-class ring F;,[y] 
and H,, the homomorphism of K [x] to the V., residue-class ring A... Then 


(1) Visf(x) = O implies that Hi,if = HifeF: (Gj =1,2,---). 
For, according to §12, (3), 
Hif = [Hi-sfly-o,, Asif = [Hef ly...» 


which indicates that H;f is a constant free of y in F;, and that Hi4:f must 
equal H;f, and so on. 

In case (a) there is for every f(x) a k so large that deg ¢, >deg f, so that 
Vf=Vi-f, as in Theorem 5.1. If V.f20, then, by (1), His;f=Hif is a con- 
stant in F, independent of 7. The correspondence 


(2) H.f —— Hf, for k with Hif = Hissf = Hewef =---, 


carries each element of A,, into an element of F,,. Every element a of F,, is 
used, for, by the definition of F., a is in some F; so that a has the form H;f, 
and H;,;f=H;f as in (1), whence a corresponds in (2) to H;f. The corre- 
spondence (2) is one-one, for elements are congruent mod V,, if and only if 
they are congruent modulo some V,. Finally, (2) is an isomorphism, making 
F,,~ or =A,, as asserted. The residue-class field of K (x) is, by the argument of 
Lemmas 9.3 and 10.1, just the quotient field of F,,, and must then be F,, itself. 

In the case (b), the degrees of the extensions F44;:F, as determined in 
Theorem 12.1 are all 1 for k>¢. Hence F.=F 41. Because V,, is finite (§7) and 
discrete, Theorem 6.5 yields for any f(x) with V.f20 an i2¢# so large that 
V.f=Vf2=0. Then H,f is again ultimately constant, and (2) gives the iso- 
morphism as before. 

THEOREM 14.2. For an incommensurable inductive value V;, of K(x) the field 
F, determined from Fj. and o, exactly as in §12 is the V;, residue-class field 
of both K |x] and K(x). 

Proof. Since no non-zero multiple of u.=V idx lies in T,_1, no two terms 
in a ¢,-expansion can have the same value in V;. Hence any polynomial is 
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equivalent to a monomial expansion, and every rational function has by 
Lemma 9.1 the form 
f(%)/g(x) ~ c(x)oe" (in Vi), Vic = Vy-10. 
If f/g has value 0, then m=0, V;,1c=0, and H;.(f/g)=Hixc. But F;, is defined 
in §12, italics (or, for k=1, in §10) as all residue-classes H,.h with Vinh=O0. 
In this case every residue-class has this form, so that F; is as asserted the 
whole residue-class field, either for K |x] or for K(x). 
In particular, over the trivial value Vo(§2) of K the only non-trivial in- 

ductive values are 

Vy,= [Vo, Vic = ml, ba ~ 0; 

Ve = [Vo, Vix = 0, Ved = ue], ue > 0, (x) irreducible. 


Both are incommensurable (no multiple of ye lies in the group Io, which 
contains only 0). Furthermore, the residue-class field of K for the trivial V> 
is K itself. Hence the residue-class field for V; is K and for V2 is K (0), where 0 
is a root of d(x). 

15. Equality conditions for values. An inductive value is essentially a 
representation; the same value of K [x] could easily have several such repre- 
sentations. This section and the next one will formulate necessary and suffi- 
cient conditions for the equality of two inductive or limit-values. In this con- 
nection two values V and W of a ring S will be called equal if and only if 


(1) Va = Wa (all aeS). 
In this section we consider the case when each key polynomial ¢; exceeds 


the preceding ¢;-1 in degree—a case which can often be made to apply by 
omitting any ¢;_; without the above property. 


Lemma 15.1. If an inductive value 
Vi = [Vi-e, Vi-rbea = wat, Vide = me] (k 2 2) 
has two key polynomials $,-1(x) and (x) of the same degree, then 
W = [Vi_o, Woe = ue] 
is an inductive value equal to Vx. 


We first prove W an inductive value. Since ¢; exceeds $,—¢x-: in degree, 
the constant-degree Lemma 6.3 shows that 


(2) Va-o(be — ber) = Vi-i(Ge — Oe-1) = wet, we > Mer > Vi-sbe-r. 
A combination of these two results proves 


(3) Gt © be-1 (in Vx_2). 
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Thus ¢; and ¢;_: have the same equivalence-divisibility properties in Vx_2, 
and so @x, like $1, is a key polynomial over V;._2. By (2) and (3) the value 
ui > Vix assigned to ¢; is sufficiently large. Therefore W is inductive, for 
conditions (1) and (2) of Definition 6.1 hold trivially. The definition of aug- 
mented values applied to the usual expansion (e.g., §9, (2)) of any f(x) in 
powers of ¢; gives 


Vif(x) = min [Vi-sfi(x) + ive], Wf(x) = min [Vi-ofi(x) + ips]. 


The corresponding terms V;,_,f; and V;_2f; are equal by Theorem 5.1, for each 
f(x) has a degree less than that of ¢; or of dx_1. Therefore V;.= W. Successive 
applications of this lemma give 


THEOREM 15.2. Any inductive value is equal to an inductive value in which 
{deg dx} is a monotone increasing sequence. A similar representation holds for 
any limit-value not of constant-degree type. 


For values in this particular form we can obtain necessary and sufficient 
conditions for equality. 


THEOREM 15.3. If the two inductive values 
(4) V;, = [Vo, Vix = M1, Vode = ie, °°" > Vids = be | 
(S) Wi = [Wo, Wie = 1, Woe = 2, ---, Wai = ve] 


both have a monotone character such that 
1 < deg 2 <--- < deg ¢,, 1<deg¥2<--- <degy, 


then V,=W, holds if and only if 

(i) Vo=Wo, s=t; 

(ii) deg (x) =deg yx.(x) (k=1,---, 4); 

(iii) VinQe-—bx) 2ue= re (k=1,---,2). 
The theorem is still true if either s or tis +. 

First prove the sufficiency of these conditions. Since (i) and (iii) make Vi 
and W, identical, we can proceed by induction, assuming that V;..4= Wy, is 
already established. Now compute the V; value of ¥;. Because key polyno- 
mials have the leading coefficient unity, (ii) shows that the degree of ¢: ex- 
ceeds that of ¥.—¢,, so that y; has the expansion 


(6) Wi = de + (Wi — ox) 
in powers of ¢;. The definition of V; and (iii) prove 


Vide = min [ux, Vibe — ox)) = we = ve. 
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The V, value of any polynomial f(x) can now be estimated from the expan- 
sion of f(x) in x, for the triangle axiom for V; gives 


vif > fob! | 2 min [Vi-wfi ti: Vidi] = min [Visti +j-ve] = Wif, 
j=0 j j 


because of the definition of W;. Thus Vif =W;/, while the inverse inequality 
is similarly proved. Hence V;.= Wz, and the induction is complete. 

The necessity of the conditions depends chiefly on the invariance of the 
values assigned the key polynomials (Theorem 6.4). The assumption V,=W, 
shows that Vo= Wp and wi=”. Hence (ii) and (iii) hold for k=1. We prove 
them by induction on k. If they hold through k—1, then the sufficiency proof 
shows V;.1= W,-1. By Theorem 5.1, deg ¢; can be characterized as the small- 
est degree of any polynomial a(x) with the property that V,a>V,_,a. Since 
V, and W, are equal, deg y, can be characterized by the same statement, so 
that 


(7) deg ox(x) = deg ¥x(x). 


The monotonic assumption on {deg ¢;} then shows V.Wi= V wx. Hence, be- 
cause of the invariance in W of the value assigned to yx, 


ve = Wihe = Vibe = Vedi = Velde + We — 2). 
As before, (6) is an expansion in powers of ¢;, so that this equation becomes 
ve = min [ux, Vibe — ox)).- 
Combining this with the symmetric conclusion (using V,1= Wx_1) 
we = min [%, Vide — o)], 


we obtain (iii) for index k. With (7) this completes the induction. The con- 
dition s=? results, even in the case s=/= 0. 

16. Normal forms for values. The results of the previous section do not 
apply to constant degree limit values, nor do they yield unique normal forms. 
Both these goals can be reached in the discrete case by using key polynomials 
from which all unnecessary high-valued terms have been dropped. 

In the expansion of any f(x) in a value V;,, the coefficient f;(«) of any 
power of ¢; can itself be expanded in powers of ¢;_1. Since the degree of f;(x) 
is limited, the highest power of ¢,-: occurring is less than m,/n,-1, where n; 
has the meaning 


(1) n; = deg (x) 


By an inductive process of this sort one can prove 





7 ROE 


A WATS AP OEE Sy REIS MA 





ES Hie pee chat Le eae 


% 
_ 
i 
a 
& 
# 
| 
4 
3 
& 


NS aI TS SRR IF 


A ana ben, 


1936] ABSOLUTE VALUES 393 


THEOREM 16.1. In any V, every polynomial f(x) can be expanded as a poly- 
nomial in the key polynomials with constant coefficients, 
(2) f(x) = he a pimigg) - > + Hyrki, (a;e2K), 
where the exponents m;; are limited as follows 
(3) mis <Nigi/n; (all j;i=1,2,---,k —1). 
The value of f(x), when computed from the definition, is 
(4) Vif(a) = min Viarpt- - 62). 


For a p-adic value, every number is equivalent to one of the numbers 
c-p™, c=0, 1,---, p—1. For any value Vo of a field K we can similarly 
(axiom of choice) pick from each class of equivalent elements a single repre- 
sentative element; in particular, we can make 1 one of the representatives. 
Given fixed representatives of this sort for each Vo, we say that a polynomial 
f(x) is homogeneous in a value V; derived from V, if in the expansion (2) of 
f(x) all the coefficients a; are representatives in V, and all the terms have the 
same minimum value V;f(x). 

LemMA 16.2. Every polynomial f(x) is equivalent in V,. to one and only one 
homogeneous polynomial h(x). This h(x) is called the “homogeneous part” of f(x), 


Proof. Given f(x), we find h(x) by altering coefficients and dronping out 
terms in the expansion (2) for f. Were f(x) also equivalent to a homogeneous 
g(x), then all terms in the expansions of both h(«) and g(x) would have the 
same value V;4, while h—g would have a larger value. Thus corresponding 
coefficients are equivalent and therefore equal. 

An inductive or limit value Vi= [Vo, V.i¢i=yi] may be called homogene- 
ous if every key polynomial ¢;(x) is homogeneous in V;_; (¢=2,--- , k). We 
will prove 

THEOREM 16.3. Any inductive or limit-value constructed from a discrete 
value Vo of K is equal to a homogeneous inductive or limit-value. 


We have to prove that, if U= [V., Ué=y] is an augmented value over a 
homogeneous value V;, then U itself is equal to a homogeneous inductive 
value. This is done by introducing successive homogeneous parts of ¢ as new 
keys. First use ¥:(2), the homogeneous part of ¢ in Vx. By Lemma 16.2 


(5) ¥i(x) © (x) (in Vi), deg ¥i(x) = deg $(x). 
It follows that ¥:(x) is a key polynomial over V;. Setting 
vi = Vilo(x) — vi(x)] > Vidi(x), 
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we can construct a homogeneous value Wi= [Vi, Wyi=]. If wr, then 
the sufficiency proof of Theorem 15.3 shows U=W,. Otherwise >, and 
Corollary 13.2 proves W’=[W:, W’d=u] an inductive value, which by 
Lemma 15.1 is equal to U. We repeat the above argument, constructing a W2 
from y2(x), the principal part of ¢ in W:. This gives a sequence of homogene- 
ous inductive values, 


W. = [Vi, Wii = r1, Woe = 2, --- , Woe = | 


The degrees of the y,(x) are all identical by (5), so that Lemma 6.3 proves that 
(6) Vp< wep <ee: 


and that each », is in the value-group I; of V;.. By hypothesis and Theorem 
6.7, this I’, is discrete. Hence there is a smallest ¢ with v,=y in (6), and U is 
equal to the homogeneous value W,. The advantage of so representing every 
value in a homogeneous form lies in the following uniqueness theorem: 


THEOREM 16.4. Two homogeneous inductive or limit-values which are equal 
must be identical. 


If the equal values are V, and W, as in §15, (4) and (5), then the asserted 
identity means simply that 


(7) Vo = Wo, s=t, 
(8) od: = vk, Me = VE (k = 1,2,---,5). 


The hypotheses readily give Vo= W, and (8) for k=1. Suppose (8) true up 
to k—1 inclusive. Then V,_1=W,_1. We can assume s>k—1, whence also 
t>k—1. Then ¢; has the following invariant properties which refer only to 
Viu=W,. and V,=W;: ¢x is totally homogeneous in V;_;, it has the first 
coefficient 1 and it has the minimum degree consistent with the property 
V x > Vide. Furthermore y; has the same properties. But these properties 
uniquely determine ¢;, for, since the difference ¢.—y; is of degree less than 
ox, its value is 


Vi-rl(oe — Ve) = Vi(Oi— Ye) = min [V.dx, Vivi > min [Vn-1dk, Vi-ws |. 


Hence by the triangle law ¢,y; in Vi, so that by Lemma 16.2, d.=yx. 
By Theorem 6.4, ux= vx, as in (8). The induction ends when k reaches s=t, 
and the identity V,=W, is proved. A simple consequence is 


Coro.iary 16.5. Jf every value of K is discrete, then no inductive value can 
ever equal a limit-value, and no limit-value of constant degree type (§7) can 
equal a limit-value not of this type. 
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UNIFORMLY CONVEX SPACES* 


BY 
JAMES A. CLARKSONT 


1. INTRODUCTION 


The spaces with which we shall deal in this paper are Banach spaces, that 
is, linear, metric, complete, normed spaces, which possess in addition a cer- 
tain property of convexity of the norm. Expressed in geometrical terms this 
property is simple: it is that the mid-point of a variable chord of the unit 
sphere of the space cannot approach the surface of the sphere unless the 
length of the chord goes to zero. Additional interest is given to the notion 
by the fact that, as we shall prove, the well known spaces L, and /, possess 
this property for p exceeding unity. 

Several writers{ have considered the problem of defining an integral of 
a function whose domain is in Euclidean space (or even a more general space) 
and whose range lies in a Banach space. Bochner§ has pointed out that such 
a function may be absolutely continuous without being an integral in his 
sense, or indeed without being differentiable at any point. We shall prove 
that if the range space is uniformly convex in our sense such phenomena do 
not occur, and that for these spaces the situation is quite analogous to the 
theory for ordinary complex functions. 


2. UNIFORMLY CONVEX SPACES 


Let B denote a Banach space, with elements x, y, -- - . We denote the 
norm of an element x by ||z/|. 


DEFINITION 1. A Banach space B will be said to be uniformly convex if to 
each €, 0<e€S2, there corresponds a 5(€) >0 such that the conditions 


lll =llyl=1,  |le- yl] 26 


* Presented to the Society, February 29, 1936; received by the editors January 21, 1936. 

t National Research Fellow. 

tL. M. Graves, Riemann integration and Taylor’s theorem in general analysis, these Transactions, 
vol. 29 (1927), pp. 163-172. 

S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektorraumes sind, 
Fundamenta Mathematicae, vol. 20 (1933), pp. 262-276. 

N. Dunford, Integration in general analysis, these Transactions, vol. 37 (1935), pp. 441-453. 

G. Birkhoff, Integration of functions with values in a Banach space, these Transactions, vol. 38 
(1935), pp. 357-378. 

§ See Bochner, Absolut-additive abstracte Mengenfunktionen, Fundamenta Mathematicae, vol. 21 
(1933), pp. 211-213. We take this opportunity to acknowledge our indebtedness to Professor Bochner 
for his suggestions concerning this paper. 
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We remark that Euclidean spaces of all dimensions, Hilbert space, and 
hyper-Hilbert spaces,* are all uniformly convex. This follows, for example, 
from the identity 


(1) liz + yll? + [lx — yl? = 2d)? + [lyll*) 


which is known{ to be characteristic of such spaces. 

We shall need to recall the definition of the product of a finite number 
of Banach spaces. Let Bi, Be, ---, B, be k Banach spaces with elements 
xl, x?,---,a*. The product space B=B,XB:,X --- XB, is defined as the 
set of all ordered k-tuples x = (x1, x”, - -- , x*), where addition and complex 
multiplication are defined in obvious fashion, and where the norm of the 
elements x of B is required, in addition to the usual properties, to have the 
property that ||x||0 is equivalent to ||x‘|| 0 (¢=1,2,---, k). Bis alsoa 
Banach space. 

It is clear that the product of uniformly convex Banach spaces is not in 
general uniformly convex unless we require something more of the norm in 
the product space. In our first theorem we lay down a condition sufficient for 
this. 

Let NV (ai, a2, --- , a) be a non-negative continuous function of the non- 
negative variables a;. We say that N is 

(a) homogeneous, if for c=0, 


N (cay, Cd2,+- + , Cax) = CN(a), d2,- ++ , Gx); 
(b) strictly convex, if | 
N(a, + bi, dg + be, ‘ee » a + bx) < N(q, ade,°*° , a) + N(b,, be, oe , bx) 


unless a;=cb; (i=1, 2,---, k). In the latter case we have equality by 
condition (a); 
(c) strictly increasing, if it is strictly increasing in each variable separately. 
A familiar example of a function WN satisfying these conditions is 


* That is, those spaces which satisfy all the postulates of Hilbert space except that of separabil- 
ity. See J. v. Neumann, Mathematische Grundlagen der Quantenmechanik, Berlin, 1932, pp. 37-38, 
for discussion of an example. 

t J. v. Neumann and Jordan, On inner products in linear metric spaces, Annals of Mathematics, 
vol. 36 (1935), pp. 719-724. 

t Cf. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 181. 
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N = (7a)! (p>1); here condition (b) becomes the inequality of Min- 
kowski.* 

Suppose now that a finite number of Banach spaces, B,, Bo, --- , By are 
given, and that B is their product. We shall call B a uniformly convex product 
of the B; if the norm of an element x= (x!, x?, - - - , x*) of B is defined by 


lla] = Nl"), {la*ll, ~~~ lll, 


where N is a continuous non-negative function satisfying the conditions 
(a)-(c). 

We now prove 

THEOREM 1. The uniformly convex product of a finite number of uniformly 
convex Banach spaces is uniformly convex.t 


We see at once that the norm thus defined satisfies the usual rules, 
including the triangle inequality. Let B=B,XB.X---XB;, and let 
fa;}={(xd,a?,---,xF)}, {vi} ={ (v2, 92, ---, vF)} be two sequences of 
points of B such that ||-x,|| =||-y.|| =1, ||ai:+~.{| +2 as ioc. We must show 
that \|x;—y;|| 0. 

In the first place we assert that lim;...(||x2|] —||v2||)=0 (=1, 2, --- ,). 
Indeed, we have, using conditions (a)-(c), 


I se-+ yl] = wl + yell, + [lad + yelp 
ileal] + liza, -+ xe] + llvalb 
wilsall, = llatlly + dla + lst 

= lll] + llyll = 2 


so that 
N(\|xAl] + |lyel], - ~~» [lel] + llyAll) > 2. 


Now the last expression is <2 unless ||x¥|| =||y¢|| (j=1, 2,---, &) by (b) 
and our normalization; by the continuity of N our above assertion then fol- 
lows. 

Assume that ||x;—,|| does not 0. We may then by selecting an appro- 
priate subsequence of z’s assume that 


* See, for example, Hardy, Littlewood and Pélya, Inequalities, Cambridge, 1934, p. 31. 

t In general, of course, || x|| will depend upon the x; themselves, and not merely upon their norms. 
If this is the case, however, the question of the uniform convexity of the product space is entirely 
independent of the uniform convexity o! the factor spaces, and no theorem of the type of Theorem 1 
can be stated. 
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( lim ||; — yl] = @ > 0; 
lim ||x2|| = lim |]yél] =8; = G=1,2,---, 4); 
(2) imo ive 
lim ||x2 — yal] = y > 0; 
Ila] >0, [yal] > 0 (¢=1,2,---). 
Set 
Vui= Bix:/|| x2]| ’ 
zi = Biy2/|| yl]. 
Then 
tim sw; — al] = lim ||z: — yal] = 0, 
so that 
lim |w; — z;|| = v. 
Then since B, is uniformly convex, 
lim sup || w; + zl < 261, 
and hence 
lim sup || x2 + yi}|| < 261. 
Since by (2) 
lim sup ||*é + yl] S 26; (j = 2,3,---,), 


it follows that 


lim sup || x; + yil| < (tim sup || x2 + yall, *+ +, lim sup || x + stl) 


imo t+ 2 


< N(26:,--- 28x) = 2N(6i,--- , Bx) = 2, 
from which contradiction of our assumption the theorem follows. 


3. Spaces L, AND I, (p>1) 


We might now attempt to prove the uniform convexity of space l, by 
extending the argument of Theorem 1 to an infinite number of factors. We 
prefer to prove this fact and the corresponding statement for L, by exhibiting 
a set of inequalities for these spaces which are in close analogy with the 
identity (1). We collect these in 


400 J. A. CLARKSON [November 


THEOREM 2. For space L, or ly, with p=2, the following inequalities be- 
ween the norms of two arbitrary elements x and y of the space are valid (here q 
is the conjugate index, gq=p/(p—1)): 

(3) (tall? + [ly[l”) < lx + yl]? + ll — yl? s 27" «|| + [lyll”; 
(4) 2(|| «||? + Ilyll*)e s [le + ylle + [lx — yll*; 

(5) lx + yl] + lx — yl]? s 2q|xl]¢ + [lylloe. 

For 1<pS2 these inequalities hold in the reverse sense. 

We first point out that for all values of p the right-hand side of (3) is 
equivalent to the left-hand side, while (4) is equivalent to (5); to see this, 
set x+y=£, x—y=7n and reduce. We make full use of this fact in proving 
the theorem. 

Proof of (4). First consider 1<p<2. We commence by showing that for 
x, y, any two complex numbers, we have 
(6) letyl*+| x —ylts | xl? +| ye. 

To prove this, assume that | «| =| y| , and divide (6) by |x| ¢, reducing (6) to* 
(7) Jitecle+[1—cles 21+] cle, 
with |c| <1. Setting c=pe’, we see by elementary calculus methods that 
it suffices to consider 0=0; i.e., OSc<1; (7) is trivial for c=0 or c=1, 
so we need only consider 0<c<1. Making the further transformation 
c=(1—2)/(1+2) (so that 0 <<z<1) we reduce (7) to the form 
S=3{(1+s)?+ (1—2)9} —(14+2%)?'20. 
Expanding each term of S in its Taylor’s series, we have 
—1 — 1)(2 — p)(3 — 
4g MPR, , MO-DA=MEB- A 
2! 4! 
» 2 Ee - 2: 1 — ?) iss 
(2k)! 
(p — 1)(2 — p) 
2! 
YY - 1-9) -:-Gh~- 1-9 
+ 
(2k — 1)! 
i ie eee ee 
(2k)! 





b{(1 +2)? + (1—2)"} = 


+.---; 








(1+ "Pt = 14 (p—1)20- i 


g(2k-la 





tka to... 





* The proof of (7) given here is due to J. S. Frame. 
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Hence 


_ Pep — 2 — p)--- (@k-1-p) , 
s->| (2k)! a 


k=1 





. f= 8-8: St - 8. 
(2k — 1)! 

(9 — 1)(2 — p)--- Gk — p) a] 
Zz q 

| (2k)! 

(2 — py(3 aii p) are (2k “ p) on [; — 2(2k—p)/(p-1) _ “| 
Z = ‘ 

(2k—p)/(p—1) 2k/(p — 1) 
But (1—2z*)/t, for £>0 and 0<z<1, is a decreasing function of ¢; hence the 
series for S has non-negative terms, and (7) is established. 


Turning now to the proof of (4), we consider first space /,. Let the two 
elements considered be x = (x1, %2,---), y=(91, Ya, - ++); (4) states that 


we qip Ed alp 
| =I nt yl] +[ Dla vl] 
i=1 


i=l 


(2k—-1)¢@ 








+ 


3 


k=1 (2k — 1)! 





(8) or q-1 
<2 | > (| nle-+| x1] : 


i=1 
Now one form of Minkowski’s Inequality states that if A;, B; are any two 
sets of non-negative numbers, finite or infinite in number, and 0<s <1, then 
(QU Ast)" + (20 Bit)" S (D(A + Bi)", 
proper account being taken of convergence. Setting 


ti Jat yl*= 4: |x — y |= Bi, 


we infer that the left side of (8) is 


© alp 
s[ Ddlatyde+la— yore] 


i=1 


which by (6) is 


kd a/p ea alp 
s[ Det lade +] vlejermpere |= [ Dare | ale td velo | 


i=1 


Since g/p=q—1, this is our result; (4), then, stands proved for /, (1<p2). 
To extend this result to space L, (1<p<2), let [0, 1] be the interval over 
which the functions of our space are to be defined. We consider first two func- 
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tions x(t), y(¢) which are step functions on a division of [0, 1 | into equal parts. 
It is readily verified that for such functions the relation (4) reduces to the /, 
case already treated, and as these functions form a dense set in L, the result 
follows by continuity of the norm. 

Consider now (4) for p>2. Again let x, y be any two elements of /,; the 
relation which we must prove is (8) with the sense reversed. Letting A;, B,, 
and s have the same values as above, and again applying Minkowski’s In- 
equality, which is now reversed in sense since s exceeds 1, we conclude that 
the left side of (8) is 


oo alp 
(9) =| Dclat ole | ae yl] , 
t=1 


Now (5) (or its equivalent, (4)) has already been proved for p <2; hence em- 
ploying it for complex numbers we have that for p>2, 
| vi + yi + | “%—- y\'2 2(| x; |? + | je". 
From this we have that (9) is 
x q/p od q-l 
=[ Detlaletladyeoen|=2[ Daedetlodo]” 
i=1 ; i=1 


our result for /,. The passage to space L, is carried out exactly as in the case 
for 1<p<2, with which the demonstration of relations (4) and (5) is com- 
plete. 

Proof of (3). We take p=2, and consider the right-hand inequality. We 
show that this is implied by (5): that for a, b)=0 we have 


(10) 2(a2 + 62)?! S 2”-1(a? + 5°). 
For suppose a<b>0, which entails no real loss of generality; dividing (10) 
by b92-» = 6? we obtain 
(ct + 1)?-! < 27-"(cr + 1) (0<cS1), 
2Qp-2 es => 1, 
(ct + 1)>* 
which, being raised to the power 1/p, gives 
1/ 
(c? _ 1) Pp > 
(c@ + 1)'/¢ 
H(1) =1, and the result then follows by noting that dH/dc is <0 for the in- 


H(c) = 202-2) /p 
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terval considered. For 1 <2 the inequality (10) holds in the reverse sense, 
the proof being identical. This completes the proof of Theorem 2. 


CorROLiArY. For p>1 the spaces L, and |, are uniformly convex. 
It is of some interest to compute the function 6(€) of Definition 1 explicitly 
in this case. Consider p =2, and set ||x|| =||y|| =1 in (3); 
lx + yl]? + [lx — y||” s 2”. 


Then if ||x—y|| 2 (0<e<2), we see that 


/ 
> leb-G)T- 
2 2 
so that an admissible value for 6(e) is 1— [1—(¢/2)?]"/*. For 1<p <2, we have 
5(€) =1—[1—(€/2)2]"s, by (4). 


4. A “STRONG” TRIANGLE RELATION 


For uniformly convex spaces the ordinary “triangular inequality,” which 
states that if y= ti then ||y||<>-* ||x.||, can be replaced by a consider- 
ably stronger inequality. 

For two non-vanishing vectors, x and y, of the space B, we define a gen- 
eralized “angle” between the vectors, which we denote by a[x, y], as follows: 


t=1 


y 


a|x,y ui ieee . 
lool Ta Il 


We note the following properties of a: 

(i) a[x, y]=aly, x]; 0<al[x, y] <2. 

(ii) a[x, y]<a[x, z]+a[z, y]. 

(iii) a[x, y]=0 is equivalent to the condition y=cx (c>0). 

We now state our inequality in 

THEOREM 3. Let x1, %2,-- +, Xx, y be non-vanishing elements of B, a uni- 
formly convex Banach space, with 

k 
7 = > Xi. 


Let a;=a[x;, y] (¢=1, 2,--- ,k). Then 


(11) Ill sl - eo], 


where 5 is the function of Definition 1, and 6(0) =0. 
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Since for each i we have 
| x5 y on 
ie ill "° 
then by Definition 1, for each 7, 


abe | 2 25(a) 
el * ball ® oe 


lls + llslly ] = @ - 28¢aa)l>l ls 
summing these inequalities over i, we obtain 


k k 
Y|lllyllss + llsclly|| =X @ — 25¢a00H all lll 
i=1 t=1 
If we replace the sum of norms on the left by the norm of the sum, this be- 
comes 


k k 
llvlly + »eUlslll] s Uy 2 @ — 26Cadpl al, 


or, since the left side equals ||y|| (||y|] +o" _||x:|]), 


all + Do lball s 2 llall — 2 Ha 


Rearranging the terms we have the inequality of the theorem. 

It will be noticed that in a uniformly convex space, if the sum of the 
lengths of two sides of a triangle is equal to the length of the third side, the 
triangle is degenerate, and conversely;* that is, if x and y are +0, and 
\|x-+-y|| =|]x|| +]|y||, then 2 =cy(c>0): this statement is a consequence of (11) 
and (iii). We can show from this that in Definition 1 the value of 6(2) may 
be assumed to be 1. Indeed, suppose that ||x||=]]y||=1, and ||«—y|=2. 
Then 


lz + (— vl] = Hell +11 - oils 


hence by the property just noted, x = —y, and the value 6(2) =1 is admissible. 
We can now state as a further property of the function a[x, y] that 

(iv) a[x, y]=2 is equivalent to the condition y=cx(c <0). 

Using the particular value of 5(€) obtained above for L,[/,] we have the 
following strengthening of Minkowski’s Inequality: 


* We say that a space in which this condition is satisfied is “strictly convex.” 
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COROLLARY. Let x1, %2,- ++, Xx, y be non-vanishing elements of L, or lp 
(p22), y=Do,_ ts. Hravmatey 9 then 


(12) lly] < = Pa — (a;/2)”)"/? — 1]]|x;|[. 


a 


For 1<pS2, p must be replaced by gq in this inequality. 


We point out that in inequalities (11) and (12) the factors associated with 
the ||«,|| may assume any values between —1 and 1 inclusive. These relations 
are obviously reminiscent of the corresponding relation between vectors in 
the Euclidean plane, ||y|| => cos a;||x;||,a:=angle between the vectors +; 
and y. 

For use in a later argument we state the following corollary to Theorem 3. 


COROLLARY. Let y, 1, %2, °° + , Xk, Wis Wi be non-vanishing elements of 
a uniformly convex space, with y=), th w:, and with a[x;:, y)>«>0 
(¢=1,2,---,k). Then 


Dall s = ( Llleall + Dllell - sl). 


i=1 


This follows immediately from 


lvl] S 20 1 — 25€€))]| xl] +O |] wl; 


which itself is implied by Theorem 3. 


5. FUNCTIONS FROM A EUCLIDEAN TO A UNIFORMLY CONVEX SPACE 


A function of bounded variation from a Euclidean space into a uniformly 
convex Banach space is differentiable at almost all points; we shall formulate 
and prove this statement in precise fashion as our next theorem. As we have 
noted above, Bochner has shown that this theorem is not true for Banach 
spaces in general. Bochner’s example is a function from one-dimensional 
Euclidean space into M, the space of bounded functions. The following ex- 
ample, in which the range space is taken to be space L, the space of all sum- 
mable functions f(s) on the interval 0<s<1, shows that this phenomenon 
may still occur in separable spaces. 

To each point ¢, 0<¢<1, let correspond the element ¢,«Z defined as fol- 


lows: 
1 (s S$ 2), 
o: = o(s) = ‘0 (s > 2). 
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The reader will easily verify that the norm in L of the difference quotient 


Pisa — Ot 
h 


A(h, t) = (h # 0) 
is identically equal to unity, and hence that the point function ¢,, since it 
satisfies a Lipschitz condition, is of bounded variation and indeed is abso- 
lutely continuous. However, as 0, A(h, t) approaches no element of L even 
in the weak sense,* and hence ¢; has no (strong) derivative at any point; that 
is, lim, .oA(h, ¢) does not exist. 

In our proof of the abstract form of the Lebesgue theorem we employ the 
terminology and definitions of Saks.t The basic method of the proof, how- 
ever, is contained in a proof of Tonellif that rectifiable plane curves admit 
tangents almost everywhere. 

We recall a few definitions. 

By an interval of the n-dimensional Euclidean space €, is meant the set 
of points (x1, %2, - - - , X,) satisfying the inequalities a;<x;<b;, where (aj, b;) 
are m number pairs with a;<b;. In case all b;—a; are equal, the interval is 
called a cube, and will always be denoted by J. By an elementary figure, R, 
is meant the sum of a finite number of intervals (or the null set). In order that 
the set of elementary figures may be closed under our manipulations, the no- 
tions of difference and intersection of two figures, denoted symbolically by 
© and O, are defined as 


Ri © Re = (Ri — R2)®, 

Ri © Re = (Ri R2)®, 
where E°, E denote the interior and closure respectively of the set E. We 
denote the measure of the figure by | R]. 


A function F(R) which makes correspond to each elementary figure, con- 
tained in a fixed figure Ro, an element in a linear space, is called additive if 


F(R, + R2) = F(Ri) + F(R2) 


whenever R, and R, are non-overlapping; that is, the set R,- R2 is of measure 
zero. F(R) is said to be of bounded variation in Rp if for any finite set of non- 
overlapping figures in Ro: Ri, Re, --- , Rx, the sum) _||F(R;)|| is less than 
a fixed bound. F(R) is absolutely continuous§ in Ro if given e>0 there corre- 
sponds a 5,>0 such that if | R| <6., then ||F(R)]|| <e. 

* See Banach, loc. cit., p. 136. 

t S. Saks, Théorie de l’Intégrale, Chapters I-III, esp. p. 47. 

t Tonelli, Fondamenti di Calcol» della V ariazione, pp. 48-56. 


§ These last two definitions, because of the setting, differ slightly in form from those of Saks, 
but are equivalent to his in case the range space is the set of real numbers. 
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Finally, F(R) is said to be differentiable at a point p if the limit 


F(p) = Ii F(I) 
eo [7 


exists, where J is an arbitrary cube containing p. 


THEOREM 4. Let F(R) be an additive function of elementary figures, defined 
for the figures within a fixed figure Ro, and assuming values in a uniformly con- 
vex Banach space B. Let F be of bounded variation in Ro. Then F is differentiable 
almost everywhere in Ro. 


We first note that in proving the existence of F’(p) we may without loss 
of generality consider only those functions F(R) such that 


(13) \|F(R)|| = | R| 


for all R. Indeed, we have to prove that 


(14) lim —— 


exists, where J is an arbitrary cube containing the point p. Let B,=BX &,, 
where ||(x, é)|| = [||~|]?+72]*/2, and consider the function of figures Fi(R) 
= (F(R), | R|), whose range is in B,. The function F, satisfies our conditions, 
since B, is uniformly convex by Theorem 1, and also (13); hence, assuming 
the theorem proved in this case, we have almost everywhere that 


rie « te (F(D), | Z}) 


(pel 
rrr | 7] (pe ) 


exists. This, however, implies the existence of (14), which justifies our pre- 
liminary remark. 
We first show that the limit 


F(T) 


(15) ed Fall (pel) 


exists for almost all p. 
Given a point p, and e>0, we define 


A(p, €) = sup a[F(I), F(J’)], 


where J, I’ are arbitrary cubes with measure less than e containing p. Let 
A(p) =lim,..A(p, €). A necessary and sufficient condition that (15) exist is 
that A(p) =0. 
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Let ¢, e’>0 be fixed. Let Ro= LR R; non-overlapping elementary 
figures. By assumption the sums )~\_,||F(R,)|| have a least upper bound M 
for all choices of the R,; we fix this choice so that 


k 
(16) M— u |F(Ry)|| < e’. 


Let E=E {A(p) >2e}; then m*E =r, m*ER?. Each set ER? is covered 
(in the sense : of Vitali) by a set of cubes Tr ‘ ¢ RP, with 
(17) a[F(I‘), F(R;)| > e. 
Then by Vitali’s covering theorem there is a finite set of these, {J,} 
(j=1,2,---,m;), disjunct, with 
(18) >| 74 | > 4m*ERO = 4m*ER; (i = 1,2, ---, &). 
j=l 


Now by additivity 
F(R;) = > Fs) + F(R = >» 1), 
i i 
so that by (17) and the second corollary to Theorem 3 we infer 


Elecsll s S| Eilewll + |] e(Re Zz#)|| — lleceoll], 


25(€) 








or, adding these inequalities over 7, 


ET les 
s55| ELleanl+ ZI] r(x Dz4)|| - Cieceoil] 


~ 26(e) 


The sum of the first two terms in the bracket is <M; hence by (13) and (16) 
we can conclude that 


a’ 





Lditils 


28(e) 
which in conjunction with (18) gives us 
m*E = 2 w*ER. < 2d 2 Ti|< = 


t For a definition of a Vitali covering, and a proof of Vitali’s theorem, see, for example, Saks, 
loc. cit., pp. 33-36. 
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Since E is independent of e’, this implies mE=0, which in turn implies 
A(p) =0 almost everywhere. The existence of the limit (15) almost every- 
where has now been established. 

Now to arrive at the conclusion that the limit (14) exists, we again form 
the function F,(R) =(F(R), | R|) with range in space B, = BX €,. Since (15) 
holds almost everywhere, we have the existence of 

— (1), | Z|) 
lm ~-——- = lim ’ 
io ||F,(Z)|| wi (||F(Z)||? + | 7 |?) 
and hence that of both limits 
F(D) ; | 7| 
lim ’ lim 
uo (||F(Z)||* + | 7 |)" uo (||F()||? + | 7/2)" 
except for a null set. If the second limit does not vanish except for a null set, 
then (14) will follow. Now where the second limit vanishes, we have 
IF) 


19 li —— = + @ 
(19) - 7] 














But given any V >0 let Ey be the set on which 


FOI 
im sup 


>N. 
\Z|0 | 7| 





Then corresponding to every point peEy there is a set of cubes J‘9 p with 
|Z*|—0 and ||F(Z*)||>N|Z*|; by another application of Vitali’s theorem 
there is a finite set of these, non-overlapping, with 


> | T;| = im*En, 


which yields the estimate 
2 2M 
m*En = 2>>| T;| < y > |lF3)|| = V 


Thus (19) can only occur on a null set, and (14) exists almost everywhere. 
This completes the proof of Theorem 4. 


THEOREM 5. Under the hypotheses of Theorem 4, the derivative of F(R) is 
integrable in the sense of Bochner. 


Let Jo be a cube containing Ro, and for each positive integer k let I) be 
subdivided in symmetrical fashion into 2** sub-cubes, J*. Now in Jo define 
the functions F;(p) as follows: if p is interior to a cube J/¢ Ro, define 
F,(p) =F(I#)/|I#| ; for all other points of J, let F.(p) vanish. Then almost 
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everywhere in Ry we have lim;../:.(p) =F’(p), and, since the F; are “finite 
valued functions,” F’(p) is measurable as a consequence. Now to show that 
it is integrable we need only demonstrate* that the real function ||F’(p)||, 
which is also measurable, is integrable. Since || F.(p)||—>||F’(p)|| almost every- 
where, this will follow from the Fatou lemmaf if the integrals fz,!|F.(p)|| are 
bounded. But for each k, 


Jeol sf 


which completes the proof. 


|F7)|| 
F,(p)|| = i [| I} | 











M, 


THEOREM 6. Let ihe hypotheses of Theorem 4 be satisfied, and in addition 
let F(R) be absolutely continuous in Ro. Then F is the integral of its derivative; 
for every elementary figure Rc Ro, 


F(R) =f ro. 
R 


That F’(p) exists almost everywhere, and is a summable function, we 
have already seen; set G(R) =/,/'’(p) for each figure R¢ Ro. Bochner has 
shown{ that G’(p) exists and equals F’(p) almost everywhere; moreover G 
is additive and absolutely continuous. Then the function H = F —G is an ad- 
ditive absolutely continuous function of figures whose derivative vanishes 
almost everywhere. We assert that from this it follows that H vanishes iden- 
tically.§ Indeed, let R be any elementary figure, and let = be the set on which 
H'(p) =0. Let €>0 be chosen, and let 6(€) be the function whose existence is 
asserted in the definition of absolute continuity. The set R- = is covered 
(Vitali) by a set of cubes J for each of which we have 


(20) H(1) < 6(e)| |. 
Then by Vitali's theorem there is a finite set of these cubes, {J,}, disjunct, 
such that 


5(e) 5(e) 


mR-=z — > < m(R-Z- 01) < m>,I;< mR-Z + —» 


hy 


* Since Bochner’s integral is absolutely convergent. 

+ Cf. Schlesinger and Plessner, Lebesguesche Integrale und Fouriersche Reihen, Berlin, 1926, p. 91. 

t See the first cited paper of Bochner, p. 269. 

§ As the proof shows, this assertion is true if B is any Banach space. In fact, since Theorem 5 
employs the assumption of uniform convexity only to assert the existence of F’(R), we can say that 
if F(R) is an additive absolutely continv ous function from €, into any Banach space, which is differ- 
entiable almost everywhere, then F’(p) is integrable (Bochner), and F is its indefinite integral. 
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and as & includes almost all points of Ro, we may rewrite this suppressing the 
factor =, as 
6 6 
(21) me 9 < mk D1) 5 mED Ty < mR +. 
Now 
(Lie [RO VI) +R=Li+RE[ROLVE), 
so that by additivity and the triangle relation one has 
|4(R)| = Dla + ||aRo [RO Ds) 
+ ||A( 1,8 [RO Y7;))l. 
From (21) we deduce the inequalities 
{ m(R@ [R© 5 1;]) = mR — mR © DI; < 4(6), 
m( 21,8 [RO VI;)) = mV 1; — mR O VI; < 8); 


combining the relations (20), (21), (22), and (23), and remembering that 
mR’ < (ce) implies ||H(R’)|| <e, we infer that 


(22) 


(23) 


5(e) 
|| H(R)|| < 6(€) | mx + a + 2. 
As we may assume that 6(e) <e, this is arbitrarily small with e, ||H(R)|| must 
vanish, and the proof is complete. 


CorOLiARY. An additive function of elementary figures, with values in a 
uniformly convex space, which is absolutely continuous and of bounded varia- 
tion, can be extended to all measurable sets while preserving these properties, 
and in only one way. 

By astandard argument we can now prove, for point functions in the one- 
dimensional case, 


THEOREM 7. A function $(t) from an interval a<t<b into B, a uniformly 
convex space, which is of bounded variation, is (strongly) differentiable almost 
everywhere. The derivative, p'(t), is integrable (Bochner). If in addition $(t) is 
absolutely continuous, then* 


$(t) = g(a) + f $'(t)dt. 


We omit the proof, which presents no difficulty. 


* Compare G. Birkhoff, loc. cit., Theorem 26, which is the special case of Theorem 7 in which B 
is Hilbert space. The last assertion of this theorem appears to be in error. 
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The notion of a “continuous rectifiable curve” in a uniformly convex 
space may be defined in a manner quite analogous to the procedure for ordi- 
nary plane curves, and by using the “angle” a defined above, the notion of a 
“tangent” to such a curve may be made precise. We omit the details, but 
state without proof the following theorem, the demonstration of which may 


be made to depend directly on the preceding theory: 


THEOREM 8. A continuous rectifiable curve in a uniformly convex space 
possesses a tangent at almost all of its points. 


6. A GENERALIZATION. CONCLUSION 


It has been called to the attention of the author by J. von Neumann that 
the “differentiability properties” of the space expressed in the last five theo- 
rems remain true under a somewhat weaker assumption. It suffices to assume, 
not that the space B is uniformly convex, but merely that there can be de- 
fined a norm in the space, equivalent to the given norm (i.e., such that the 
notion of limit is the same with both), with respect to which the space is 
uniformly convex. The only point that is not immediately obvious in the 
verification of this statement is that the definitions of bounded variation and 
absolute continuity are equivalent with the different norms, and this is clear if 
we notice that when ||~/I,,, |||» are two equivalent norms, the ratio || x||, / |||» 
is bounded for ||«||20. 

It follows from this that these properties are possessed by all finite di- 
mensional Euclidean spaces with an arbitrary “Minkowski norm”; that is, a 
norm determined by any convex region centrally symmetric about the origin; 
since any such metric is clearly equivalent to the Euclidean metric. For ex- 
ample, all spaces /,* with a finite number, k, of coordinates, possess these 
properties. 

It may be proved directly without a great deal of difficulty that the space 
1, also possesses these properties. The proof rests essentially on the de- 
numerable coordinate system in space /;. If a function ¢(#), say from a real 
segment into (real) /;, is of bounded variation, then each of its components 
x;(t) is a real function of bounded variation, and the sum of their variations 
is finite. Then ¢(#) may be decomposed into the difference of two “mono- 
tone” functions by decomposing each of the x;(¢); by means of a theorem of 
Fubini, that a convergent series of monotonically increasing functions is 
term-wise differentiable, the result follows. 

A question which will naturally arise in the reader’s mind is whether 
“differentiability theorems” of the above nature can be proved under the 
still weaker assumption that the space B in question is strictly convex,* or 


* See the definition above. 

















































1936] UNIFORMLY CONVEX SPACES 413 


that a norm equivalent to the given norm exists with respect to which B is 
strictly convex. The answer to this question is negative: indeed, the essential 
role played by the uniformity assumption is clearly exhibited by the following 
theorem. 


THEOREM 9. Any separable Banach space may be given a new norm, equiva- 
lent to the original norm, with respect to which the space is strictly convex. 


We first demonstrate that the theorem is true of space C (the space of con- 
tinuous functions f(/) in the interval 0<¢<1, where ||f|| =max |f(¢)|). Let 
{t,} be a dense sequence of points in (0, 1); then as F. J. Murray has re- 
marked, the sequence of bounded linear functionals F,(f)=f(¢,) forms a 
“total” set in the space C conjugate to C; that is, the only element of space C 
for which all of these functionals vanish is the zero element. Now let the 
space C be renormed with the following definition: 


) 1 1/2 

ils = [Ile + lk] 
n=1 

it is readily verified that ||f||1 is a norm equivalent to ||f||. But suppose that 

for two non-vanishing elements f and g we have ||f+-g||1=||f|]:+]|g||1. This im- 

plies 


dial + lla? + 


ant 2 


1 1/2 
=| Fa(f) + Fr(g) | 


1/2 


~ 1/2 x 
- [ide + slecol] + llelt + Slew], 
and hence there exists a constant c>0 with cF,(f) =F ,.(g) (n=1, 2,---). As 
the sequence {F,,} is total, this implies that cf=g; i.e., the renormed space 
is strictly convex. 

Now let B be any separable Banach space. Banach has shown* that there 
is a closed linear manifold of space C which is in one-to-one linear isometric 
correspondence with B. Then the above defined renorming of C furnishes a 
means of renorming the space B in the manner required, which finishes the 
demonstration of the theorem. 

In the opposite direction we have 


THEOREM 10. None of the following spaces can be renormed so as to be uni- 
formly convex: space L; space M (bounded functions); space C (continuous 
functions); space m (bounded sequences) ; space c (convergent sequences). 


* Banach, loc. cit., p. 185. 
Tt For the precise definition of these spaces see, for example, Banach, loc. cit., pp. 9-12. 














414 J. A. CLARKSON 


It need only be verified that Theorems 4-8 do not hold in the spaces 
enumerated. Our above example, and the example given by Bochner, dispose 
of spaces L and M, and the property of space C used in the last theorem, 
that it is a “universal space” for all separable Banach spaces, together with 
our example in space L, furnishes an immediate proof for this space. The fol- 
lowing example, of an absolutely continuous (even Lipschitzean) function, 
from the interval 0</<1 into space c, which is not differentiable, even in 
the weak sense, at any point, settles the matter for space c; as this space 
forms a closed linear manifold of space m, the same example will do for the 
latter space. 

To construct the example, we first form the sequence /,,(¢) of real functions 
on (0, 1) as follows: 


t 0s¢8}), 

A) = \ ‘ » 

i—? (} St 1); 

C(t 4) GS 81). 
The function ¢(¢) from (0,1) into space ¢ is now defined by setting 
o(t) = {filt), felt), - -- }. We leave to the reader the simple verification that 


$(t) possesses the required properties. 

The conjugate space of c is the separable space /,. We see, then, that this 
property, separability of the conjugate space, is neither necessary nor suffi- 
cient for differentiability properties of the type discussed above, thus answer- 
ing in the negative a question posed by G. Birkhoff* in his paper referred to. 





* Loc. cit. p. 378. 
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REMARKS ON THE PRECEDING PAPER OF 
JAMES A. CLARKSON* 


BY 
NELSON DUNFORD AND ANTHONY P. MORSE 


1. In the preceding paper Clarkson has introduced the interesting con- 
cept of a Banach space X with a uniformly convex norm and has shown that 
for such spaces the following theorem holds. 


THEOREM. Jf the additive function F(R) which is defined for elementary 
figures R contained in a fixed figure Ro in Euclidean space of n dimensions and 
has its values in the Banach space X, is of bounded variation,{ then it has a de- 
rivative F’(P) for almost all points P in Ro. F'(P) is summablet on Ro and if 
F(R) is absolutely continuous§ then for every elementary figure R in Ry we have 


F(R) = f F'(P)dP. 
R 


In this paper it is shown that the theorem holds for all Banach spaces X 
with a base] {¢,} which satisfies the following postulate: 


(A) If a1, a2, --- is any sequence of real numbers such that sup,||>__,@@il| 
<0, then the series >)” 1a.@; converges. 


It is obvious that /, (p=1) or any Hilbert space satisfies (A). 

In §3 it is shown that L, (p>1) does likewise. The method of proof is 
entirely different from that of Clarkson. In §4 it is shown that if X is any 
Banach space having the property that every function on a linear interval 
to X,which satisfies a Lipschitz condition, is differentiable almost everywhere, 
then also every function of bounded variation from the linear interval to X is 
differentiable almost everywhere and its derivative is summable. 

2. Proof of the theorem. It should first be noted that it is no loss of gen- 
erality to assume besides (A) the property 


n+l 


p » aidi 


i=1 


n 


pi aii 


i=1 


(B) 


IIA 


for any constants a;,i = 1,2,---:. 


























* Presented to the Society, April 11, 1936; received by the editors February 16, 1936. 

T Le., >. ||F(Ro)|| is bounded for all finite sets of non-overlapping elementary figures 
Ri, +++ , Ry contained in Ro. 

t Here, as well as elsewhere in this note, the concept of summability is that of Bochner or of 
Dunford. The two notions are equivalent. 

§ Le., limjrzj-oF (R) =0. 

{] See Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 110. 
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This is made evident by the following two considerations. If a Banach space 
Y is isomorphic* to X then the theorem holds for X if and only if it holds for 
Y. Now associated with X is a space Y composed of all sequences y= {;} such 
that 3°" nid; converges. If the metric in Y is defined by |||] =sup,||>>"_,n@4| 
thent Y is a Banach space and isomorphic to X. By taking y, = {n# } where 
n* =0 if k¥i, nf =1, it is easily seen that y,; forms a base for Y which has 
the properties (A) and (B). Thus it will be assumed in what follows that X 
has the properties (A) and (B). Now 


F(R) = 2) ai(R)9i, 
i=1 

where the coefficients a;(R) are given by means of the limited linear func- 
tionalst 7; defined on X according to the equation a;(R) =7,F(R). Thus it is 
immediate that the functions a,(R) are additive, real functions of bounded va- 
riation with summable derivatives a/ (P). The functions F,,(R) =>) ,_,2(R)o: 
thus have derivatives F,! (P) =>, ,_,a/ (P)@; summable on Ro. Let V(F,, R) 
be the total variation of F, on R, then the positive real function S,(R) 
= V(F,, R) is additive and of bounded variation on Ro with S,(R) =||F,.(R)||. 
Hence S,’ (P)=||F,’ (P)|| and thus 


1 V(F,, R) = S,(R) = | S/(P)dP = | MNF! (P)\\aP. 

(1) (Fa, R) (R)z f ss) fire 

Now from postulate (B) and (1) 

(2) = |IF(P)|| Ss |Fu.(P)|I, f Fv (P)||dP < V(F,, Ro) S V(P, Ro). 
Ro 


If we let b(P) =lim,]||F,/ (P)||, the inequality (2) shows that b(P) is summable 
and hence finite almost everywhere. Postulate (A) then insures the conver- 
gence of the series 


G(P) = Do ax (P)bn 
n=1 
for almost all P in Ro. Since |G(P)|| =b(P) and G(P) is measurable it is sum- 
mable on Ro. It will now be shown that G(P) is the derivative of F(R). To do 
this we need the following lemmas which, in the case of real-valued functions, 
are well known. 


* Banach, loc. cit., p. 180. 
t Banach, loc. cit., p. 111. 
t Banach, loc. cit., p. 111. 
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Lemma 1. Let G(R) be an additive function of bounded variation defined for 
elementary figures R contained in a fixed figure Ro and with values in an arbi- 
trary Banach space. Then G(R) has a derivative equal to zero at almost all points 

; of Ry if and only if for every €>0 there is an open set Ein R? with measure less 

4 than ¢ such that V(G, E)=V(G, R&). 

By the variation V(G, D) of G on an open set D in ~ is meant the upper 

bound of all finite sums ._,||G(R;)|| where Ri, Re, - - - , Ry are non-overlap- 

ping elementary figures in D. Now suppose | E| <e and VG, E)=V(G, R?). 

Define S(C) = V(G, C) where C is either an open set or an elementary figure 

and let R, be a sequence of elementary figures such that 


R,¢ Rayic Ek, S(R,) > S(E). 
Let R, =R°—R,, E’=RE 

















—E, so that 





S(R®) = S(R,) + S(RL) = S(R,) + f. S'(P)aP. 






Thus since R,’ > E’ we have 


S(R®) = S(R,) +f S'(P)dP 






f S’(P)dP S S(R&) — S(R,) > 0. 
FE 


5 Whence it follows that S’(P)=0 almost everywhere on £’, and since 
| Ro—E’| <e we conclude that S’(P)=0 almost everywhere on Ry which 









implies G’(P) =0 almost everywhere on Ro. 
: To prove the converse let.» >0 and let Ri, Re, - - - , Ry be non-overlapping 
- elementary figures contained in R? with 
ER |>| Rl - 5 wines D le(Rol 2 VG, R®) — 2. 
x i=] 
F 
: Now define the set E, as follows: a point P is in E, if for every cube J con- i 
4 taining P with | /| <1/n it follows that ||G(Z)||/|Z| <n. Thus the set lim E, 
t contains all points at which G’(P) =0, i.e., almost all points in Ryo. Hence 






lim E se ,R? contains almost all points « of : wl R?. Consequently there is an 
no and a closed set C contained in heh Re? ‘for which |C| >| Ro| —e. Thus 
Ce" _R? and ||G(J)||/|Z| <n for any cube I containing a point of C and 
having || < 1/ no. Let d be the distance from C to the boundary of ll Re 
and J;, Iz, - - - , 1; be non-overlapping cubes satisfying the conditions 
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l 
Do 1i2>Ro; =| Ti] S 1/0, diameter I; < d, (§=1,2,---,d. 
i=1 
Define 6; (j=1, 2,---, 2) to be 0 or 1 according as J;C is null or non-null 
and let 6/ =1—6;. Now D=D(e, n), the complement of C with respect to R,?, 
is open and since R,J ; (j=1, 2, - - - ,/) is null or a cube if 5;=1, it follows that 


k l 


VG,R°)-—ns > |G(Rd|| = DD |lecrz)|| 


i=] j=1 


< ELalecsy| + ¥ Dae) 


i=1 j=1 il jal 


k l 
< ¥ Ya Ril;| + VG, E) S | Ro| + VG, D). 
i=1 j=l 


® ,D(€/2", 1/n) the conclusion is immediate. 


By defining E=)> 

Lemma 2. If F(R) is an additive function of bounded variation defined for 
elementary figures R contained in a fixed figure Ro with values in a Banach space 
satisfying postulates (A) and (B) then there exist additive functions a(R), B(R) 


such that 
F(R) = a(R) + B(R), 

a(R) is an indefinite integral and B(R) has a derivative equal to zero almost 

everywhere on Ro. 

Let F(R) =>. 


a(R) = f (x a! (P)6.\aP, 8(R) = F(R) — a(R). 
R 


i=1 


a;(R)@; and define 


If we write B(R)=D0" b:(R)d: and denote D>" b:(R)d: by B,(R) then 
8, (P) =0 almost everywhere on Ry. Take e>0 and let (Lemma 1) E, be an 
open set with | Z,| <¢/2" such that V(B,, E,)=V(Bn, R®) (n=1, 2,---). 
Let E=E£,+E,+£;+ ---.Now the | £| <eand V(8,, E)=V(B,, R&). Since 
V(6,, R?)-V (8, R&) by semi-continuity,* we have 


V(6, E) = V (Bn, E) “= V(B, Ro’). 


Hence V(8, E) = V(8, R?) so that by Lemma 1, 8’(P) =0 almost everywhere 
on Ro. This completes the proof of Lemma 2. 
Returning to the argument of the theorem itself we see immediately that 


* It is well known that the relation 3, (R)—>8(R) for RC Ro implies lim inf, V (8,, Ro) =V(B, Ro). It 
is likewise readily seen that lim inf,V(6,, R?)=V (8, R®). 
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F(R) has a derivative F’(P) =G(P) almost everywhere on Ro. This follows 
from the fact that a(R), being an indefinite integral, is differentiable with 
a’(P) =G(P) almost everywhere on Ro. Now if F(R) is absolutely continuous 
so are the functions a;(R) and hence 


sf F’(P)dP = To T; f F'(P)dP = v4: f T;F'(P)dPt 
R t=1 R 


i=1 


eo 


= Doi f of (Par = D a(R)-4: = FR) 
i=l i=1 
for every elementary figure R in Ro. 

3. Ly(p>1) has the property (A). Let {¢;} be the orthonormal sequence 
of Haar. Schaudert has shown that {¢;} is a base for L, (p21). The 
sequence {¢;} also determines the sequence {7;} of linear functionals on L, 
by the formula 


Tw = f biltW (dt. 


If p>1 this sequence forms a fundamental set in L, (the space conjugate to 
L,) in the sense that every point in L, can be approached by finite linear com- 
binations of the elements of the sequence {7;}. Now suppose ai, a2, --- isan 
arbitrary sequence of real numbers such that ||x,|| is bounded, where 
Me =D aidi. We have 


(5) T ;%n = da, (i = n), 


and so§ x, isa weakly convergent sequence in L,. Since L, is weakly complete 
there is a point x =>... ,lixgi in Ly such that Tx,—Tx for every T in Ly. Now 
from (5) a;=lim, Ta,= Tx and so x =P a; which was to be proved. 

4. Differentiability of functions of bounded variation. It is the purpose of 
this paragraph to prove the final assertion in the introduction. Let f(#) be of 
bounded variation on (0, 1) to X, and let E be the set of functional values of 
the strictly monotone real function 


o(t) = t+ V(f; 90,4), (0s¢S 1). 
The symbol V(f; a, 6) stands for the total variation of f on a<i<b. Let r(s) 


+ For the interchange of 7; and fp see Garrett Birkhoff, these Transactions, vol. 38 (1935), 
p. 371. 

t J. Schauder, Eine Eigenschaft des Haarschen Orthogonalsystem, Mathematische Zeitschrift, vol. 
28 (1928), pp. 317-320. 

§ Banach, loc. cit., p. 133, Theorem 1. This theorem needs to be modified so as to apply to weakly 
convergent sequences rather than sequences weakly convergent to a point. 
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on E to (0, 1) be the inverse of o(¢) and let g(s) be defined on E by the equa- 
tion g(s) =f(r(s)). Now for any two points s <s’ in E, 


lle(s’) — g(s)|| < V(f; r(s), 7(s’)) 
r(s’) — r(s) + V(f; 7(s), 7(s’)) 
a(r(s’)) — o(r(s)) = s’ — ss. 


By first extending the domain of definition of g(s) to E (the closure of E) in 
the natural way and then in a linear fashion on each of the intervals which 
make up the complement of E with respect to the interval 0<s<1+V(f;0, 1) 
it is seen that the extended function satisfies the same Lipschitz condition 
(6) on the whole of 0<s<1+V(f; 0, 1). Thus g(s) has a derivative almost 
everywhere on (0, 1+V(f; 0, 1)) and hence almost everywhere on E with re- 
spect to E. Now 7(s) satisfies the Lipschitz condition |7(s’) —r(s)| <|s’—s]|, 
and hence if we let E* be those points of E at which g has a derivative with 
respect to E we have m[r(E—E*) |=0. That is, for almost all ¢ in (0, 1) the 
point o(¢) is in E*. Thus for almost all ¢ in (0, 1) we have 

L + h) — f(t) = g(o(t +h))— g(a(t)) ‘ a(t + h) — a(t) 


(6) 


IA IA IA 





li m im 
h—0 h ro a(t + h) — a(t) t-0 h 


g(o(t))-0'(t), 
so that f(t) has a derivative at almost all points of (0, 1), and since this de- 
rivative is the product of a bounded measurable function and a real summable 
function it follows that f’(#) is summable. 
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THE SPACE OF FUNCTIONS OF BOUNDED 
VARIATION AND CERTAIN GENERAL 
SPACES* 


BY 
C. RAYMOND ADAMS 


1. Introduction. With usual interpretations of addition, multiplication 
by a real number, and equality, the space (BV) of functions x(¢) of bounded 
variation on the intervalf (0,1) is a vector space.{ Various writers§ have in- 
troduced a metric by defining the norm ||x|| and the distance function (x, y) 
as follows: ||x||=|x(0)|+7¢ (x), where T(x) designates the total variation 
of x(¢) on (0,1); (x, y)=||x—¥y||. Thus metrized, (BV) is a Banach space (or 
space of type (B)); so also are its subspaces (CBV), composed of the continu- 
ous functions in (BV), and (AC), composed of the absolutely continuous 
functions. Although with this metric (AC) is a separable space, neither (BV) 
nor (CBV) is. 

Indeed|| Banach and Mazur, loc. cit., have noted that (“ersichtlich”) 
every set in (BV) whose cardinal number is less than that of the continuum 
is non-dense in (BV). The reasoning may run as follows: let x,(t) (0<h<1) 
be the characteristic function of the point t=; then for 4,;+/. we have 


(%n,, Xn.) = Td (x4, -—Xn,) =4, and there exists a continuum of disjoint spheres] 
K(a,, 1) ¢ K(@, 3); hence an arbitrary sphere K(x, r) ¢ (BV) contains a con- 
tinuum of disjoint spheres K(rx,/3+4, r/3). For (CBV), as well as for its 
subspace (CS) of continuous singular functions, the same property can be 
demonstrated in a similar way by the aid of some results due to Wiener and 


* Presented to the Society, April 11, 1936, under a slightly different title; received by the editors 
March 10, 1936. 

¢ The interval (0, 1) is always understood to mean 0S#S1. 

{In this paper we generally employ the terminology and notation of Banach, Théorie des 
Opérations Linéaires, Warsaw, 1932. 

§ These include Hahn, Uber Folgen linearer Operationen, Monatshefte fiir Mathematik und Phy- 
sik, vol. 32 (1922), pp. 3-88; Plessner, Hine Kennzeichnung der totalstetiger Funktionen, Crelle’s 
Journal, vol. 160 (1929), pp. 26-32; Hildebrandt, Linear functional transformations in general spaces, 
Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 185-212; Banach and Mazur, 
Zur Theorie der linearen Dimension, Studia Mathematica, vol. 4 (1933), pp. 100-112; and Gergen, 
Note on linear operations in functions of bounded variation (abstract), Bulletin of the American 
Mathematical Society, vol. 40 (1934), p. 657. 

|| We are indebted to J. A. Clarkson for a suggestion in connection with the contents of this 
paragraph, which was added August 24, 1936. 

{ In general the zero-element of a space will be designated by 0. 
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Young.* Perhaps the simplest procedure is to define x(¢) on (0, 3) as Wiener 
and Young’s modification (loc. cit., §6) of Cantor’s ternary function, on (3, 1) 
as x(1—2), and elsewhere as the (continuous) periodic continuation. Then, 
allowing x,(¢) to stand for x(t+h), we have (2p,, Xn.) = (Xhy-ny, X) =2T 9 (x) =2 
for O0<hy<he< 1. 

One would expect the lack of separability to lead to difficulties in handling 
certain questions concerning (BV) and (CBV), including that of determining 
the form of the general linear functional} (i.e., real-valued linear operation) 
on (BV). 

In recent papers by Clarkson, Lewy, and the present writer considera- 
tion has been given to a sequence of functions x,(¢) (n=1, 2,---), of 
bounded variation, subject to the following conditions: (i) x,(¢) tends every- 
where on (0,1) to a limit function x(t)e(BV),as n—© ; and (ii) T7¢ (x,) T(x) 
for (ii’) Ld (x,)—-Ld (x), where Li (x) denotes the length, in the sense of 
Peano, of x(t) on (0, 1) |. To describe this situation the notation x,,(¢) —v—x(#) 
[x,,(¢)—l—x(t) ] was introduced, the symbol —»—[—/—] being read “con- 
verges in variation” [“converges in length” ]. These studies naturally lead 
one to contemplate the possibility of defining a metric for (BV) in such a 
manner that convergence in the metric will have a meaning as close as possi- 
ble to convergence in.variation or to convergence in length. From this stand- 
point the following four metrics all invite attention: 


(x,y). = f ' x(t) — y(t)| dt +| To(x) — Td (y) |, 


(x, ye f | x(t) — y(t) | dt + | Lo (x) — Lo (y) | , 


(x, y)a = sup | x(t) — y()| +! Ti (x) — TH (y)|, 
(x, y)s = sup | w(t) — y(t)| +| Lot (x) — Le (y) |. 


Among these metrics the relations (x, y): S (x, y)s, (x, y)e S (x, y)s for every 
x, ye(BV) are apparent. With the metric (x, y)s [(x, y)s] each point of the set 
(DBV) (i.e., each discontinuous function of bounded variation) is the center 


* Wiener and Young, The total variation of g(x-+-h)—g(x), these Transactions, vol. 35 (1933), 
pp. 327-340. An independent proof of the non-separability of (CBV) and (CS) has been constructed 
by A. P. Morse on the basis of results and methods contained in his paper On convergence in variation, 
to appear shortly in these Transactions. 

t Cf. Gergen, loc. cit.; his form for the functional is f(x) =} K(x, t)dx(t). 

t Adams and Clarkson, On convergence in variation, Bulletin of the American Mathematical 
Society, vol. 40 (1934), pp. 413-417; Adams and Lewy, On convergence in length, Duke Mathematical 
Journal, vol. 1 (1935), pp. 19-26. Hereinafter these papers will be referred to as I and II respectively. 
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of a sphere containing no points* of (CBV), in marked contrast to the fact 
that a sequence of continuous functions may converge in variation [length | 
to a discontinuous function. 

We observe that the relation x, —v—x implies (x,, x):—0; for the func- 
tions x,(¢) are uniformly bounded and tend to x(#) everywhere on (0, 1). 
Conversely, when x(é) is continuous on (0, 1), the relationf (x,, x):—0 implies 
X,—v—>«x; this may readily be proved by aid of Theorem 3 of I and the fact 
that every subsequence of x,(#) contains a subsequence which converges 
almost everywhere. If, however, we have (x,, x):—0 and x(#) is discontinuous 
at even a single point, x,(/) may fail to converge to x(f) at every point in 
(0, 1); this may be shown by a trivial modification of a familiar type of ex- 
ample illustrating a sequence which converges in the mean without con- 
verging anywhere.{ Thus, although in the space (CBV) the two kinds of 
convergence are equivalent, in the space (BV) convergence in the metric 
(x, y)1 is a somewhat weaker condition than convergence in variation. 

Precisely the same statements hold for the implications, or lack of the 
same, between convergence in length and convergence in the metric (x, y)e. 

As for the relationship between convergence in the metrics (x,y); and 
(x,y)2, we see that when x(é) is continuous on (0, 1), (#,, x)2—0 implies 
X,—l—x, which by Theorem 1 of II implies x,—v—x, which implies 
(x,, x): 0. The condition (x,, x)2—0 fails to imply (x,, x):—0, however, 
when «x(¢) has even a single discontinuity; this may be seen by slightly alter- 
ing an example given in §5 of I, merely introducing a suitable jump in the 
limit function (there called f,) at =1. From Theorem 1 of II it is clear that, 
even in the space (AC), (x,, x):—0 does not imply (x,, x)2—0. 

With either of the metrics (x, y)3 and (x, y), the spaces (BV), (CBV), and 
(AC) are not complete and not even locally compact. To verify this one need 
consider only such a simple example as a sequence of polygonal functions all 
having the same total variation and the same length on (0, 1) and converging 
uniformly to «(¢)=0. 

With the metric (x, y):, however, every bounded portion of (BV) is com- 
pact. For the set of functions x(é) satisfying the condition (x, @):= / ‘| a(t)| dt 


* See the corollary to Theorem 4 of I and the corollary to Theorem 2 of II. 
+ Each continuous function of bounded variation is an element of the metric space (BV), me- 
trized with (x, y):; on the other hand an element of (DBYV) is not a single discontinuous function 
but a class of such, any two functions in this class being equal almost everywhere and having the 
same total variation. Here and throughout the remainder of the Introduction, if the sequence x, x, 
%2,- + + contains discontinuous functions, it is really non-essential whether one regards the relation 
(xn, x): 0 [(xn, x)20] as a condition on a sequence of single functions or on a sequence of classes 
of (metrically equal) functions. 

t See, for instance, Titchmarsh, The Theory of Functions, Oxford, 1932, p. 390, Example (ii). 
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+T (x) <M is clearly of uniformly bounded variation and hence is readily 
seen to be uniformly bounded. By a well known theorem of Helly,* this set 
contains a sequence x,,(¢) converging everywhere to a function x(¢)e(BV), and 
by Lebesgue’s convergence theorem x,(#) converges in the mean to x(#). But, 
the sequence 7,}(x,) being bounded, it contains a subsequence 7; (x,,) 
convergent to a limit +; and by aid of the semi-continuity property,f 
lim inf T¢ (x,,) =T¢ (x), we infer r=>7¢ (x). Redefining x(0), if necessary, so 
that 73 (x) =r, we have (x,,,«):—+0 and the compactness is proved. The com- 
pleteness of the space follows at once. Since uniform boundedness of the 
lengths of a set of functions implies that condition on their total variations, 
and since length also enjoys the semi-continuity property,? the same sort of 
reasoning can be employed to establish the same results for (BV) metrized 
with (x, y)e. 

With either metric (x, y); or («, y)2 the space (BV) is separable; indeed 
there exists a denumerable subset of (AC) which is dense in (BV). For each 
metric this assertion may be established as follows. If x(¢) is any function 
in (BV), it can be approximated} in the metric by an inscribed polygonal 
function y(#). But any such function can obviously be approximated in the 
metric by a continuous polygonal function z(#) whose “corners” have rational 
coordinates. Clearly the functions z(¢) are a denumerable subset of (AC). 

These considerations make it apparent that, of the four metrics in ques- 
tion, the first two are to be preferred above the last two. Of (x, y), and (x, y)e, 
only the former enjoys the homogeneity property (ax, ay)=|a| -(x, y), for 
every real number a and every x, ye(BV), a property whose importance will 
become amply evident in §2. Henceforth in this paper the metric (x, y); will 
always be employed for (BV) unless the contrary is expressly stated. From an 
example given in §5 of I it is clear that convergence in this metric, even when 
we restrict ourselves to the space (AC), is not in general an additive property. 
We therefore devote §2 to the development of certain elementary properties 
of spaces which are more weakly conditioned by postulate than are the spaces 
considered in Banach’s book (loc. cit.). Although motivated by our present 
needs, the discussion contained in §2 may be of some intrinsic interest, deal- 
ing as it does with spaces in which the translation property (x, y) = (x—y, @) 
is absent, the relation lim (x,+y,)=lim x,+lim y, does not in general hold, 
continuity of an additive and homogeneous operation at one point does not 
imply continuity everywhere else, and continuity of such an operation over a 
space does not imply uniform continuity. In §3 we make a few remarks of a 


* Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Wiener Akademie, vol. 121, 
IIa (1912), p. 283. 
Tt See §2 of IT. 
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more or less geometric nature concerning the space (BV). In §4 we consider 
functionals on certain general spaces, and in §5 continuous functionals on the 
space (BV). So far as we are aware, this is the first instance in which the gen- 
eral form of an additive and uniformly continuous functional is determined 
for a space not of Banach type. 

The interesting question as to the general form of an additive functional 
which is continuous without being uniformly continuous now arises, appar- 
ently for the first time. This problem seems to call for a method of treatment 
essentially different from that introduced by F. Riesz* in 1909, and at pres- 
ent we have nothing to contribute to its solution. 

2. Certain general spaces. Consideration of (BV) metrized with the dis- 
tance function (x, y); immediately focusses attention upon the meaning of 
the term equality in vector and metric spaces. The desirability of treating this 
notion postulationally has been remarked, both in printf and otherwise, by 
various persons. We do not propose to concern ourselves here with postulate 
theory and in particular shall not investigate questions of independence, but 
it is essential that our assumptions be clearly understood. For that reason 
we begin with definitions of vector and metric spaces, placing special empha- 
sis on the notion of equality in the two cases and making a sharp distinction 
between vector equality and metric equality. 

It may be worthwhile at the outset to state our own viewpoint, which is 
essentially as follows: for a given space the choice of a distance function im- 
poses a definition of metric equality; with this meaning for equality the space 
may not be a vector space; nevertheless, with a suitable definition of vector 
equality, it may become a vector space; there is no logical reason why these 
two kinds of equality must necessarily be the same. 

Onet might wish to metrize, for example, a space of periodic functions 
having the same period, in such a way that two functions differing only in 
phase constant would be indistinguishable (i.e., metrically equal); whereas, 
when two functions were to be added, a distinction (provided by vector 
inequality) would have to be made between any two functions not identical. 
Our viewpoint may sometimes be useful in physics; in fact the “new non- 


* F. Riesz, Sur les opérations fonctionnelles linéaires, Comptes Rendus, Paris, vol. 149 (1909), 
pp. 974-977. 

{ See Michal, A critique of the postulate systems for abstract vector spaces and abstract Hilbert 
spaces (abstract), Bulletin of the American Mathematical Society, vol. 39 (1933), p. 881; Taylor, A 
reduced set of postulates for abstract Hilbert space, ibid., vol. 41 (1935), pp. 439-448, especially footnote 
on p. 439; and Highberg and Taylor, An independent set of postulates for abstract linear spaces (ab- 
stract), ibid., vol. 41 (1935), p. 802. 

t The addition (August 24, 1936) of this paragraph was prompted by Koopman’s review, cited 
below. 
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relativistic point of view” of Dirac* in quantum mechanics is, to say the 
least, susceptible of an interpretation bearing a close analogy to ours. He 
now uses the term “state” to refer to the condition of a dynamical system 
at one instant of time, and considers the aggregate of states of a particular 
system as constituting a vector space. In this space we understand the ele- 
ment to be a single state, equality between states meaning identity and being 
analogous to our vector equality; and the law of combination is a “super- 
position” of two states the result of which is a third state whose relationship 
to the first two is expressible linearly, with complex numbers for coefficients. 
At the same time his “further assumption that by superposing a state with 
itself” one can form “only the original state over again” seems to imply an 
indistinguishability (between ay and ) analogous to our metric equality. 


DEFINITION 1. A class E of elements is said to constitute a vector space 
when the following postulates are satisfied: (1) to each ordered pair of ele- 
ments x, yeE there corresponds an element of E designated by x+y and called 
the sum of x and y; (2) to each real number a and each element xe£E there 
corresponds an element of E designated by ax and called the product of x by a; 
(3) there exists a relation called vector equality and designated by the sym- 
bol = such that if x, y is any ordered pair of elements in E, either x bears this 
relation to y (in which case we write x=y) or it does not (in which case we 
write x~y); (4) the relation = is reflexive (i.e., x=x for every xeE), sym- 
metric (i.e., x=y implies y=~x), and transitive (i.e., x=y and y=z together 
imply x=2z); and (5) with respect to this relation = , the sum and product ful- 
fill the conditions x+y=y+2, x+(y+2)=(x+y)+2, x+y=x+2 implies 
y=, a(x+y) =ax+ay, (a+b)x=ax+bx, a(bx) =(ab)x, 1x=x, where a, b are 
any real numbers and 2, y, z any elements in E. 


We recall that in a vector space E there exists a zero-element 0 (unique 
in the sense determined by vector equality) having the properties: x+0=x 
for every xeE; a0=80 for every real number a. 


DEFINITION 2. A class E of elements is said to constitute a metric space 
when the following postulates are satisfied: (1) to each ordered pair of ele- 
ments x, yeE there corresponds a real number called the distance from x to y 
and designated by (x, y); (2) there exists a relation called metric equality (or 
metric equivalence) and designated by the symbol ~ such that if x, y is any 
ordered pair of elements in E, either x stands in this relation to y (we then 


* Dirac, The Principles of Quantum Mechanics, 2d edition, Oxford, 1935, especially Chapters I, 
II. In the language (punctuation included) of his reviewer (Koopman, Bulletin of the American 
Mathematical Society, vol. 42 (1936), p. 472), “The point of view is to regard the aggregate of states 
of a system somehow as forming a linear vector space, the elements of which both are and are not 
the states (there is an indeterminate phase factor!), and --- .” 
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write xy) or it does not (we then write x not ~y); (3) the relation = is 
reflexive, symmetric, and transitive; and (4) with respect to this relation ~, 
the distance function satisfies the conditions (x, y)=0 for xy, (x, y) >0 for 
x not ~y, (x, y)=(y,x), (x, 2)S (x, y)+(y, 2) (the triangle postulete), for any 
elements x, y, zeE. 


We observe that in a metric space E, for any x, y, zeE, 
(2.1) aay implies (x, z) = (y, 2). 
This follows at once since we have 
(x, 2) < (x, ») + (y, 2) = (42) S (y, 2) + (a, 2) = (2,2). 


The statement that U(x) is an operation defined on a space E with coun- 
ter-domain in a space £’ (or more briefly, on E to E’) is commonly understood, 
and we shall so understand it, to mean that to each element xeE there corre- 
sponds an element U(x)eE’. The following postulate, which appears to have 
been tacitly assumed by some writers, we impose explicitly. 


PostuLaTE 1. An operation U(x) shall be said to be defined on a vector 
space E to a like space E’ only if x= yeE implies U(x) = U(y)eE’. 


For our present purposes it seems desirable (although it may not always 
be so) to impose also 


PosTULATE 2. In a vector metric space E the relation x=y shall imply 
x™y, for x, yeE. 


DEFINITION 3. Ina vector metric space we define the norm of any element 
x, written ||-||, as («, 4). 


DEFINITION 4. An operation U(«) on a metric space E to a like space shall 
be called continuous at x when for x,, xeE 


(%,, x) ~ 0 implies (U(x,), U(x)) - 0; 


continuous on E when it is continuous at every point of E; and uniformly 
continuous on E when for every Xn, yne£ 


(Xn, Yn) 7 0 implies (U(xn), U(yn)) 0. 


THEOREM 2.1.* Let U(x) be an operation on a metric space E to a like space. 
If U(x) is continuous at a point xeE and x™y, a necessary and sufficient condi- 
tion that U(x) be continuous at yis U(x) =U (y). 


* If operations not everywhere continuous were to be considered, one would probably find it 
desirable to replace this theorem by the following analogue of Postulate 1: an operation U(x) shall 
be said to be defined on a metric space E to a like space E’ only if xyeE£ implies U(x) SU (y)eF’. 
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Proof. For the sufficiency, let x, be any sequence such that (x,, y) 0; then 
(x,, x) 0, which implies (U(x,), U(x))=(U(«,), U(y))-0. For the neces- 
sity, we have both (x, y) 0 and (x,, x) 0; hence both (U(x,), U(y)) 0 and 
(U(x,), U(x))—0, and (U(x), U(y))=0 follows from the triangle postulate. 

The space of real numbers, with the usual interpretations, is a Banach 
space; we designate it by (A). 

DerinitTion 5. A vector metric space E in which the metric has the addi- 
tional propertyt 


(2.2) (ax, ay) =| a| (x, y) for every ae(A); every x, yeE, 
shall be called a space of type (a*). 


It may be observed that in a space E of type (a*), the relation ax y 
(0#ae(A);x, yeE) implies x (1/a)y. Addition of metric equalities is not in 
general permissible, however, even when the space is more strongly condi- 
tioned (as it will be later when spaces of types (a**) and (a) are introduced). 


DEFINITION 6. An operation U(x) on a vector metric space E to a like 
space shall be called strongly additive when 


U(x + y) = U(x) + U(y) for every x, yeE; 


weakly additive when 


U(x + y) & U(x) + *U(y) for every x, yeE; 
strongly homogeneous when 
U(ax) = aU(x) for every ae(A), every xeE; 
and weakly homogeneous when 
U(ax) & aU(x) for every ae(A), every xeE. 
THEOREM 2.2. Let U(x) be an operation on a space E of type (a*) to a like 


space.t If U(x) is weakly homogeneous and uniformly continuous on E, it satis- 
fies a Lipschitz condition 


(2.3) (U(x), U(y)) S M-(x, y) for every x, yeE. 
Conversely, it is clear that if U(x) satisfies (2.3), itis uniformly continuous on E, 


Proof. In the absence of such a constant M, there would exist sequences 


+ The independence of this property is shown by (BV) metrized with (x, y)2. 

¢ It may be noted that the following less restrictive hypotheses on the spaces are sufficient for 
the validity of this theorem: each space to be one in which multiplication of an element by a real 
number is possible (i.e., merely propexty (2), Definition 1, of a vector space), and to be a metric 
space in which the metric has the homogeneity property (2.2). 
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Xn, YneE such that (U(x,), U(yn)) >: (Xn, Yn), With (x2, yn) >O by Theorem 
2.1. Designating by X,, Y, respectively the elements 
1 
anpteeniinny i ietilamins 
(Xn, Yn) (Xn, Vn) 











yneE ’ 







we have by (2.2) 






1 
(X,, Yn) = —— 0. 


n 









Since U(x) is uniformly continuous, this relation must imply (U(X,), U(Y»)) 
—0. But, U(x) being weakly homogeneous, we have by (2.1) for all , 


aes 
Wn, Yn) (Hay Yn) 


(U(xn), U(yn)) > 1. 





(U(Xn), U(x) 








N(Xny Yn) 





From this contradiction follows condition (2.3). 






THEOREM 2.3. Let U(x) be an operation on a space E of type (a*) to a like 
space. If U(x) is strongly additive and weakly homogeneous on E and continuous 
at 6, it satisfies a Lipschitz condition at the point 0, 


(2.4) || U(x)|| < Mg. || «\| for every xeE. 






Conversely, it is clear that if U(x) satisfies (2.4), it is continuous at 0. 


i 
: Proof. From the strong additivity of U(x) we have U(x)=U(x+8) 
= U(x)+U(6); hence U(@)=6’, the zero-element of the counter-domain. 






We may then employ the same kind of argument as in the proof of Theo- 






; rem 2.2 to obtain the condition (2.4). 
: Coro.iary. Let U(x) be an operation on a space E of type (a*) to a space 
E of type (F) (sense of Banach). If U(x) is additive and homogeneous on E and 





continuous at 0, it satisfies the condition 


: (U(x), U(y)) S M,.||x - y|| for every x, yeE. 






DEFINITION 7. Let U(x) be an operation on a space E of type (a*) to a 
like space. If U(x) satisfies a Lipschitz condition (2.3), we designate by 
modg U, the modulus of the operation U(x) on E, the smallest number M for 
which (2.3) holds. If U(x) satisfies the condition (2.4), we designate by || U|| z, 
the norm of the operation U(x) on E, the smallest number M, for which (2.4) 
is fulfilled. 
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If U(x) is weakly homogeneous, it is clear from (2.1) and (2.2) that for 
every ae(A) and every x, yeE we have 
(U(ax), U(ay)) — (aU(x), aU(y)) _ (U(x),U(y)) 


(ax,ay)  — fal-(%y)———«C,') 








whence 


(2.5) mod U= = sup_—_ (U(x), U(y)), 


E x, yeE, (x, y)=1 


(2.6) \|Ulle = sup ||U(2)|]. 


xeE, |x|=1 
We clearly have || U|| s < mod, U, whether both norm and modulus exist finite 
or otherwise. 
DEFINITION 8. A space E of type (a*) in which the metric has the addi- 

tional property 
(2. )/ (a,x, x) 0 
for every real sequence a,—1 and every xeE, shall be called a space of type 
(a**) 3 

The following preperties of this type of space may be noted: for a,, ae(A) 
we have 
(2.8) a, — 0 implies |\a,x|| =| a,| -||x|| ~0 for every xeE; 


(2.9) (x,, x) > 0 implies (ax,, ax) = | a| *(X%,, x) — 0 for every a; 


an 
(2.10) a,—a #0 implies (a,%, ax) = | a| (= Xx, *) —0 for every xeE; 
a 


whence, by aid of the triangle postulate, it may readily be proved that for 
Gm, a, b,, be(A) and xy, x, y,, yeE, the relations a,—a, b,—b, (x,, x)—0, 
(y.,¥)-0 imply 


(AmXp, bn¥q) — (ax, by) as m,n, p,q. 


THEOREM 2.4. Let U(x) be an operation on a space E of type (a**) to a like 
space. If U(x) is strongly additive [weakly additive and U(—x)™~—U(x) for 
every xeE| and continuous on E, it is weakly homogeneous. 


Proof. From the hypotheses it follows easily that U(rx)=rU(x) 
[U(rx)=rU(x)] for every rational r [every rational r~0]. Let a be any 
irrational number and r, a sequence of rationals converging to a. By (2.10) 
we have, for every xeE, (r,x, ax)—>0; in view of the continuity this implies 
(U(r,x), U(ax))—0, or (r,U (x), U(ax))—0. But since the counter-domain has 
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property (2.7), r,—a also implies (r,U(x), aU(x))—>0. From the triangle 
postulate we conclude U(ax)2aU(x). In a similar manner continuity en- 
ables us to infer from the bracketed hypotheses U(@)~6’, which completes 
the proof. 


DEFINITION 9. A space E of type (a*) in which the metric has the addi- 
tional property (x, y)<||x—y|| for every x, yeE shall be called a space of 
type (a). 

We observe that every vector metric space has the property | ||x|| —||,y/] | 
< (x, y); hence a space of type (a) satisfies the condition ||{x||—||y||| <||x~—y], 
which implies 


(2.11) l|z + yl] = Ill] + [loll. 


P*. 


A space of type (a) is also of type (a 

Remarks. (I) Every “normed vector space” (sense of Banach) is of type 
(a). (II) The space (BV) becomes a vector space when we interpret addition 
and multiplication by a constant in the usual way and x«=y as meaning that 
the functions x(t) and y(t) are identical on the interval 0 <¢<1. Upon intro- 
ducing the distance function (x, y),; and interpreting xy as meaning that 
the functions x(#) and y(#) are equal almost everywhere and have the same 
total variation on 0 <i<1, it becomes a vector metric space, in fact a space 
of type (a). Henceforth these interpretations are always to be understood 
when we speak of “the space (BV).” It is clear that (BV) is not a “normed 
vector space.” (III) Every Banach space (or space of type (B)) is a complete 
space of type (a). (IV) The class of Banach spaces is the meet of the class of 
Fréchet spaces (or spaces of type (F)) and the class of complete spaces of 
type (a*) in which = and ~ have the same meaning. (V) A space [complete 
space | of type (a*) is a “normed vector space” [Banach space | if and only 
if the metric has the additional property (x, y) =||2—y|| and there is no dis- 
tinction between metric and vector equality. 

3. Some properties of the space (BV). Let x, y be any two points in (BV) 
with « ~y; then the set of points 


s=hx+(1-—h)y (0s h Si) 


constitutes, by definition, the segment xy. If ho, i, --- , hk, is any finite set 
of values of # satisfying the condition 0=hyp</,< --- <h,=1 and the cor- 
responding z2’s are denoted by corresponding subscripts, we define the length 
of the segment xy as the least upper bound of D2: z:) for all such sets. 
With this terminology one may easily verify the following statements. A seg- 
ment is a continuous curve; whence it follows that (BV) is a connected space. 
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Each segment xy has a finite positive length which does not exceed 
Pi ‘| x—y|dt+T¢(«—y). This bound for the length of a segment is attainable. 
A segment may have a continuum of multiple points (multiple in the sense 
determined by metric equality). When «x, y are on the surface of a sphere, the 
segment xy may contain points outside the sphere. 

4. Linear functionals on a space of type (a). By the term functional we 
mean an operation U(«) on a space E to the space (A) of real numbers. Not- 
ing that for a functional the qualification of additivity and homogeneity by 
“strong” and “weak” loses its significance, we establish two theorems as fol- 
lows. 


THEOREM 4.1. Given a space G of type (a) embedded in a space E of the same 
type, and a functional f(x) additive and homogeneous on G and continuous on G 
at 0; then there exists a functional F(x), additive and homogeneous on E and 
continuous on E at 0, which satisfies the conditions F(x)=f(x) for every xeG 
and ||F||z=|lf\\<. 


Proof. For xeE we set p(x)=||f||¢-{{«|| in the Hahn-Banach theorem on 
extension of functionals (Theorem 1, Banach, loc. cit., pp. 27-28). Then by 
(2.11) we have for x, yeE, p(x+y) <p(x)+ p(y); and by (2.2) for xeZ and 
t=0, p(tx) =tp(x). E and G being vector spaces, f(x) additive and homogene- 
ous on G, and f(x) < p(x) on G, we conclude from the Hahn-Banach theorem 


the existence on E of an additive and homogeneous functional F(x) coincid- 
ing with f(x) on G and having the property F(x) < p(x) for every xeE. It re- 
mains only to show that F(x) is continuous on E at 6 and ||F|| 2=||f||¢. For any 
veE for which F(x) is 20 we have F(x) <p(x)=|lfl|¢-||x||; for any xeE for 
which F(x) is <0 the homogeneity of F(x) gives us —F(x)=F(—x) < p(—x) 
=||f\|¢-||x||. Hence ||F\|z<||fl|c, and the inequality is ruled out by the fact 
that F(«)=f(x) on G. 


THEOREM 4.2. For every x90 in a space E of type (a) there exists an addi- 
tive and homogeneous functional F(x), defined on E and continuous at 0, which 
is uniformly continuous on a subspace G of type (a) containing xo and which 
satisfies the conditions F(xo)=||x0|| and ||F\|z=1. 


Proof. It suffices to designate by G in Theorem 4.1 the set of elements axo, 
ae(A), and to set f(axo)=a-||x0l|. 


It is natural to raise the question as to whether Theorem 4.1 is the best 
that can be obtained; in particular, whether the following might be true: 
given an additive and uniformly continuous functional f(x) defined on a 
space G of type (a) embedded in a space E of the same type, there exists an 
additive and uniformly continuous functional F(x) defined on E, with 
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F(x)=f(x) for xeG (and with or without an increase in the modulus). If this 
were so, it would imply that for every «#6 in a space E of type (a) there 
exists an additive and uniformly continuous functional F(x) defined on E, 
with F(x») =||x0||. But (BV) is a space of type (a), and by Theorem 5.2 every 
additive and uniformly continuous functional on (BV) vanishes at xo, where 
xo(t)=1 for t=0 and is zero otherwise, although ||.o|| = 1. Hence the suggested 
extension is not always possible. 
5. Functionals on the space (BV). We first establish 


THEOREM 5.1. If a(#) is any summabie function, the integral 


(5.1) f “x(t)a(d)dt 


defines on the space (BV) a functional f(x) which is additive, continuous, and 
homogeneous. The functionals generated by a,(t) and a2(t) are identical if and 
only if ou(t) and as(t) are essentially the same* on (0, 1). The functional f(x) 
is uniformly continuous on (BV) if and only if a(t) is essentially bounded on 
(0, 1); in that case we have mod;gy) f=ess suposisi| a(t)|. 


Proof. The existence, additivity, and homogeneity of f(x) are apparent. 
To prove the continuity, let x be any point e(BV) and x, any sequence such 
that (x,, x)—20. There exists a number K’ for which we have for all 


(xn, x) = fl Xn — «| dt + | Td (Xn) — T?3 (x) | g =: 
0 
hence for each m there is at least one point /, such that 
| an(én) — x(Z,)| < K’. 
But for each m and all ¢ we have 
| xn(t) — an(bn)| < Td (xn), | x(t) — x(2,)| S$ TA(x), Td (xn) S T(x) + K’, 
whence for all ” and ¢ 
| xn(t) — x(t) | S 273 (x) + 2K’ = K. 


Moreover, given e>0 there exists 5>0 such that {,K|a|dt<e whenever 
mE <6. Choosing N so that mE,[|a(t)| >N] <6, we have 


[ses) - 0)| =[fee- ol s[ f+ fi |= al lala 


1 
ctx f | tn — «| dt, 
0 


which is <2e for » sufficiently large. 


* That is, a;(¢)=a2(t) almost everywhere. 
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It is clear that if a;(¢) and ae(t) are essentially the same, they generate the 
same functional. On the other hand if the same functional is generated by 
a(t) and a(t), we may choose x(#)=1 forO<tsy, =0 for y<t<1 (OS y<1) 
and obtain Sica(t)dt= fc0(t)dt for all y. The essential equality of a,(¢) and 
a2(t) then follows at once. This fact, in conjunction with the proof* of the 
following Theorem 5.2, shows that a uniformly continuous functional f(x) 
cannot be generated by an a(t) which is not essentially bounded. 

That f(x) is uniformly continuous when a(t) is essentially bounded fol- 
lows at once from (2.5); we have 

mod f= sup _| f(x) — f(y) | S ess sup | a(#)| = B. 

(BV) z, ye(BV), (x, y)=1 O<t<1 
To show that in this case mods) f= B, we may proceed as follows. Let e( >0) 
be arbitrarily small and set 


mE,|a(t) > B — e] = hi, mEs[a(t) < « — B| = ke. 


Then either k; or kz is >0; the cases being symmetrical, we consider that in 
which k, >0. Choose 6 to satisfy the condition 0<6<,e and inclose EZ, in 
an open set O, such that ki; SmO,<k,+6. From O, select a finite number of 
open intervals constituting a set Oz such that mO, = mO,— 6 = k,— 6, and define 
o(t)=1/k, for teO., =0 elsewhere. Then ¢(#) is in (BV) and we have 


t 1 1 
f WOME SO ~ O— (~~ 8 BSB oe — 2h, 
0 1 


1 
: 1 
f go(t)dt S —(ki +6) Site. 
0 ky 


Finally we set x(t) = — y(t)=()/2 for all ¢ in (0,1); then 7! (x) =T7,)'(y) and 
we have 


| f(x) - fy) | = f (x — y)adt} = f o(t)a(t)dt => B— « — 2Be, 


1 1 
(= fo lx-yla= f ooasite 
0 0 
whence 


| (x) — f(y) | /(a, y) = (B — € — 2B—)/(1 + ©). 


Since the latter quantity is arbitrarily close to B, we conclude that mod,ay) 
f=B. 


* See the italicized statement there. 
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THEOREM 5.2. Every additive and uniformly continuous functional defined 
on the space (BV) can be expressed in the form (5.1), with a(t) summable, 
bounded, and independent of x(t); moreover we have || f\\ ev) < Sile(t)| des 
modsv) f=B, where B=ess suposisi|a(é)| . 


Proof. Let f(x) be any additive and uniformly continuous functional de- 
fined on (BV). We set 
1forO0OS ut, 
E(u) = { 


0 for ¢< ul, 
and 
f(&) = g(). 
For 0<h<h<1 we have 


| g(t) — g(te)| = ((,), £(E:,)) 


(5.2) , 
SMG) = Mf ,— 8d + M| TAG) — THEI, 
0 
where M=moday) f. For <1 the second term on the right vanishes, and 
we have | g(t:)—g(t)| < M(t—h); i-e., g(#) satisfies a Lipschitz condition on 
the open interval 0 </<1 and is absolutely continuous there. We now define 


‘ g(t) forO0 Si <1, 
a= 4 
g(1 — 0) for¢ = 1; 


the existence of the integral Six(t)dg is then assured for every xe(BV). 

Let x(#) be any function in (BV) vanishing at t=0. In view of a remark 
in §2 of II, there exists asequence of polygonal functions ,(é) (n=1,2,3, - - - ) 
inscribed in x(¢) and converging in variation to x(é); for each m the “corners” of 
p,(t) are determined by a set S,, of points 


0 = town < hin <blan< Cie: a brn). = 1 


with S, ¢ S,4: for every » and S =)o- Ss everywhere dense in (0, 1). We de- 
fine a step-function z,(#) associated with p,(#) as follows: 


Zn(t) = x(tin) for tit <t S tin, all iand n; 
z,(0) = 0. 
Then it is clear that T? (z,) = 7¢ (p,), whence T? (z,) ~T? (x) as n—@ . More- 
over, since x(¢) is Riemann integrable on (0, 1), z,(é#) converges in the mean to 
x(t). Hence we have (z,, «)—0, which implies f(z,)—f(x). 
But z,(u) may be expressed in the form 
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sn(u) = DO x(tin) [Erin — baal]; 


therefore, since f(x) is additive, we must have 


S(2n) = pm «(tin) [g(tin) — g(ti-r.n) | 
= DY x(tin) [Rtin) — B(ti-r.n)] + 2 (1) [g(1) — 2(1)]. 


Under the conditions in force we infer 
1 
(5.3) fa) = Jim flea) = f (ag + x(A)[e(0) — 20], 
0 


which is the form of the functional for every x(#) vanishing at t=0. 
Any function x(#) not vanishing at ‘=0 can be expressed as the sum 
x1(t)+-x2(t) where 


a(t) for O << tS 1, x(0) for ¢ = 0, 
x(t) = x(t) = 
0 for ¢=0, 0 forO <#Z1, 


and, f(x) being additive, we must have f(x) =f(«:)+/(«2). But f(x) being con- 
tinuous, it must assume the same value at any two points x2, «3; such that 
X2x 3. Choosing x; as follows: 


a “caiee for ¢ = 1/2, 


0 otherwise, 


we clearly have 22x;3, while f(x) is given by (5.3) and has the value zero. 
Hence f(x) is given by (5.3) even when x(0) #0. 
Next consider the functions 


( " for 0 <i <1, @) {" forO St <1, 
x = x(t) = 
" 1 for ¢=1, ; —1for ¢=1. 


Since x4x5, we must have f(x.) =f(xs); hence by (5.3) we have g(1)—2(1) = 
— [g(1)—2(1)], whence g(1)=2(1) and (5.3) reduces to 


(5.4) f(x) = f ‘e(bdg for all xe(BV), 


where g(t) is absolutely continuous on 0<t<1. The form (5.1) for f(x) is an 
immediate consequence, with a(t) bounded, since in fact g(t) satisfies a Lipschitz 
condition on 0 <¢<1. The evaluation of mod:zy) f has been made in Theorem 
$3. 
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We now proceed to obtain some estimates for ||f||(2v). In the first place, 
from (5.4) we have | f(x)| < [suposes:|x(¢)| ]7#(g) and 


lf@)| lal 
lal] ~ St | w| + Te (2) 


from which follows the bound asserted in the theorem. Secondly, for 
0<h<t31, we have 


| g(t:) — g(te)| = | SE, — &,)| S lIfllevy- lle, — ell 
= Ilan f (&, a £,)dt + To? (&, roe ed |, 


To (g) S To'(g), 


which implies 


4 osc g(t) S |Ifl ev). 
Ositsl1 
Thirdly, we observe that for x(#)=1 on (0,1) we have 
i 
fa) =f) = gt) = f de = (1) - £0, 
0 


which implies g(0)=0. Finally, one may determine estimates for ||f||(sv, 
which may or may not be closer, by making use of the relation 


fo x@ag = xaygcry — f stoar. 


From this we have 


lf) _ A) 
lle] St Le] + T(z) 


whence follows 


(5.5) \lfllvy S | g(1)| + max | g(2)|. 
Ostsl1 


t.. re 
| +Ta(s)  ogest 








< | g(1)| Fl 


At the same time from the relations 


| g(1)| = |l#E)I] S [Alcor [lél] = [Ifilen, 
| g(¢) | = [L#E0I] S [Isll cory [léell < lifer, 
we obtain 
max [| g(1)|, } max | g(#)| ] S ||fllen; 
Ostsi1 
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and it may be noted that this implies ||f||.2v) 2K/3, where K stands for the 
right-hand member of (5.5). 


THEOREM 5.3. Every additive and uniformly continuous functional f(x) de- 
fined on the space (CBV) [(AC)] can be expressed in the form (5.1) where a(t) 
is summable, bounded, and independent of x(t), and mod f=B as before. 


Proof. It has already been observed in §1 that (CBV) is dense in (BV). 
Let x be any point in (BV)—(CBV) and x, any sequence e(CBV) such that 
(x,, x) 0. If the functional f(x) is uniformly continuous on (CBV), lim f(x,) 
exists and we may define f(x) as this limit. Moreover this limit is independent 
of the sequence x, employed and f(«) thus extended over (BV) is uniformly 
continuous over (BV). That the extended functional is additive on (BV) may 
readily be seen as follows. Let x and y be any two points of (BV) at least one 
of which is not in (CBV). A sequence of sets S, in (0,1) can be so determined 
that the polygonal functions x,(é), y,(¢), and z,(#) respectively inscribed in 
x,y, and x+y, whose “corners” are determined by S,, converge in our metric 
to x, y, and x+y. We then have 


Zn(t) = a(t) + ya(t) forall m,t; — f(2n) = f(%n) + f(yn); 
lim f(%n) = f(x), lim f(yn) = f(y), lim f(@n) = f(x + 9), 


whence f(x+y)=f(x)+/(y). That mod f=B can be shown essentially as in 
the proof of Theorem 5.1, by appropriately smoothing off the function ¢(¢) 


(as it was designated there) to make it continuous. A similar proof will suffice 
for the space (AC). 


Brown UNIVERSITY, 
PROVIDENCE, R. I. 





ON IDEALS IN A QUATERNION ALGEBRA AND 
THE REPRESENTATION OF INTEGERS 
BY HERMITIAN FORMS* 


BY 
CLAIBORNE G. LATIMER 


1. Introduction. In another paper,f it was shown that there is a one-to- 
one correspondence between certain classes of ideals, called regular classes, 
in a quaternion ring @, and certain classes of binary Hermitian forms. A 
binary Hermitian form is in one of these classes if and only if (a) its coeffi- 
cients are in the set G of all integral numbers in a certain quadratic field of 
discriminant A, (b) the variables range over G, (c) its determinant is a certain 
integer a, (d) it represents positive integers. 

Let f be such a form and let m be a positive integer. We shall show that f 
represents m if and only if there is an ideal of norm m in a certain class ( of 
ideals in G. @ is uniquely determined by f. If f is a definite form with exactly 
k automorphs, we shall show that the number of representations of m by f 
is exactly kN, where N is the number of ideals in @ of norm m. We then show 
that if m is prime to 2aA, the number of ideals in G of norm m is exactly o(m), 
the sum of the positive divisors of m. 

Let fi, fo, - - - , fu be representatives of those classes of forms mentioned 
above and assume that they are definite forms. If m is positive and prime to 
2aA, if k; is the number of automorphs of f; (i=1, 2,--- , H) and if every 
representation of m by f; be counted as 1/k;, then, by the above mentioned 
results, the total number of representations of m by all the f’s is exactly o(m). 

We also prove a theorem, which includes one due to Humbert, on certain 
“generalized” or symbolic representations of an integer by the above f’s. It 
will be seen that such representations may be interpreted explicitly in terms 
of the corresponding ideals in G. 

There are many results in the literature on the representation of integers 
by special quaternary quadratic forms which may be written as binary 
Hermitian forms.{ A large number of these may be readily obtained from the 
results of Tr. and of this paper. Several examples are given in the last para- 
graph. 


* Presented to the Society, April 10, 1936; received by the editors March 25, 1936. 

Tt On ideals in generalized quaternion algebras and Hermitian forms, these Transactions, vol. 38 
(1935), pp. 436-446. This paper will be referred to hereafter as Tr. 

t Cf. Dickson, History of the Theory of Numbers, vol. 3, Chapter 10. 
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2. The representation of an integer by an Hermitian form. We shall use 
the same definitions and notations as used in Tr. unless the contrary is ex- 
plicitly stated. It will be assumed, as in Tr., that all ideals referred to are left 
ideals. We shall also assume throughout the paper that all ideals considered 
are regular ideals. 


Let 
f(%, y) = axx’ + bx'y + b’xy’ + cyy’ 


be an Hermitian form over G, which represents positive integers, of determi- 
nant bb’—ac=a, a and c being rational integers and b a number in G. Let m 
be a positive integer. If f(r, s)=m, where r and s are in G, f will be said to 
represent m. We shall consider the representations of m by f. 

Let f’(x, y)=f(«’, y’). By Theorem 3 of Tr., there is a uniquely determined 
class ? of ideals in @ corresponding to the class of forms containing f’. By §5 
of Tr., we have 

Lemma 1. An ideal of & is in @ if and only if it has a proper basis Z,, Z2 
such that 
(1) EZ, so b’Z; + aZo, 

EZ, —_ cZ, + bZ2. 


If Z:, Z2 form a proper basis of an ideal &, then the Z’s satisfy (1) if and only if 
N («Zi+yZ2)=N(2)f' (x, y).* 
We shall next prove 
Lemma 2. If r, s are numbers in G such that f(r, s)=m>0, then 
wo, =ar +bs — Es=ar +bs—s’E, 


2 
(2) w=brt+e4+kr=r+es+rE, 


form a proper basis of an ideal 2 in @ and N(2)=m. If Lis in @ and N(2)=m, 
then 2 has a proper basis w, we as above, where r and s are in G and f(r, s)=m. 

Suppose f(r, s)=m>0. It may be verified that w:, w: in (2) satisfy (1)- 
Hence they form a basis of an ideal 2 in G. Since the determinant 


ar +bs —s’ 
= f(r, s) =m, 
b’r + cs r’ 


it follows that the w’s form a proper basis and V(2)=m. By Lemma 1, & is 
in @. We shall say that the representation f(r, s)=m belongs to &. 


* The statement “there is a one-to-one correspondence - - - ” in lines 8, 9, p. 442, Tr. is false. 
There is a correspondence but it is not one-to-one. For if the transformation (8) of Tr. isan automorph 
of f, then f corresponds to the bases w1, w2 and 1, {2. This error does not affect the validity of any 
subsequent proof or theorem. 
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Suppose ¢ is an ideal in @ of norm m. By Lemma 1, & has a proper basis 
w:=gatgik (i=1, 2), where the w’s satisfy (1) and N(xw:+ yw) = mf’ (x, y). 
We have m= N(2)= | gi;| = goow1— giswe. Hence f’ (g22, — gi2) =f (ger , — gid ) =m. 
Replace each Z; in (1) by ga+gi2E and equate the coefficients of E. We ob- 
tain the first pair of equations below. 


in > ago2" = bgie’, ~~ = age0" - bgis + Zk, 
go. = b’goe — cgir’, we = b’ goo’ — cgis + gork. 


Noting that f(go! , — giz) =m and comparing the last pair of equations with 
(2), the lemma follows. 

Let & be an ideal in @ of norm m and let f(r, s) =m be an arbitrarily chosen 
but fixed representation belonging to %. We shall consider the set of all repre- 
sentations of m by f which belong to &. 

Let T be an automorph of f, i.e., a transformation 


% = t1141 + teryn, 
(3) 
y = tex. + boo 
which transforms f into itself, the ¢’s being in G and the determinant 
| ¢;;| =1. Let #, 5 be defined by the equations obtained by replacing x, y, 21, 91 
in (3) by 1, s, 7, § respectively. Then f(7, 5)=m. This representation will be 
said to correspond to 7. 

We shall show that a representation of m by f belongs to & if and only if 
it corresponds to an automorph of f; also that the representations correspond- 
ing to distinct automorphs are distinct. We shall thus have a one-to-one corre- 
spondence between those representations of m by f which belong to £ and the 
automorphs of f. 

Lemma 3. A representation of m by f belongs to 2 if and only if it corre- 
sponds to an automor ph. 

Consider the representation {(7, 5) =m which corresponds to T. Then, em- 
ploying (2), we have 

= thoi + thgwe = gu — ES, 


(4) , ; : 
= tot w; + tog we = foi + EF, 


where gu, go: are certain numbers in G. Since | t;/ | =1, the &’s form a proper 
basis of 2 by §4 of Tr. We have x14:+ yié2=x01+ yor, where 


x x = ti x1 + ted 1, 
(5) : , 
y = bie x + bee M1. 
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Since (3) is ar. automorph of f, (5) is an automorph of f’. Hence N (*:4:+ ya) 

= mf’ (x1, yi). By Lemma 1, the a’s satisfy (1). Therefore, as in the second 

part of the proof of Lemma 2, we may express gi, gai in terms of 7, 5 and find 
@, = a7 + bs — E3, 

(6) . eee x 

@ = b+ cs + EF. 

Comparing these equations with (2), we see that the representation {(7, 5) =m 

belongs to &. 

Conversely, suppose f(7, 5)=m is a representation which belongs to &. 
The @’s of (6) satisfy (1) and form a proper basis of 2%. Then they may be ex- 
pressed in terms of the w’s as in (4), the ¢;/ being in G and |t,;/ | =1. It may 
be shown that (5) is an automorph of f’ and hence (3) is an automorph of f. 
If in the first pair of equations (4) we replace each w;, 4; by the expressions 
(2) and (6) and equate the coefficients of E, we see that f(7, 5)=m is the 
representation which corresponds to the automorph (3). This completes the 
proof of the lemma. 

Suppose (k;;) is the matrix of an automorph of f. Let a=! w+ Rid we 
(i=1, 2), where the w’s are given by (2). Then, as in the preceding proof, the 
@’s satisfy (1) and we have 

Ea, = — 'a,+ a2, Ew; = — Bb’, + awe, 
EGs = C@ oe bee, Ewes = — — bwe. 

In the first pair of equations, set each a;=kj witkizwe, replace each 
Ek;} w; by k;;Ew;, and eliminate the Ew; by use of the second pair of equations. 
Employing the left linear independence of the w’s with respect to G (§4, Tr.), 
we obtain a system of equations equivalent to the following :* 

(7) bhiit chig = bhi — aka, bket + chet = chi — bho, 
aki + b’kis = — dbki2 + choo, ahet + b’kod = — chin + d’hos. 
We shall now prove 
Lemna 4. Let f(7, 5)=m, f(R, S)=m be the representations belonging to 2 
which correspond to the distinct automorphs T, T, respectively. Then (#,5)#(R, S). 
We have 
F= ki R+ koS, 


(8) : 
5 kieR + kooS, 


where (k;;) is the matrix of the automorph 7~'T;. Suppose (7, 5)=(R, S). 


* The condition | ke;| =1 and (7) imply that (4;;) is the matrix of an automorph of f. If a0, 
| kx;| =1 and the first pair of (7) imply the second pair. 
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By (8), (ku—1)(ke—1)—kieka=0. Since |kj:|=1, kutke=2. By (8), 
ky»R= (ku— 1)S. We have kiki m=f(keR, kioS) =f(ku- 1, kw) SS’. But 
f(ku—1, ky) =f(ku, kyo) — (Ruth )a— (Riob+- kid b’) +a. Since TT, is an 
automorph, f(ku, ki2)=a. By (72), kisb+hit b’=(ke—ki )a. Therefore 
f(ku-1, ky») = 2a— (kutkes)a=0, kyw=0 and kn=ke= 1. From koyS = (kos— 1)R 
we find similarly k2:=0. Therefore T-'T; is the identity transformation and 
T =T,, contrary to hypothesis. The lemma follows. 
By Lemmas 2, 3, and 4, we have 


THEOREM 1. Let f(x, y) be an Hermitian form over G, of determinant a, which 
represents positive integers, let f(x, y)=f(x’, y’), and let @ be the class of ideals 
in © which corresponds to the class of forms containing f'. Every representation 
of a positive integer m by f belongs to a uniquely determined ideal 2 in ( of 
norm m and for every such ideal &, there is a representation of m by f which be- 
longs to 2. Those representations of m by f which belong to the same ideal may be 
placed in one-to-one correspondence with the automorphs of f. 


If f is a definite form, it has only a finite number of automorphs and we 
have the 


Corottary. If f is a definite form, if k is the number of automorphs of f 
and if N(=0) is the number of ideals in ? of norm m, then the number of repre- 
sentations of m by f is exactly kN. 


3. The number of ideals with given components. If fi, p2,---, pn are 
the distinct prime factors of an integer a prime to 2A, let 


vo = eli[t-() a 


where (A/p;) is Legendre’s symbol. Let ¥(1)=1. If A, B are relatively prime, 
W(A)-V(B)=W(AB). The following is an immediate consequence of a result 
due to Hermite.* 


Lemna 5. If ais an integer prime to 2aA, there are exactly V(a) numbers X, 
in G, no two of which are congruent modulo a, such that 


(9) N(X) — a = 0 (mod a). 

By Lemma 2 of Tr., the first and second components of an ideal in @ 
are ab and b, where a is a positive rational integer and 6 is an ideal in G. 
Let a be a positive rational integer prime to 2aA, and let b be an ideal in G. 


We shall show that there are exactly ¥(a) ideals in © whose components are 
ab and b. 


* Oeuvres, vol. 1, pp. 247-250. 
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Suppose & is an ideal in G with those components. If 6; is equivalent to b, 
as in the proof of Lemma 2 of Tr., %¢= 14, where ¢, 4; are in G and % isa 
uniquely determined ideal in @ with the components ab, and 6;. Conversely, 
if %; is such an ideal, the equation %/= &,¢, defines uniquely an ideal 2 with 
the components ab and b. Since every class of ideals in G contains an ideal 
prime to an arbitrarily chosen integer, in our proof of the above-mentioned 
result, we may assume without loss of generality that b is prime to 2aaA. 

Let Au, Ae be a canonical basis of 6. A; is a divisor of N(6) and hence is 
prime to 2aaA. After adding a proper multiple of \; to \2, we may assume that 
2 is also prime to 2aaA. 

Let &% be an ideal with the components ab and 6. By Lemma 1, Tr., 


= [aA1, ade, 6b; + Eri, be + Ed2], 


where the b’s are in 6. If B;x=0; (mod ab) (t=1, 2), each b; above may be re- 
placed by B;. Consider the congruences 


hid; = ); (mod ab) (i = 1, 2). 


Since \; is prime to a and b divides \; and b;, these congruences have solutions 
which are uniquely determined modulo a. Then we may replace each 6; in the 
above basis of & by \,b;. Dropping the bars and setting 2;=(b;+E)A; 


(t=1, 2), we have 
(10) @ = [ad1, ade, Qi, Qe). 
It will be understood hereafter that the b; are as in the definitions of the 2’s 
and not as in the first basis of & given above. 
Since each EQ; is in 2 and 
(11) EQ; = bf; + [a — N(d) |r; (i = 1, 2), 
it follows that 
(12) N(b;) — a = 0 (mod a) (it = 1, 2); 
i.e., each b; is a solution of (9). 
Let G have the basis (1, @). Each 0@\;, 6’; is in 6 and therefore 
0A; = itr + ‘god ’ 
(13) igen (i = 1,2), 
OA; = Vari + Vere, 


where the w’s and v’s are rational intege .. it be shown that #..= —2.= 
+N(Ax)/N (6), t= —tn=+NOAs)/Nu,, (ue -0)(t22—8) = (01-6) (022— 8) 
= U2; = VyV21. Then 2202: is prime to a. Emp. ying the expressions (13) for 
6’d; we find 
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6Q) = 2412) + 93222 + [(@ = V11)A1b1 i vi2d2be], 
OQ. = v2iQi + veeMe + [(O — v22)Azdb2 — verdxb:]. 


Since the ’s are in & and each of the expressions in brackets above is in G, 
it follows that 


(14) 


6 — v43)A1b1 — V2A2b2 = O, 
(15) ( 011) 191 V12A202 ound a. 
Veidib; — (0 — v22)Aab2e = O, 
Since (@—211)(9—v22) — 12721 = 0 and 2272: is prime to a, it follows that the 
congruences (15) are equivalent. From (15) and (13) respectively we have 


N(@ =_ 011) N(A1) N(61) = 012° N(Az) N(b2) (mod @) 
NO = 11) V(A1) = 042 N(A2). 


Hence (151) implies N (b:)=N (bz) (mod a). It follows that (12:) and (15;) im- 
ply (122) and (15s). 

Conversely, ‘et b; be a root of (9). Since v:2d2 is prime to a, bz is uniquely 
determined, modulo a, by (15:1) and b, b: satisfy each of the four congruences 
(12) and (15). Let Q;=(b;+ E)A; (i=1, 2). Since a is prime to }, it follows 
from (11) and (14) that each EQ,;, 6Q; is a linear function, with rational in- 
tegral coefficients, of a\1, a2, 21, Q. The same is obviously true of each 
Eax;, 6ad;. Hence there is an ideal 2 with a basis as in (10) with ab and 6 as 


its components. Let 5, be another root of (9). We may obtain in a similar 
manner an ideal &,. It may be shown that &%:= & if and only if 5=0, (mod a). 
We have then by Lemma 5 


THEOREM 7. If a is a positive integer, prime to 2aA, and b is an ideal in G, 
there are exactly V(a) ideals in © whose first and second components are ab and 
6 respectively. 


4. The number of ideals with a given norm. We shall prove 


THEOREM 3. If m is a positive integer, prime to 2a, there are exactly a(m) 
ideals in © of norm m. 


Since the theorem is obviously true for m= 1, it will be sufficient to show 
that if it is true for m= m,, then it is true for m= m,P'‘, where P is a prime not 
a divisor of my. 

By the proof of Lemma 3 of Tr., for every ideal £ in G, there isa pin © 
of positive norm such that {9=%, where % is a reduced ideal and 
n()N?(p)=n(2). Furthermore, by p. 440 of Tr., N(2)N(p)=N(2), 
2= [a, b+E] and N(2:) =a. Since = (a, a0, b,+E£, 6(b:+£) ], by 
Lemma 1 of Tr., 2(%:)=a?. By the same reference, n(2%)=a?N*(b), where 
ab and 6 are the components of &. Therefore N(%)=aN(b). Hence by Theo- 
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rem 2, the number ¢(m), of ideals in G of norm m is }-W [m/N (6) ] where the 
summation extends over all the ideals 6 in G whose norms divide m. 

Suppose $(m,)=o(m). Let a be a positive integer and 6 an ideal in G 
such that aN(b)=m,. Let P be a rational prime not a divisor of 2aAm, and 
let ¢t be a positive integer. 

Suppose (A/P)=1. For every integer «20, there are exactly u+1 ideals 
in G of norm P*. Let 0 <u Stand let p be an ideal of norm P*. By Theorem 2, 
there are exactly V(aP*“) = (a)-¥(P*“) ideals in G with the components 
aP‘'~“bp and bp and each of these ideals is of norm m,P'. But p may be chosen 
in u+1 ways. Hence there are exactly 


V(a) D0 (u + 1)¥(PM") = ¥(a)o(P*) 
u=0 
ideals in © of norm m,P*‘ whose second components are bp, where p is an ideal 
whose norm is a power (20) of P. By Theorem 2, there are exactly V(a) 
ideals of norm m, whose second components are 6. And by hypothesis 
o(m,)=a(m). It follows that 


o(m,P*) = a(m,)o(P') = a(m,P'). 


Suppose (A/P)=—1. Then {P} isa prime inG. If 0<v<t/2, by Theorem 


2 there are exactly V(aP'-**) = W(a)-W(P*-**) ideals in G of norm m,P‘ whose 
second components are bP”. Since 
[t/2] 


(a) >> V(P**) = W(a)o(P'), 


v=0 
where [t/2] is the greatest integer <¢/2, it follows as above that 
o(m,P*) ™ a(m,)o(P*) = o(m,P*) 


and the theorem is proved. 

4. The representation of an integer by a system of forms. By Theorem 3 
of Tr., there is a one-to-one correspondence between the classes of ideals in 
® and those classes of binary Hermitian forms over G, of determinant a, 
which represent positive integers. Let fi, fo, - - - , fa be representatives of those 
H classes of such forms which represent integers prime to 2aA. 

It may beshown that notwooftheforms// (x, y)=fi(«’,y’) (¢=1,2, -- -,H) 
are equivalent. Since each f/ represents the same integers represented by fi, 
it follows that they also form a system of representative forms of the above 
H classes. Let (1, @2, -- - , @w be the classes of ideals in G corresponding to 
the classes containing fi, f7,--- , fx’ respectively. Let m be a positive in- 
teger prime to 2aA. If £ is an ideal of norm m in the class ? , every form in the 
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corresponding class represents m. Hence ( is one of the @;. Assume that the f; 
are definite forms, i.e.,a<0,A <0. By the corollary of Theorem 1, the number 
of representations of m by a given f; is ki:Ni, where k; is the number of 
automorphs of f; and NV; is the number of ideals in @; of norm m. By Theorem 
3, Nit No+ ---+Nu=o(m). Hence, if every representation of m by f; be 
counted as 1/k;, the total number of representations of m by fi, fe, - - - , fa is 
exactly o(m). 

Consider those representations f,(r, s)=m by a given f; in which r, s are 
relatively prime. Such a representation is said to be proper. By Lemma 2 and 
(2), every such representation belongs to an ideal 2 of norm m in @; whose 
second component is the unit ideal. Then the first component of & is {m}. 
Conversely, by the same reference, for every such ideal % in (; there is a 
proper representation of m by f; which belongs to %. By Theorem 2, there 
are exactly Y(m) such ideals 2 in G. We have then 


THEOREM 4. Let fi, fo, -- - , fu be representatives of the H classes of binary 
Hermitian forms over G which represent positive integers prime to 2aA, and as- 
sume that a<0,A <0. Let k; be the number of automorphs of f; (i=1,2,--- , H) 
and let m be a positive integer prime to 2a. The total number of (proper | repre- 
sentations of m by fi, fe, - - - , fu is exactly a(m) [W(m) | if a representation by f; 
be counted as 1/k;.* 


5. An extension of a theorem of Humbert’s. Let f be one of the f; in 
Theorem 4 and let p be an ideal in G. If r and s, not both zero, are in p then 
f(r, s)=mN(p) where m is a positive integer. Humbert wrote symbolically 
m=f(r/p, s/p) and called this a generalized representation of m belonging to 
p. If p is the g.c.d. of r, s, this representation is said to be proper. He gave the 
following 


THEOREM. (Humbert) Jf A is even, if m is positive and prime to 2aA, and 


if Pi, Po, °°: , Px are representatives of the h classes of ideals in G, then the total 
number of generalized representations of m belonging to ji, Po,---, Pr Oy 
hi, fo, +++, fais exactly ho(m), where a representation by f; is counted as 1/k;.t 


We shall obtain a stronger theorem. Let p be an ideal in G and let m be 
a positive integer prime to 2aA. Suppose ab and b are the components of an 
ideal in G of norm m. By Theorem 2, there are exactly ¥(a) such ideals in G. 
But by the same reference, there are exactly Y(a) ideals in © whose com- 


* For the case where A is even, Humbert obtained the above result on the proper representations 
of m. See Comptes Rendus, Paris, vol. 169 (1919), pp. 309-315. 

+ Comptes Rendus, Paris, vol. 169 (1919), p. 365. We state the theorem in our notation. Our A, 
a, ~; are Humbert’s —4P, A, and J; respectively. Humbert does not state explicitly that A is even 
but this is implied by the former condition that P=1 or 2 (mod 4). 
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ponents are abp and bp, and the norm of every such ideal is mN(p). It follows 
from Theorem 3 that there are exactly ¢(m) ideals in G of norm mN(p) whose 
second components are divisible by p. By Theorem 2, p is the second com- 
ponent of exactly Y(m) of these ideals. 

Let f be one of the f; of Theorem 4 and let @ be the class of ideals in © 
determined by f’. By Lemma 2 and (2), every representation f(r, s)=mN(p), 
where r, s are in p belongs to an ideal 2 in @ of norm mN(p) whose second 
component is divisible by p. Then f(r/p, s/p) =m is a generalized representa- 
tion of m belonging to p and this representation is proper if the second com- 
ponent of &% is p. Conversely, by the same reference, for every such ideal &, 
there is a representation f(r, s)=mN(p) which belongs to & and the general- 
ized representation f(r/p, s/p) = m is proper only if p is the second component 
of %. We have then 


THEOREM 5. Let m be a positive integer prime to 2aA, let p be an ideal in G, 
and let f;,k; be as in Theorem 4. The total number of generalized | proper | repre- 
sentations of m belonging to by f., fo, - - - , fu is exactly a(m) [¥(m) ], it being 
understood that a representation by f; is counted as 1/k;. 


It will be observed that for the case p= {1}, Theorem 5 becomes Theorem 
4; also, that Theorem 5 includes Humbert’s theorem quoted above. 

6. Applications. Consider the case A= —4, a=—1. By p. 445 of Tr., 
H=1 and we may take f;=xx’+ yy’. f; has exactly eight automorphs corre- 
sponding to the eight units in @. Hence we have by Theorem 4, Jacobi’s well 
known result that the number of representations of an odd positive integer m 
by u?+0?+2°+w? is exactly 80(m). We also note that by Theorem 4, the 
number of representations with z?+w? prime to m is V(m). Similarly, for the 
case A= —8, a= —1, we obtain Liouville’s result that the number of repre- 
sentations of m by u?+v?+22?+ 2w? is 40(m).* 

Consider the case A= —7, a= —1. By p. 445 of Tr., all the regular ideals 
in & are principal and by Lemma 6 of Tr., all the ideals in G are regular. 
Then H=1, fi=xx’+ yy’. There are exactly three ideals in G of norm 2, 
namely, those defined by 1+Z, 6=(1+A"/*)/2 and 0’. More generally, it 
may be shown by induction that the number of ideals of norm 2" is 
2"+1—1=0(2"). Furthermore, there is only one ideal of norm 7", namely, 
that defined by (26—1)". Then, employing Theorem 3 of this paper and 
Theorem 4 of Tr., it may be shown that if m=7"m, where m, is a positive 
integer prime to 7, the number of ideals of norm m is exactly o(m). Since 
@ contains exactly four units, it follows that the number of representations 
of m by f, is exactly 40(m,). Noting that /,; may be written f;= u?+-uz+ 227+ v? 


* Journal de Mathématiques, (2), vol. 5 (1860), p. 270. 
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+vw-+2w?, we see that this result was obtained by Dickson.* If m is prime 
to 2-7, by Theorem 4 there are exactly 4¥(m) representations with 
v?+vw-+2w? prime to m. 

Consider the case A= —8, a= —3. Let m be a positive integer prime to 6. 
It may be shown that H=k,=k,.=2 and that we may take fi=xx’+3yy’, 
fo=2xx'+(1+6)x’y+(1—0)xy’+3yy’, where 6?=—2. By Theorem 4, the 
total number of representations of m by f; and f2 is exactly 20(m). 

fi may be written u?+2v?+3z?+6w?. The problem of determining the 
number 7 (m), of representations of m by f; has long been recognized as a very 
difficult problem. Liouville stated that T(m) <2o(m),} an immediate conse- 
quence of our result above. By the corollary of Theorem 1, the problem of de- 
termining 7(m) is equivalent to that of determining how many of the o(m) 
ideals of norm m are principal. This is the same sort of problem which arises 
in the determination of the integers represented by a binary quadratic form 
when there is more than one class in a genus. 

By a result due to Griffiths,t T(m)<2o(m) if m>1. Since f2(@x, Oy) 
= 2fo(x, v), fo[(1+6)x, (1+6)y]=3fe(x, y), it follows that f, represents every 
integer >1. 


* Algebren und ihre Zahlentheorie, p. 197. 
+ Journal de Mathématiques, (2), vol. 9 (1864), p. 305. 
t American Journal of Mathematics, vol. 51 (1929), p. 66, Theorem 6. 
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ON SOME HERMITIAN FORMS ASSOCIATED WITH 
TWO GIVEN CURVES OF THE COMPLEX 
PLANE* 


BY 
GABRIEL SZEGO 


1. Let us consider the set of polynomials f(z) of degree m satisfying the 
condition | f(z)| <1 on a given closed set E. What can then be said about 
|{(z)| on another given closed set E’? 

The maximum of |f(z)| on E’ for the set of all polynomials defined by 

the inequality mentioned is a number m,=m,(E, E’) which depends on 
and also on the mutual position of Z and E’. It is of course an invariant with 
respect to translation and rotation. Obviously m, =1 if E’ is a subset of E. 
For the sake of simplicity we further assume that E and E’ are closed regions 
bounded by rectifiable Jordan curves C and C’. In case C’ has some points 
exterior to C, the exact determination of m, seems to be rather difficult. The 
asymptotic calculation for large values of m, however, is possible. Fekete [1 ] 
has shown the existence of 
(1) lim (m,)'/" = p. 
Here the number p can be characterized by means of the conformal ind one- 
to-one representation of the region exterior to C onto the region exterior to a 
circle in the w-plane, z= © corresponding to w=. The points of C’ out- 
side of C have some correspondents in the w-plane. The greatest distance of 
these from the center of the circle, divided by the radius of the circle, is 
equal to p. 

2. An analogous problem can be proposed if the maximum value of | f(z) | 
on C is replaced by its “mean quadratic value,” 


ef le 2 alt; 


here C is supposed to have the length /. A similar definition of the deviation 
on C’ may be used. The corresponding maximum M,=M,(C, C’) depends 
again on the mutual position of C and C’. On introducing the normalized or- 
thogonal polynomials {g,(z)} associated with the curve C [8] it can be easily 
shown that 


* Presented to the Society, April 10, 1936; received by the editors February 24, 1936. 
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(2) Mz = max D s(t" f a(sin)| as], 

u,v=0 , 
provided that the variables x, satisfy the condition }>)_,|«,|?<1 (or =1). 
In other words, M,? is the greatest characteristic value of the Hermitian form 
on the right side of (2). Herel’ denotes the length of C’. 

3. In the present paper we shall not enter into the details of this general 
problem. [The answer which can be expected is, incidentally, the same as in 
(1).] Only a special case shall be treated here, in which C is the real interval 
—1, +1 (actually a limiting case of a Jordan curve) and C’ the unit circle 
with the origin as center. We derive then, for the corresponding number M,, 
the following asymptotic expression :* 


(3) M,, & 2-9/8q7-8/4y-1/4( 21/2 4. 1) nt8/2, 


It can be easily shown, that in this case p =21/?+-1, p having the same mean- 
ing as above. Another formulation of this result is: Let \, be the smallest 
characteristic value of the quadratic form 

i : rot? “OR ~ gn)2 _y ae 
(4) ; at ae + + x,t")?dt few ere 
where >,’ indicates that the summation is extended only over even values of 
ut+yv. We have then 
(5) An ~ 29/4 q7 3/2 1/2 (21/2 _ 1)*+s 
since \, =M;?. 

In a letter on November 19, 1935, Professor Tamarkin proposed the prob- 
lem of determining an asymptotic expression for these numbers X,. I dealt 
with this question several years ago in connection with some investigations 
about the so-called Hankel forms [7]. I found at that time instead of (5), 
the less sharp result (18) of Part I. The letter of Professor Tamarkin gave 
me the opportunity to attack this problem again and to obtain the more ex- 
act formula (5) as well as the subsequent related results. 

The reader may be interested in the facts previously known about the 
form (4). Hilbert [3] obtained an explicit expression for its determinant 


(112! -- + mys 


112!3!--- (2n+1)! 





(6) D, = 2n(n+1) 


Moreover, it is known} that the greatest characteristic value A, tends to 7/2 


* In what follows, we write an2%b, (a, and b, real or complex, #0) if limn...an),1=1; further- 
more, dn~bn (dn and b, positive) if two positive constants u and v exist such that u<anb,1<v. 

+ See, for instance, G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge, 1934, 
p. 226. 
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if n—+*. It would be extremely interesting to find a simple way of describing 
asymptotically the distribution of all characteristic values of this form for 
large values of n. 

4. If the range (—1, +1) is replaced by another segment, similar results 
are valid; the asymptotic behavior of the numbers corresponding to X,, de- 
pends, of course, on the situation of this segment. For instance, in case of the 
form 
~ XpXy 


1 
(7) f (xo + xt + xf? +--+ + xpt")*dt = S> ———— 
0 ww=0 Mh + v — 1 


we obtain for the smallest characteristic value 

(8) An ~ 2185/4973 /2971/2( 21/2 pa 1)4"+4, 

[We have in this case p = (2'/?+1).] The greatest characteristic value tends 
here to z. 


5. For infinite sets, the integrals considered are not convergent. Thus the 
introduction of a proper weight factor becomes necessary. The special cases 


(9) f e~(xg + ait + xf? +--+ + xt")2dt = DTG +o + 1)) xa, 


—o uw=0 


and 


(10) f em "(x9 + ait + vol? + --- + x,t")2dt = DS (uw + v)!x,2, 

0 u,vy=0 
illustrate the totally different behavior of the smallest characteristic value 
with which we are here concerned. In these cases the corresponding asymp- 
totical values are:* 
(11) 218/473/2¢y1/4 exp (— 2(2n)'/2) and 23/2n3/en'/4 exp (— 4n'/2). 

6. In Part I we start with the discussion of the form (4) proving that 
An~n'/2(21/21)2". We give in Part II the proof of the sharper formula (5). 
In Part III the analogous treatment of the form (7) follows. Finally, we dis- 
cuss the forms (9) and (10), giving the proof of (11). The formulas (5) and 
‘8) are connected with asymptotic properties of Legendre polynomials; in 
cases (9) and (10) we need some asymptotic properties of Hermite and 
Laguerre polynomials. 


Part I 
1. Obviously we have in case of the form (4) 


* It is easy to show that the corresponding greatest characteristic values are I'("+-}4) and (2n)!. 





HERMITIAN FORMS 


3 f°) dt 


An == i = - ’ 
”" W/Gml, [fe [ae 





or what is the same, 


J", | f(e*) |?do 
ax = 
J_,¢@)?at 


f(z) being an arbitrary polynomial of the mth degree with real coefficients. 


Supposing that z lies in the complex plane cut along the segment (—1, +1), 
we have 


TA, = 





1 dt 

(12) @ + @ = 1 mAiay? = — fat @ — DENA, 
ri —3 

where the integral is taken in negative sense along a closed curve enclosing 

the segment (—1, +1) but not the point z. The left-hand member is indeed 

regular in the cut plane and vanishes for z=. By z+(z?—1)"/? we 

mean that branch of the function which is © for z=. For this branch 


|z+(z?—1)"/?| >1 in the cut plane and =1 on the cut itself. 
Thus we get 


1 1 
(13) | 2 + (2? — 1)"?|-2=-4| f(z) |? < < (f(t) dt, 


5 being the shortest distance of z from (—1, +1). 


Another inequality, less exact in general, can be obtained using some ele- 


mentary facts about Legendre polynomials. We have [Pélya-Szegé, 5, vol. 2, 
p. 95, problem 103 | 


(14) [| @ + @— 1) *(G@))*| S_max (O)? SH + 1)? J (SO)At. 


2. The unit circle | z| =1 lies entirely interior to the ellipse | z+ (z?—1)'/?| 
=1+2"/ having with it only the points +7 in common. Let y be an arc 
n/2—e<oS7/2+¢ of the unit circle containing +7 and lying in the upper 


half plane; let y’ be the complementary arc of the upper half circle. Then we 
have on account of (13) 


(15) f lr@bae s f | s+ (22 — 1)1/2|2™+1¢9. (f(t))°dt. 


T COS €v _ 


On setting z = e** =ie**’ we have in the neighborhood of z =i, i.e., for small 
values of ¢’, 
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log [z + (2? — 1)'/2] = log [ie**’ + i(e2##’ + 1)1/2] 


in 
<= + log [e**’ + e'#’/2(2 cos ’)!/?] 


12 


T , ? 
=F + log {1 + io’ - re 


2 
, 12 12 
ie Mee. Sey - 
2 8 4 


ia _¢' ¢” 
=F + log (1 + 28) + log {1 + 4 - 242 4... 


21/2 


2 


és = +g 4+ P94 PY — FO +>, 


whence 


| 2 + (2? — 1)'/2| = exp {MR log (¢ + (2? — 1)*/2)} 


16’ pe 
(16’) = (21/2 + 1) exp {— 24. te 


Using a familiar argument [cf. Pélya-Szegé, 5, vol. 1, p. 78, problem 201] we 
obtain 


(17) f | 2+ (22 — 1)1/2 |2m+1dg ~ m~1/2(21/2 4. 1)2n 
Y 


and on account of (15) 

J1|f@) |*do 

S’s@)rdt 
3. On the other hand we obtain on y’ using (14) 

| #02) |? 

L,G@)?at 
\ being the maximum of |z+(z?—1)"/?| on y’. But \<2"/?+1, whence 
Srx| f(ei*) [dg 

P(f(t))?dt 


= O(n-¥2(21/2 a 1)*"). 


< Hn + 1)!%, 





= O(n-1/2(21/2 + 1)?") 


follows. 
4. For the special polynomial f(t) =f(cos 6) =cos n@ 


f (f()))*dt = f ol nO sin 6 d@ = 1 — (4n? — 1)7! 
-1 0 
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holds. Furthermore 


fii s6» 


The contribution of y’ to this integral is =O(A"). On the other hand on y 


° 2 
do = f [Met @— I +4 — HD] ae. 


z=e€ 





1 
—f | 2+ (22 — 1)¥2|2"| 1 + (2 — (22 — 1)1/2)-2" [20g 
Y 


1 
oo lt remy f | s+ (2? — 1)1/2|2"dg, 
Y 


According to (17) the last expression is >cn~1/? (24/?+1)?", where c>0 
is independent of m. Thus we have shown 


(18) An ~w nV/2(2U2 — 1)2n, 


Part II 


1. In order to prove the more precise statement (5), we introduce the 
normalized Legendre polynomials g,(z) =(n+3)"/?P,(z), P, being the ordi- 
nary Legendre polynomial of the mth degree. On writing f(z) as a linear com- 
bination of Legendre polynomials we obtain 


(19) mr! = max >> Kx, for >>| x, 


u,v=0 v=0 


9 
*s 1, 





where 
(20) Kw = f qu(2)q.(z)do, z= ei, 


According as n is even or odd, Legendre polynomials are even or odd func- 
tions, so that K,, =0 if u—v is odd. Furthermore, the term z"-* in P,,(z) has 
the sign (—1)*; consequently K,, is real and has the sign (—1)“-”/? =e#*—)/2 
if w—v is even. Thus the maximum problem (19) can be separated into the 
two independent problems 








n 
max YK, x,k,, > | «|? $1, 
(21) uyv=0 v=n 
n 
max >> © Ky Xk, by | z\? Ss 1 
uev=0 v=n-l 


where, in >>“, »=v=n (mod 2), while, in >, »=v=n—1 (mod 2), and 
m\;1 is the greater of the corresponding maximum values. 
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2. We now propose to study some asymptotic properties of the integrals 
(20) using the asymptotic formula of Heine [2, p. 174] 
(z + (2? — 1)1/2)n+1/2 
(24n)*/2(22 — 1)1/4 ) 





(22) P,(z) = 


Here z lies in the complex plane cut along the segment (—1, +1). The ratio 
of the expressions in (22) tends to 1 uniformly in every closed region having 
no points in common with the segment (—1, +1). 

Let w be a fixed positive integer, n—> 2 . We confine ourselves to the values 
of uw and v characterized by the conditions 


(23) Z—-wSpyvsn, bw — v even. 


Denoting again by y, as in Part I, the arc r/2—eS@<S7/2+€ and using (16), 
we have for z=e'* =ie**’, 


f qu(z)qr(z)dp 


y 





~ (u + 4)'2(o + yee f (g + (2? — 1)'/2)et1/2(g 4 (g? — 1) 1/2)e+1/2 
, ” (2um)*/2(2vm)*/? | (22 — 1)'/4|2 
im(u — v) 2-1/2(21/2 4+ 1)etetl 
2r 


f exp {(2-"9" = an ces )u + 3) 


2 


+ (- 271/279! a an +++: \o + yao’ 


2-2 21/2 + 1)#te+t 
2n 


; f exp {oi — vp’ — 2/24 + v + 1) 








™~ exp 


~ (-— 1)%-)/2 





¢” 
ve wa 
eae 


2-1/2 21/2 1 wte+l1 € 12 
=~ (— 1)" \ — f exp {= 2G +941) * \ ae 
T -—e 





~ (- 1)*r 





—1/2(91/2 2 v+1 —1/2 
a2 r 1} {2-1 ater “\ wil? 


2r 4 


 (— 1) 12022112) 1/21/2212 4 tet 


and therefore 


(24) K yy & (— 1) 214g 1/21/2012 4 ato, 
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Using Schwarz’s inequality we obtain for all values of wu and v 


1/2_ 1/2 


(25) | Xo| S Ke Ke - 
On the other hand, for the values of uv and v satisfying (23) on account of (24), 


(u—v)/2 1/2 


(25’) Kw ™ (— 1) ee. 


3. Now if {¢,} denotes a suitable sequence with positive terms —0, 
ye” Kyrtphe < y ¥ | Kw x, | | x» | & z=. Pay ty 2, | | Ly 


p,v=0 
2 
-4 Ky, | »| s = Ky 
ven 


van 


< Q/4q_—1/2(21/2 + 1)2"+1 >» (1 4 €,)v-1/2(21/2 + 1)2-2n 


yan 


~ 21 /4q_—1/2(21/2 + 1)2+1y-1/2 (21/2 + 1)-4# 


k=0 
= 2-9/4 gL 121122112 + 1)2"+3, 
On the other hand we put 


ixv/2 ,-1/2 


x =oe  K, if v=n, n—-wSvaen, 


(27) , 
x, = 0 if v=n, y<n—w. 
Here the positive number ga has to be determined according to the condition 
Dovaal ty] 2=0? Don _vsvsnwanKw=1. The form in question becomes then 
DL Kyo? exp [in(u — »)/2]Kun Ky - 


yy n—w 
SSN 


In view of (25’) we obtain for this expression 


=o) K, Ke ss o*{ Kw}? - Ze Kw 


v=n—w 
<=an 


~ QU Agq—12y—-1/2(21/2 + 1)2"+1 > (21/2 4- 1)? 


v=n—W 
sn 


Since the number w is arbitrarily large the asymptotic value of the first 
maximum (21) is given by the right-hand member in (26). The second 
maximum is cbtained by replacing here m by n —1; the result is of lower order 
than the preceding one which therefore furnishes the asymptotic evaluation 
of (19). 


_ . —— — — 
ae 2S le ee te RE Se NIE le A a 


ha Seat S 


prae 
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Part III 


The treatment of the form (7) does not present new difficulties. Using 
notations analogous to those employed in Part II, it is sufficient to point 
out only the essential differences. 

The orthogonal polynomials belonging to the interval (0, 1) are 


n Py (— 1) 
(28)  qn(t) = (2m + 1)'/2P,(2t — 1) = (2n + 1)¥2?>> —— (2t)*. 
k=0 . 


Hence we obtain 
(29) Ky = (2u + 1)"/2(2v + ye f P,(2z — 1)P,(2z — 1)do, 2 = e*®. 


Since sgn P,, (—1) =(—1)"-* we easily see that K,, is real and has the sign 
(—1)*-”. The inequality (25) holds again. 
In this case, z=e*, 
max | 2z — 1 + [(22 — 1)? — 1]"/?| = 3 + 2(21/2) 

and this value is attained for z= —1. Thus the main part of our integrals is 
given by the arc r—eXod<7+e. We need therefore, the development of 
(30) log {22 — 1+ [(22 — 1)? — 1]*/2} = 2 log {21/2 + (21/2)? — 1)1/2} 

if z=e'* = —e**’ and ¢’ is small. Since z'/? =ie**’/? this can be readily calcu- 


lated from (16) in the form 
¢” 
(30’) in + 2 log (2% + 1) + 2-NAIig! — 2N8—— 4 «-- , 
This yields under the condition 
(31) mM—-wSp,ven 
the asymptotic formula 


r+e 
Kyo & (2u + 1)'/2(2v + ye f P,(22 — 1)P,(2z — 1)do 


r—e 


& (2u + 1)"/7(2v + 1)'/? 
7 { 25— 1+ ((2s—1)*—1)"/2} +08 { 25—14-(2s—1)?— 1) apes 
r¢ (2mp)!/2(2mev)4/2| ((22 — 1)? — 1)1/4|2 a 
(32) & (— 1)#-(221/2)-1(21/2 4 4) 2 F242 








+e ¢”? 
. f exp {2-1 — vd’ — 2"2%(y + y+ 1) - as 
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& (— 1)4-(292"/?)-1(21/2 + pnts {2 +v+ oye 


16 
~ (- 1)#-?2-1 4g 1/21/2212 + 1)2#+2-+2 | 
For the values (31) the asymptotic formula (25’) holds again, with (—1)“-”/? 
replaced by (—1)#~’. 
Consequently, by means of an argument similar to that used in Part II, 


a EY 





we obtain for ; 
2rA,! = max >. | om > | z,i* $1, : 

Qa dct DS Koy Sg tty Q? inte (21/2 4 1)-4# ) 

v=0 k=0 : 

= 2-141) 21/2012 + 1)4+4, } 

Part IV 4 


1. Introducing the normalized Hermite polynomials q,(¢) belonging to the 
weight function e-*, we see that the smallest characteristic value \, of (9) 
is given by 


2m, ' = max >, Ky %yX>, ye XL» 





> = I, 


ih RSS PF EEE I SRD 


where 


Pa ue 


(33) Ky = f qu(z)q(z)do, z= e¢, 


Hermite polynomials can be represented easily in terms of Laguerre poly- 
nomials with the parameter values +}. Using the notation from the book 
by Pélya-Szegé [5, vol. 2, p. 94, problem 99] we obtain [cf. loc. cit., p. 95, 
problem 102] 


(C(m + 3))-¥2(P(m + 1)) 2572) if nm = Im, P 
(34) aa) = { ji ee 
(T(m + $))-¥/2(0(m + 1))/4Ln(#) if nm = 2m+ 1. 


Consequently K,,=0 if u—v is odd. For p—» even, K,, is real and positive. a 
According to the asymptotic formula of Laguerre polynomials due to 
Perron [cf. 4, p. 77, (48) | 


—1/4 
(35) Qn(z) & n(2nin)-() exp [z?/2 — iz(2n)'/?], 


ae SSE iat Sk a 


where 7 = 1 if m is even, 7 =7 if m is odd. Here z is supposed to have a positive 
imaginary part. The essential part of K,, is given again by an arc y of the 
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type of Part IT.* Let w be a fixed positive number; for large values of » and for 
(36) n—-own'? <pvsn, we — v even, 


we have 


f qulz)q(z)d@ 
. 


m —1/4 yp —1/4 
~ (tney-*(=) (<) f exp [— iz(2u)'/? + i2(2v)!/? | dg. 


5) 
¥ 


(37) 


Putting z=ie**’ we obtain 


n —1/2 . 1 or ¢” , 
(ne(*) fie {(1 + i" - =) cou) 
"2 
(0-4 San 
nN 


—1/2 
~ (4ney-*(~) exp [(2u)"/? + (2v)/?] 


f exp [— 3((2u)'/? + (2v)"/?)6’?]do’ 


/n\~1/2 
(4ney-*(~) exp [(2u)!/2 + (2v)*/2] {3((2y)1/2 + (2v)1/2) } 1/291 /2 


24g 1l2¢-1y-8/4 exp [(2y)"/? + (2v)/?] 


because u!/?—y'/? remains bounded. Hence, for the values of u, v defined by 
(36) 


(38) Ky & 278/471 /2¢-1 2-3/4 exp [(2u)'/? + (2v)'/2], 
Hence we get as in Part IT 


Im! = pe K,, = 2-3/4q_—1/2e—1y-3/4 >> exp[2(2v)!/?] 


=n 


1 n 
~ 2g tlten tye 36.— f exp [2(2x)"/?]dx 
- 1 


ni/2 
= 2g site igasit f x exp[2(2"2) a |dax 2-9/44-"/2e-17-"/4 exp[2(2m)"/?]. 
1 


Thus the first statement (11) is established. 
2. Dealing with the form (10) we use Laguerre polynomials g,(¢) =L,(¢). 
* Near the real axis, i.e., in the neighborhood of the points z= +1, the formula (35) cannot be 


used. Here the fact has to be regarded that | qn(x-++iy)|, x and y real, is monotonically increasing if | y| 
increases. This is a consequence of the reality of the zeros of gn(z). 
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Here K,, is always real and positive. Excluding the case in which z is real and 
non-negative, we have [Perron, 4, loc. cit. | 
Qn(z) SY (24/2)-1(— 2)" 4ee/29-1/4 exp[2(—2)"?] 
The essential part of K,, is given now by the contribution of a neighborhood 
of z= —1 (cf. the footnote on p. 460). 
Restricting w and » as in (36) but without the condition regarding »—v 
we obtain 


rte 
Ky f qu(2)qn(ayde 


w—e€ 


tte 
& (4me) us f exp [2(— zu)? + 2(— av)"/?]dg. 


r—e 


Writing z = —e**’ we get 


+e , 12 , 12 
(4re)-'9-¥l2 f exp {2ue(1 + iS -*) + avn(1 _ ie -=)\ dg’ 


~ (4re)—'n-"/"exp [2u2/2 + awe] f exp [— (u/? + v'/2)g/2/4]dg’ 


1/2 pl/2 —1/2 
eet wil? 


> 2-8/2q-U2e-1y-3/4 exp [2y1/? + 2yt/?], 


therefore 


n n 
2m, '& Do Ke 2-#2e-1"temtn-404 f exp [Ast] dx 2-14-26 tn exp [4n!?. 
y= 1 
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ON A CLASSIFICATION OF INTEGRAL FUNCTIONS BY 
MEANS OF CERTAIN INVARIANT POINT 
PROPERTIES* 


BY 
R. D. CARMICHAEL, W. T. MARTIN, AND M. T. BIRD 


1. Introduction. In the investigation of linear differential equations of 
infinite order and of certain other types of linear functional equations, the 
authors of this paper have severally had occasion to employ certain point 
properties of integral functions which remain unaltered in passing from one 
regular point to another. These invariant point properties are of considerable 
interest in themselves, and the theorems to which they give rise extend classic 
results in the theory of integral functions. In this paper we lay the founda- 
tions of a general theory of these invariant point properties of integral func- 
tions and present the principal results concerning them which we have sev- 
erally drawn upon in our recent investigations (not yet published). 

2. On I-sequences. Throughout the paper the symbol {?,} will denote an 
infinite sequence of positive numbers fo, hi, fz, - - - . We define associated posi- 
tive-termed sequences {\,} and {p,} by means of the relations 


to = Ao = po, th = ArA2- + + An = (pn)", (m = 1, 2,3,---). 


An infinite sequence {f,} will be called an J-sequence when and only 
when 

(a) it consists of positive numbers having the property that for every 
single-valued analytic function F(x) we have 


(1) lim sup | ty, F (29) /n! |1!™ = lim sup | t,F™(2)/n! |t/» 
n=e n=o 


for every two finite regular points x, and x, of F(x); 

(b) there exists at least one analytic function F(x) for which the superior 
limits in (1) have a value different from zero. 

The property of F(x) expressed by (1) is an invariant point property of 
of the function. 

If {t,} is an J-sequence and if F(x) is a particular analytic function for 
which the superior limits in (1) have the value g (0<q< @) then we shall 
say that F(x) is of type (to, h, t, -- + ; g), or, more briefly, of type (tn; q). 
When q is finite we shall speak of the type as normal. 

* Presented to the Society, April 11, 1936; received by the editors February 21, 1936. 

t National Research Fellow. 
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It is obvious that every polynomial is of type (¢,; 0) for every J-sequence 
{t,}. Hence any particular J-sequence serves to separate all analytic func- 
tions into (two or more) types or classes. 

If {t,} is an J-sequence it is clear that {7,} is also an J-sequence provided 
that its elements are positive and that the limit 
(2) lim (tn/tn)'!” 
exists as a finite quantity p different from zero. Then if F(x) is of type (¢,; g) 
it is also obviously of type {7,; pq}. 

Let us put 

lim sup (¢,)!/" = p, lim inf (¢,)!/" = ¢, (OScoSpS). 
We shall first prove that p is necessarily infinite for every J-sequence {t,}. 
For, if we assume p to be finite, then for the particular function F(x) =1/(1—<) 
relation (1) leads to the equation 


p| i- xo |- = p| i- a |-} 


for all finite x» and x, different from unity; and this is impossible unless p =0. 
But if p=0 it is easy to see that condition (b) in the definition of an J-se- 
quence is not satisfied. 

When o £0 we denote by E(x) the function 


(3) E(x) => =, 


the indicated power series converging for |x| <o. Taking x»=0 and x; such 
that |2,| <o we have from (1) the relation 


1 = lim sup | tnE™ (%)/n! |1/m 


provided that {?,} is an J-sequence, as we now assume. Hence E(x) is analy- 
tic in the interior of a circle about x, as center and of radius oc. But this is not 
possible for every x, satisfying the indicated condition unless ¢ is infinite, 
since if o is finite E(x) has a singularity on the circle |x| =o. 

On combining the results obtained, we have the following theorem: 


TueoreEM I. Jn order that {t,} shall be an I-sequence, it is necessary that 
one or the other of the two following conditions shall be satisfied: 
(4) lim (t,)'/" = © ; 


(5) lim sup (f,)!/" = 0 and lim inf (¢,)/" = 0. 
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An I-sequence {t,} for which condition (4) [(5) | is satisfied will be called 
an A-sequence [an a-sequence]. We shall be concerned with A-sequences. 
We have not been able to determine whether a-sequences exist; we know 
some of their properties if they do exist; but we shall not present those 
properties in this paper. 

3. On A-sequences. For every A-sequence {t,} the function E(x) defined 
in (3) is an integral function. It is of normal type (¢,; 1). If {t,} is an A- 
sequence and a given analytic function F(x) is of normal type {t,; q}, then 
F(x) is clearly an integral function. Hence the usefulness of A-sequences will 
be confined mainly, if not entirely, to the class of integral functions. It is 
obvious that (4) is necessary as well as sufficient to meet the requirement 
that every function of normal type (t,; ¢) shall be an integral function. 

We shall now develop necessary and sufficient conditions that {t,} shall 
be an A-sequence. We suppose condition (4) to be satisfied. Then E(x) is an 
integral function. In order that {¢,} shall be an A-sequence, it is necessary 
that for every positive number a we have 


lim sup (t,E“™(a)/n!)'/" = 1. 


This is obtained from (1) by taking x»=a, x,=0, and F(x)=E(zx). But it is 
easily seen that the inferior limit of this limitand is not less than unity since 
for each value of m the limitand itself is greater than unity. Consequently a 
necessary condition that a sequence {t,} of positive terms satisfying (4) 
shall be an A-sequence is that we shall have 


(6) lim (t,£°")(a)/n!)"/" = 


for every positive value of a. 

Let us now suppose that {t,} is a sequence of positive terms satisfying 
conditions (4) and (6); and let F(x) be a single-valued analytic function which 
is regular at the finite point x» for which 


lim sup | t, FP (x9)/n! |t/m 
n=o 


has the finite value g=gq(x0). Then F(x) is an integral function. Moreover, 
for every positive number « there exists a positive number M, such that 


| F (x0) | < Mig + e*u!/t4, = (u = 0,1,2,---). 
Then from the power series expansion of F(x) in powers of x—xo we have 


= +y)! 1 
| F(x) | < M.q+ ."> : (q + €)”| x — xol” 


(7) v=0 v ! n+¥ 


= M(qt+60)"E™[(q + ©)| x — xo| J. 
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Then from (6) with a=(qg+e)|x—20| and from the arbitrariness of the e 


we see that 
lim sup | t,F(™(x)/n! |" 
is not greater than gq. If this superior limit were less than g for some x1, we 
could start from this x, and prove similarly that it is less than g for x=», 
contrary to hypothesis. Hence its value is q. 
This enables us to conclude to the following theorem: 


THEoREM II. A necessary and sufficient condition that a sequence {t,} of 
positive terms to, ti, te, - - - shall be an A-sequence is that it shall satisfy condition 
(4) and the condition 


co yp ! 1/n 
(8) tim ( . ore o) = 


n= v=0 borin vin! 
for every positive value of a. 


Equation (8) is merely another form of (6). An equivalent condition is 
set forth in the following corollary, which we now prove: 


CoroLiary 1. Condition (8) in the theorem may be replaced by the following 
equivalent condition: 


a) th 1/n 
(9) lim ( 7 «’) = 1. 


v=0 bin 


Since the binomial theorem implies that 


! 
(v+ =n 


(1 ot 6)"+ > 
vin! 


for every positive 6 and for non-negative integers m and », it follows that 


(v +n)! 


vin! 


1 v 
(10) = (1+ aye(1 + -) 


for every positive 6. Hence we have 


) ee RS a (1 +—er 
v=0 bin v'n! vr=0 Yvtn 6 
From this relation and from (9) with @ replaced by a(1+1/5) it follows that 
(9) implies (8). That (8) implies (9) follows readily from the fact that the 
limitand in (9) lies between 1 and the limitand in (8). Hence the corollary 
is established. 
We shall now prove the following two corollaries of Theorem II: 
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CorOLLARY 2. Any one of the following is a necessary condition that the 
sequence {t,} be an A-sequence: 


(a) limp, = ©, (b) limsupdA, = ©, 


(c) lim inf (A,)'/" 2 1, (d) Tim (AngtAng2 °° * Aon)" = oo, 
Coro.iary 3. Either one of the following is a sufficient condition that the 
positive-termed sequence {t,} be an A-sequence: 
(a) lim A, = ©, (b) Pn+1 = Pn, lim p, = ©. 
In Corollary 2 (a) we have merely a repetition of Condition (4), and 2 (b) 
is an immediate consequence of 2 (a). Corollaries 2 (c) and 2 (d) follow im- 
mediately from a consideration of the second and the (~+1)th terms in the 
series in (9). When the condition in Corollary 3 (a) is satisfied we have equa- 
tion (4). When the same condition is satisfied, then for any K whatever 
greater than a we have 


= ! tv 1+ v)! a’ 
1219S <p Sere -(i 





pel n'y! An+1 il An+e v=0 n'y! K’, 


for all greater than a given value depending on K. Hence Condition (8) 
is satisfied. Thence from Theorem II we conclude to the truth of Corollary 
3(a). This corollary in turn implies Corollary 3 (b). 

By aid of Corollary 3 it is easy to show that the sequence {f,} is an A- 
sequence for each of the following definitions of ¢,: 


(11) ¢, = (m!)* or t, = e™™ or t, = n™ (except that fp = 1), 0<t< @; 
(12) t = era)’ Oct<cw, n>, t =1; 
(13) t, = (log 2) or t, = nUi— (og M1 O<t< wn t2,%=h =1; 
(14) t, =e" when /,(m) is real but otherwise ¢, =1, where, in the last case, 
we have 
0<t< o, 1,(n) = log n, 1,(m) = log [l,-1(n)], uw > 1. 

Functions of normal type (m!; g) are the functions of exponential type.* 

Functions of type ((!)'; q), with 0<it<, and 0<q<~, are the functions 


of order 1/¢ and normal type éq"/‘ in accordance with the classic terminologyT 
of the theory of integral functions. 
* See, for instance, R. D. Carmichael, Bulletin of the American Mathematical Society, vol. 


40 (1934), pp. 241-261. 
t See, for instance, A. Pringsheim, Mathematische Annalen, vol. 58 (1904), pp. 257-342. 
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We shall now prove the following theorem 


THeoreM III. Let {t,} be an A-sequence. Let {t/}, with ti =r, 
tn’ =i Ad «+ - An forn=1, 2,3, --- , be any infinite sequence of positive num- 
bers such that a positive constant M exists so that d,,'= MX, forn=1,2,---. 
Then {t, } is an A-sequence. 


Since ¢, satisfies Condition (4) it is evident that #,’ satisfies a like condi- 
tion. For positive and positive a we have 


(n+ vr)! a” i > (n+ vr)! (a/M)’ 








i<> 


v 


, / 
0 n'y! An+1 ht An-+o v=0 n'y! Ant cee Ant 


Hence Condition (8) on ¢, implies the corresponding condition on ¢,’. Thence 
it follows that Theorem III is implied by Theorem II. 

4. Classification of integral functions. With respect to the general ques- 
tion of the existence of A-sequences suitable for classifying transcendental 
integral functions, we prove the following theorem: 


THEOREM IV. For every transcendental integral function F(x) there exists 
an associated A-sequence {t,} such that F(x) is of type (tn; 1) and the correspond- 
ing Pn 1S monotonic non-decreasing. 


We define the required sequence {¢,} as follows. For positive n, let ¢, be 
a positive number such that ¢;/", or 1/p,, is the greatest of the numbers 


| F(0)/p! |, (u=n,n+1,---), 


such greatest numbers* obviously existing since F(x) is a transcendental in- 
tegral function. Put po=p:. From Corollary 3(b) to Theorem II it follows 
readily that such a sequence {¢,} is an A-sequence, since ¢,!/" is clearly a 
monotonic non-increasing function of m approaching zero as becomes in- 
finite, whence the corresponding p, is monotonic non-decreasing and becomes 
infinite with m. Thence it is easy to see that F(x) is of type (¢,; 1) and that 
the theorem follows as stated. 

The totality of A-sequences {#,} associated with the totality of trans- 
cendental integral functions in the manner indicated in the foregoing proof 
contains just those A-sequences for which p, is monotonic non-decreasing, as 
one sees from a consideration of the particular function 


F(x) = 1+ pr'xt pr2a?+---. 
5. Bounds on functions of normal type (t,; 7) for A-sequences {¢,}. Equa- 


* Such sequences {1/p,} have been considered by G. Faber, Mathematische Annalen, vol. 70 
(1911), pp. 48-68; see p. 51. 
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tion (7) affords an upper bound to | F™(x)| in terms of the mth derivative 
of E(x) when F(x) is a function of normal type (¢,; q) and {¢,} is an A-se- 
quence. It is sometimes useful to have such an upper bound in terms of E(x) 
itself rather than in terms of its derivatives. In this connection we prove the 
following theorem: 


THeorem V. Let {t,} be an A-sequence such that the corresponding p, is 
monotonic non-decreasing. Then if F(x) is of normal type (tn; q), we have for 
every positive 5 and every positive € an M,(xo) depending on ¢€ and xo alone such 
that 


(15) | t,F™(x)/n!| < Me(xo)(q + "(1 + 1/6)"E[(g + €)(1 + 8)| x — xo| | 


for every finite x and Xo. 


From (7) and (10) we have 
C) £. 
| t,F™(x)/n!| < M.(x0)(q + "(1 + 1/8)" >> (q+ 6)(1 + 6)"| x — xo’. 


v=0 ¢n+p 
But since p, is now monotonic we have for nv >0 the relations 
tnty saad Px py s Pn+Pn+v = Envy whence tn/ta+v < 1/t,. 


From these relations and the definition of E(x) we have (15), and the theorem 
is proved. 

6. Type of the derived function. We now prove the following theorem: 

TueoreM VI. Jf F(x) is of type (tn; q), for a given A-sequence {t,}, then 
F' (x) is of type (tn; q1) where q.Sq. When q is finite, a necessary and sufficient 
condition that q,=q in all cases is that lim,-.(An)"/" =1. 

We have 


lim sup | tn FO"+ (aq)/n! |!" = lim sup | taF Ot) (.29)/n! [oro 


n= 0 n= 2 


S lim sup | tpy1F "+ (x9)/(m + 1)! |" rtp 


-lim sup (1/Ang1) "FP. 


Now apply Corollary 2(c) following Theorem II. The stated theorem follows 
readily. 

7. Representation of functions of normal type (/,; 7). We prove the fol- 
lowing theorem: 

THEOREM VII. A necessary and sufficient condition that a function F(x) be 
of normal type (tn; q), for a given A-sequence {t,}, is that it be expressible in 
the form 
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(16) Fa) =f Bt \a(z)d 
x -? s xz)a(z)dz, 


where a(z) is a function which is analytic in the ring g<\|z| <f<~ and has a 
singularity on the circle \z|=q, and where C is a circle of radius q+e, 
0<e<f—gq, about the point 0 as a center. Here E(x) is the function defined in (3). 


An easily verified representation of F(x) in the form indicated is the fol- 


lowing: 
1 ~ t,F™ (0 
F(x) = —f B(x) ( +e —) dz 
2ri Cc 


bese nigntl 


Conversely, if F(x) has the representation (16), then we may write 


i] 


as)=>D—+ Dar, a<lel sy, 
v=0 


v=0 grtt 


where lim sup,...| @,|!/”=q. Then from (16) we have 


F(x) = 
v=0 ¥ 
whence it follows readily that F(x) is of normal type (¢,; ¢). 

8. On B-sequences. Independently of the notion of A-sequence, we shall 
now define a class of sequences, which we call B-sequences, and we shall then 
prove that every B-sequence is an A-sequence. 

Let {,} be an infinite sequence of positive numbers fo, f1, f2, - - - verifying 
equation (4). Define E(x) as in (3). If F(x) is a single-valued analytic function 
which is regular at x=» and if we have 


(17) lim sup | ta F(™(xo)/n! |!" = q = (xo), (O<q<~), 
whence F(x) is an integral function, then for every positive number ¢ there 
exists a constant M,.(x.), depending on ¢ and xo, such that 
(18) | F(x)| < M(x) E[(q + €)| « — xo| ] 


for every finite x, as we may see through a proof similar to that by which 
equation (7) was derived. 

Let us suppose conversely that the sequence {?,} verifies (4) and is such 
that every integral function F(x) having the property associated with (18) 
has also the property that 


(19) lim sup | t, F™(x9)/n! |t/m <q. 
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Then, and only then, we shall say that {#,} is a B-sequence. 
THEOREM VIII. Every B-sequence is an A-sequence. 
Let {t,} be a B-sequence. Define E(x) as in equation (3). We have 


| Xx — Xo|” ss f- 
i+ 


Lb, X% — Xo 





| E(x)| < E({x|) => 


M(xo)E[(1 + €)| « — xo| J. 


Then, since {t,} is a B-sequence, we have 


lim sup | t£((xo)/m! |" < 1. 


Letting «> run over all positive values a we evidently have the condition asso- 
ciated with (8), since the limitand is never less than 1. Since ¢, verifies (4), 
it follows from Theorem II that {¢,} is an A-sequence, as was to be proved. 

TuHeoreM IX. A sufficient condition that a sequence {t,} of positive num- 
bers to, ti, tz, - - - satisfying (4) shall be a B-sequence is that positive numbers r,, 
shall exist such that we have 


x rv tn 1/n 
(20) lim {> =\ =1. 


v=0 rie ty 


n=o 


Let F(x) be a single-valued analytic function verifying a relation of the 
form (18) where {#,} is a sequence verifying (4). Then F(x) is an integral 
function, and we may write 


F™ (x9) 1 F(z) 


some ee i 
n! Qridr,(g — x"! ’ 


where I’, is a circle of radius 7,/(¢+¢) about the point 1» as a center. From 
(18) and the last relation we have 


Eo) 


| tr (xo)/m!| S M(x) (q + "tar "E(rn) = M(x0)(q + "Do 


v=0 n 


Tr tn 
n ty 
If a sequence r, exists for which (20) is satisfied, then we see that (19) is 
satisfied and hence that {t,} is a B-sequence. 

THEOREM X. A sufficient condition that the sequence {t,} of positive num- 
bers to, t, t,--- be a B-sequence is that the corresponding sequence {d,} be 
monotonic non-decreasing and have infinity as a limit. 


It is clear that condition (4) is satisfied. It is easy to verify that the hy- 
potheses imply the relations 
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AP "ta / be Ss a, (v, = 1, 2, Pe~> ). 


Hence, if we take r, = (1—1/m)d, for n>1, we have 


ie? aes 
1 


Then equation (20) follows. Then Theorem X follows from Theorem IX. 


THEorEM XI. A necessary condition that the sequence {t,} of positive num- 
bers to, ti, ts, --- be a B-sequence is that we have 


lim inf (Angi/An)'/" 2 1. 


n= 2 


We shall prove this by showing that a contradiction arises if we assume 
that a B-sequence {t,} exists for which we have 


lim inf (Angi/An)!/" = @ <1. 


Let 6, and 62 be positive numbers such that <0 <0,<62<1. Then we have 
Ant < O2"%n < A" An 


for an infinite increasing sequence of positive values mo, 1, %2,--- of n. Then 
for such m we have 


| x = Lee | «| s LIM (Y's al eb (2) 
tO." tn—1 62 O"An tn—-1 02 02 


if | «| < O"A,,; 


sla ayn gL (2) 
1,02" batt Oo | xv | bn—t Ao Oo 


if | «| = Or* Angi. 








Since 67"A,,41 <4", for such ” the two ranges of x cover all finite values of x. 
Hence, for the function 


x x ny, 


F(x) = 


v=0 tn,O0” 


we have the relation 


2 


F(a) | $F(| #|) $5 


= E(| x|). 
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1 
lim sup | fF (0)/n! |" = —— > 1. 
n= . 


The last two relations contradict the hypothesis that {t,} is a B-sequence. 
Hence the theorem follows as stated. 
The foregoing theorem will enable us to prove the following: 


THEOREM XII. Not every A-sequence is a B-sequence. 
Let {t,} denote the sequence for which we have 
po = 1, Pn = 2” for 3-2"? < nm S 3-2"",7 (v= 0,1,2,---). 


Since p, is monotonic non-decreasing and has the limit infinity it follows from 
Corollary 3 to Theorem II that {#,} is an A-sequence. But from Theorem XI 
it follows that it is not a B-sequence, since we now have 

lim inf (Any1/An)'/” S 2, 
as one sees by considering the values 3-2’-?+1 of m. Hence the theorem is 
established. 

The sequences {#,} defined in equations (11) to (14) are B-sequences, as 
one shows by aid of Theorem X and the fact that A, =p, when p, is monotonic 
non-decreasing, owing to the relation \,,=p,"(pn-1)~"+! which holds in all 
cases for positive n. 

9. Necessary and sufficient conditions for normal type (¢,; g). We have 
the following theorem: 

THEOREM XIII. Let {t,} be a B-sequence. Then a necessary and sufficient 
condition that a single-valued analytic function F(x) shall be of normal type 
(tn; q) is that (a) numbers p shall exist for which it is true that for every positive 
number « there exists a constant M, depending on « and p but independent of x, 
such that for all finite values of x we have 


| F(x)| < ME[(p + 6)| «| ] 
and (b) that q shall be the least of such numbers p. 
Moreover, when F(x) is of normal type (tn; q) we have 
| F™(x)| < M+ )Em[@+6| «| ], (n = 0,1,2,---), 
where M is independent of x and n. 


The proposition in the first paragraph of the theorem is an immediate 
consequence of the earlier part of §8; that in the second paragraph follows 
from (7) and the fact that every B-sequence is an A-sequence. 
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Pringsheim (loc. cit., pp. 273, 280) has observed that the sequence 
{(n!)"#}, 0<t<, possesses the properties characterizing both our A-se- 
quences and our B-sequences. Results obtained by him imply the following 
proposition : 

A necessary and sufficient condition that a single-valued analytic function 
F(x) shall be of normal type | (m!)"/'; g}, 0<t<0,0<q<©, that is to say, 
of the classic order ¢ and normal type q‘/t, is that (a) numbers # shall exist 
for which it is true that for every positive number e¢ there exists a quantity M, 
depending on ¢ and p but independent of x, such that for all finite values of « 
we have 


| F(x) | < Meterotleite 
and (b) that qg shall be the least of such numbers p. 
From this result and our Theorem V we have the following theorem: 


TueoreEM XIV. If F(x) is of normal type {(n!)"!'; g}, 0<t<, then, for 
every positive n, €, 5, there exists a constant My, independent of x and n, such 
that for all n and for all finite x we have the inequality: 


| (a!) (x)/n!| < Mya(q + on(1 + -) elatetsyt ita) alte, 
5 
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INTEGRATION AND LINEAR OPERATIONS* 


BY 
NELSON DUNFORD 


1. Notation and introduction. By L, (1<p<) will be understood 
the class of real valued measurable functions ¢(P), 0<P <1, for which 
| ‘| o(P) |\"4P <«, by S,(X) the class of measurablet functions f(P) on (0,1) 
to the space X of type B [seet 1, p. 53] for which SI F(P)|!PaP <2. With 
A= {S| fP)||"aP } "2, S,(X) is a Banach space. In case p>1, Ly is defined 
by the equality p’= = »/(p—1) and if p=1 the symbol L,,=L.,,=M will stand 
for the space of real, essentially bounded and measurable functions with 
'\o|| =ess. sup. |¢(P)|. Similarly for S,(X) and S,(X), and for brevity we 
write S,, in place of S,(L,). By L,, we mean the class of real valued meas- 
urable functions K(P,Q) that belong to L, for each P and for which 
{f | K(P, Q)|%dQ}"/« belongs to L,. Finally the term linear operation is 
used in the sense of Banach, i.e., for an additive continuous function. In 
terms of this notation our results are described in the following paragraph. 

It is easily shown that a kernel K(P, Q) in L,-, defines a linear operation 


(1) To = f K(P, 0)¢(P)dP 


on L, to L,. In case p=1, 1<q<~, this is the expression for the most gen- 
eral linear transformation and its norm is 


1/q 


| T| = ess. sup. \f | K(P, 0)|"aol 


In case 1<ps«%,1<q<~@ the operation (1) is completely continuous and 
the general linear operation is expressible as the limit of a sequence of opera- 
tions of type (1). The general completely continuous linear operation on 
L=L, to L, (1<q<~@) is given by (1), where the kernel K(P, Q) is in L,,, 
vanishes outside the square 0 <P, Q <1, and satisfies the condition 


lim ess. sup. fi K(P,Q + h) — K(P,Q)|"dQ = 0. 
h=0 0 


* Presented to the Society, October 26, 1935, and February 29, 1936; received by the editors, 
September 1, 1935, and, in revised form, February 11, 1936. 

+ This concept is defined in §2 of this paper. 

t References in brackets refer to the bibliography at the end of the paper. 
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Other representation theorems are given for operations on L to /, (the space 
of sequences {a;} of real numbers with De, lal” convergent), and opera- 
tions on the space of absolutely continuous functions to L,, l,, or Hilbert 
space. The abstract function f(P)=K(P, Q) may be in S,, without the real 
function K(P, Q) being in L,, but every function in S,, has a unique repre- 
sentation in L,, and conversely every function K(P, Q) in L,, defines 
uniquely a function f(P)= K(P, Q) in S,,. 

2. Preliminary remarks. A function f(P) on 0<P <1 to a Banach space 
X is said to be finitely valued* in case there exists a decomposition of the in- 
terval (0,1) into a finite number of disjoint measurable sets on each of which 
f(P) is constant, and it is said to be measurable in case there exists a sequence 
fn(P) of finitely valued functions for which f(P)=lim,/,(P) almost every- 
where. This definition of measurability which was used by Bochner is equiva- 
lent to saying that /(P) satisfies the condition of Lusin, i.e., f(P) is continu- 
ous on a closed set with measure arbitrarily near one. This fact is proved al- 
most as in the case of real functions [13, p. 44]. 

S. Bochner has defined [3] a class of functions called summable on (0, 1) 
to X and an integral on this class. We [6] have done likewise and in both 
cases the space of summable functions is complete and has the set of finitely 
valued functions everywhere dense. This shows that the two notions of sum- 
mable functions as well as the integrals coincide. Accordingly results from 


both papers will be used. The reader will find no difficulty in establishing the 
following theorems (the proofs are merely sketched) which are stated here 
and numbered for future reference. 


2.1. If f(P) is measurable and $(P) is a real finite valued measurable func- 
tion then the functions || f(P)|| and @(P)f(P) are measurable. f(P)/¢(P) is meas- 
urable if an arbitrary constant value is assigned to it on the set where o(P)=0. 
Also if a sequence of measurable functions f,(P) converges almost everywhere 
then lim,f,(P) is measurable. 


2.2. The function f{(P) is summable if and only if f{(P) is measurable and 
|| f(P)}| is summable. 


This is Bochner’s definition of a summable function. 


2.3. Let X and Y be two spaces of type B, Tx linear on X to Y and f(P) 
summable on (0,1) to X, then Tf(P) is summable and T [.f(P)dP = [.Tf(P)dP 
for every measurable subset e of (0, 1). 


That 7f(P) is summable follows from 2.2. For Tf(P) is continuous on 


* The reader should be careful to distinguish between finitely valued and finite valued, the 
latter term being used in the usual sense for real functions. 
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any set upon which f(P) is continuous so that 7f(P) is measurable. The 
norm ||7f(P)|| is summable since it is bounded by | 7| -||f(P)||. The equality 
in the theorem is proved by using a sequence of finitely valued functions con- 
verging to f(P) in the mean. This theorem has been given by G. Birkhoff [2]. 


2.4. If f(P) is in Sy (X) then the transformation 
1 
Te = [ sPo(eyaP 
0 


is a linear operation on L, to X, with |T| < { SILA) ||"aP }" '’ if 1<psa 
and |T| <ess. sup. If(P) if p=1. 


The operation is defined on L,, for by 2.1, f(P)(P) is measurable and since 
f(P)o(P)|| =||fP)]] - | o(P)| is summable it follows from 2.2 that f(P)¢(P) is 
summable. 7¢ is linear since ||T¢]| < /, f(P)||- | 6(P)| dP s| ll] - |]. 

3. The representation of summable and of measurable functions. A few 
preliminary remarks are in order. It is easily seen that if the abstract func- 
tion f(P)= K(P, Q) is in S,,, 1<p,q<@, then 


fr} fx, o/"a0 "= flanltar <«, 


but this does not mean that K(P, Q) is in L,, for K(P, Q) may not be meas- 
urable. In fact it may be that f(P)=0 for all P and that K(P, Q) is a non- 
measurable function. This is the case if K(P, Q) is the characteristic function 
of a Sierpifiski set [15]. Such a set is bounded and has positive exterior meas- 
ure and has no more than two points in common with any straight line. Also 
one might ask if every function K(P, Q) for which 


fetf K(P, 0) |"agh ar 20 


defines a function f(P) = K(P, Q) in S,,. That such is not the case is seen by 
the example K(P, 0)=¢(P)¥(Q), where ¥(Q) is any function in L, and ¢(P) 
is a non-measurable function with |¢(P)| in L,. However, as will be seen, 
every K(P, Q) in L,, defines a function in S,, and conversely every f(P) in 
S,, has a representation in L,, and two such representations must (by the 
theorem of Fubini) be equal for all P, Q except for a set of two-dimensional 
measure zero. In fact for a large class of Banach spaces Y a measurable func- 
tion f(P) on (0,1) to Y has a measurable representation. For Le, this fact as 
well as 3.2 has been established by S. Bochner and J. von Neumann [4]. Let 
Y be a Banach space composed of real almost everywhere finite measurable 
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functions Y=y(Q) defined for 0<Q <1. Let it be supposed that Y satisfies 
the following conditions: 

(a) If ||¥»||--0 then y,(Q)—0 in measure. 

(b) If Y(Q)=0 almost everywhere then y=0. 
Then we have 

3.1. If the function f(P) on (0,1) to Y is measurable, there exists a function 
K(P, Q) measurable on the square OS P,Q <1 such that f(P)=K(P, Q). Any 
two measurable representations of f(P) differ only on a set of two-dimensional 
measure zero. 

First suppose that f(P) = K*(P, Q) is finitely valued, and let e1, és, - - - , én 
be the sets upon which f(P) is constant. Let P; be a point of e; and define 


K(P, Q) = K*(Pi, Q) for P in e; (i = 1, 2,--°,m). 


So that K(P, Q) is a measurable representation of f(P). Now suppose 
f(P)=K*(P, Q) is an arbitrary measurable function, and let f,(P) be a se- 
quence of finitely valued functions approaching f(P) almost everywhere. Let 
K,.(P, Q) be a measurable representation of f,(P), then 


lim ||K,(P,Q) — Km(P,Q)||y = lim ||f.(P) — fm(P)|| = 0 for almost all P. 


Thus by (a), K,(P, Q) converges in measure for almost all P in (0,1) and so 
we have 
lien ' | K,(P, Q) Li KAP, Q) | 
nm Jo 1+|K,(P,Q) — Kn(P, Q)| 





dQ = 0 for almost all P, 


and hence (using the theorem of Fubini) 
1 f1 | K,(P,Q) — Kn(P, 
im ff Pi O- EGO sig 
nm Jo Jo 1+| Kx(P,Q) — Kn(P, Q)| 


There is therefore a function K’(P, Q) measurable on the square O< P, O<1 
such that 





K,,(P, Q) — K’(P, Q) in measure on 0 S P,Q S 1. 
Hence there is a subsequence K,,,(P, Q) and a set EZ; in (0, 1) with m(£,) =1 
such that 
+ [heath — K'(P, 
lim [Kni(P; Q) wah dQ = 0 for Pin E,, 
ize Jo 1+|Kn,(P,Q) — K’(P,Q)| 


that is, for P in EZ; 
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Kn (P,Q) — K’'(P, Q) in measure. 


Now since ||f,,(P) —f(P)||0 for almost all P, say for P in E, where m(E:) = 1, 
we have (by (a)) for P in E, 


K,,(P, Q) — K*(P, Q) in measure. 
Thus for P in E,E, 
K'(P,Q) = K*(P, Q) for almost all Q, 
and so by (b) f(P) = K’(P, Q) for P in E,E. By defining 
K(P, Q) = K(P, Q) for P in E,Eo, 
= K*(P, Q) elsewhere, 


we have f(P) = K(P, Q) for 0S P <1. Hence since K differs from K’ on a set 
of two-dimensional measure zero it is a measurable representation of f(P). 

Now suppose K(P, Q) and K’(P, Q) are two different measurable repre- 
sentations of f(P). From (a) it follows that y=0 implies ¥(Q) =0 almost 
everywhere and hence for all P 


K(P,Q) = K’'(P, Q) for almost all Q, 


so that by the theorem of Fubini K(P, Q) =K’(P, Q) almost everywhere on 


0<P, O<1. 

The converse of the theorem is not true in general; i.e., if K(P, Q) isa 
measurable function of the two variables P and Q, and if for each P, K(P, Q) 
is in Y then it does not follow that the abstract function f(P) = K(P, Q) on 
(0, 1) to Y is measurable. For take Y=M the space of real, essentially 
bounded and measurable functions defined on (0, 1), and define 


K(P,Q) = 0, P<Q, 
= 1, P>Q. 


Then the abstract function f(P) = K(P, Q) has the property that for P< P’, 
\|f(P) —f(P’)|| =1 and consequently does not satisfy the condition of Lusin. 
As we shall see in 3.2 this phenomenon does not occur if M is replaced by L,. 

Hereafter when we speak of a function f(P) in S,, and write f(P) = K(P, Q) 
it will be understood, without explicit mention of the fact that K(P, Q) is 
measurable. It should be noted that if K(P, Q) is in L,, then for every finite 
valued $(P) in L,,, K(P, Q)¢(P) is in L,, and is a measurable representation 
of f(P)4(P). 

3.2. The function f(P) is ir Sy, 1S p, q9<~@, if and only if there exists a 
function K(P, Q) in L,, such that f(P) = K(P, Q). If f(P) is in Spq then 
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f f(P)dP = f KO, Q)dP 


for every measurable subset e of (0, 1). 


First suppose that K(P, Q) is in L,,, then 
1 pla 
inp” = 4 f 1 xe, o/"ael 
0 


is summable and it only remains to show that f(P) is measurable. Let w,(Q) 
be the orthonormal set of Haar [8]. Then for each P 


K(P,Q) = f(P) = DL. on(P¥n(Q), 


6a(P) = [ K(P, Oa(Q)a0. 


This means that DL on(P)¥n(Q) converges in the norm of L, to K(P, Q) [14]. 
Since K(P, Q) is measurable so is ¢,(P) and thus by 2.1 the abstract function 


falP) = 2 bn(PWu 


is measurable. Since f,(P)—f(P) it follows again by 2.1 that f(P) is measura- 
ble and thus f(P) is in Sp,. 

Now conversely suppose f(P) is in S,,. By 3.1 there is a measurable func- 
tion K(P, Q) such that f(P) =K(P, Q) and K(P, Q) is obviously in L,,. To 
establish the equality stated in the theorem we again use the Haar base and 
recall [1, p. 111] that for each x in L, 


c= Ls Wil ix, 
1 
where 7; is a linear function on L,. If we write 
o(P)=Tf(P), | o(P)| S| Til -||f(P)|) 
it is seen that ¢;(P) is a finite valued function in Z, and 


K(P,Q) = f(P) = > o( PQ). 


From 2.3 it follows that 
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J sear = Dor f pear = De f rsmar = Do. f ocr, 
which means that 
() = v0) f oP ya 
approaches /,f(P)dP in L, as n—~. To complete the proof it is only neces- 
sary to show that this same sequence approaches /,K(P, Q)dP in L,. Since 


£,(Q) converges’ in L, it is sufficient to show that &,(Q)—/.K(P, Q)dP in 
measure. Now writing K,(P, Q) =>o.¢:(P)¥.(Q), we have for each P [14] 


and 


if K,(P, Q) — K(P, Q) ("ao ‘ai < {fi K,(P, 0) rao} 1/4 


+4f ‘| K(, ao} si 


1 1/q 
< 24 f | KP, 0)|"ao 


Thus the sequence on the left side of this inequality is bounded by a function 
in L,, and so 


1 1 
f dQ f | Kx(P, Q) — K(P, Q)| dP 


< ( f ap} f ‘| K(P, 0) — K(P, Q) co +0, 


from which the desired conclusion is easily deduced. This completes the proof 
of 3.2. 


3.3. The function f(P) on (0,1) to L,, 15q<, is measurable and essen- 
tially bounded if and only if there exists a measurable function K(P, Q) in L, 
for each P and satisfying the conditions 


ess. sup. f | K(P, Q)|"d0 < «, 


(P) = K(P,Q), 
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and in case the conditions are satisfied 


J sear = f K(P, Q)dP 


for every measurable subset e of (0, 1). 

This is an immediate corollary of 3.2. 

3.4. The function f(P) = {k:(P)} is in S,(l,) 1S ps~%,1<5q<~) if and 
only if 
(i) ki(P) is measurable (i = 1, 2,3,---); 


Eo) 1/q 
(ii) { > | k(P) r is in Ly. 


For functions f(P) = {ki(P)} in Sp(1,) we have 


f SPP = { f (Pyar 


for every measurable subset e of (0, 1). 


This theorem can be established by a method quite analogous but much 
simpler than the method used in the proof of 3.2. In fact if we take p= {6,} 
(the Kronecker delta) as the base for /,, then 


x 


(iii) AP) = LU Tf(PWi = DAP: 

1 1 
which shows that k;(P) is measurable providing f(P) is. Condition (ii) is 
merely a statement of the fact that ||f(P)|| is in L,. Conversely if (i) and (ii) 
are satisfied, (iii) combined with 2.1 shows that f(P) is measurable and (ii) 
shows that ||f(P)|| is in Z,. The equality /.f(P)dP={f.k(P)dP} is merely 
an application of 2.3, for we have 


f ‘(PP = Dwr, f ‘f(PyaP = oy f Tys(PaP 


= Dv f amar = { f acrrark. 


4. Applications of the preceding results. In view of 3.2 each theorem re- 
garding functions in S,, may be translated into a theorem concerning func- 
tions in L,,. Since it is merely a translation of symbols, we shall content 
ourselves here with one illustration. For example, Theorem 9 of reference 6 
reads as follows: 
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4.1. If the functions K(P, Q), Kn(P, Q), m=1, 2, 3,---, are in Ly, 
(1<p, g<@), and if S,|Kn(P, Q) —K(P, Q)| dQ approaches zero in measure, 
then the following assertions are equivalent: 


q 


(1) tim fal f {Ka(P,0) - K(P,Q)baP =0 


for every measurable set e in (0, 1). 


q 


(2) lim fa f {Ka(P, Q) — K(P, oar = O uniformly for e in (0,1). 





(3) lim dQ f {KuP, Q) — K,(P, ola - 0 for each e in (0, 1). 


n,m 0 e / 


(4) lim lim sup f ao] f x. (,qaP|'= 0. 


m(e)=0 


1 q 
(5) lim f dQ f K,,.(P, oyaP| = 0 uniformly with respect tom. 
m(e)=0 0 e | 


5. The representation of linear operations. We have 


5.1. If X is of type B with a base, then To is a linear operation on L, 
(1<p<~) to X if and only if there exists a sequence of functions f,(P) in 
S,(X) such that JS fa(P)o(P)dP converges for each o(P) in L, and 


To = lim f “f,(P)6(P)AP for o(P) in Ly. 


Let T be a linear operation on L, to X, and let {x;} be a base for X, then 


© 


To = > aid) xi, 


where a;(¢) = 7;T¢ isa linear functional on L,. Thus there is a finite valued 
function a,;(P) in L,- such that [1, p. 64] 


1 
ai(d) = f ai(P)o(P)dP. 
0 
Since a;(P)x; is in S,-(X), fn(P) =Diai(P) x: is likewise and the sequence 
1 n 
f frrerar = ¥ aio). 
0 1 


converges for each ¢ in L, to Tg. The converse statement follows from 2.4 
and a well known result [1, p. 23, Theorem 4]. 





1936] INTEGRATION AND LINEAR OPERATIONS 483 


5.2. The function T¢ is a linear operation on L, (1S p<) toL,(1<q<~) 
if and only if there exists a sequence of measurable functions K,,(P, Q) belonging 
to L, for each P, and satisfying the conditions 


1 1/q 
{ f | K,(P, Q) sao} is in Ly: for each n, 
0 


1 
To = lim f K,(P, Q)o(P)dP for d in Ly. 
n 0 


This follows immediately from 5.1, 3.2, and 3.3. 

In the case of transformations T¢ on L to X, where X is a Banach space 
satisfying one of the conditions: 

(A) X has a uniformly convex norm [5]; 

(B) X has a base {x,} such that Do ati converges whenever {a;} is a 
sequence of constants for which |[o\axx| is bounded, 
further results may be given. The spaces satisfying one or the other of 
these conditions include Hilbert space, /,(1< p<), and L,(1<p<). The 
fundamental fact [5,7] in this connection is that a function F(P) on (0, 1) to 
such a space, which satisfies a Lipschitz condition || (P) —F(P’)|| < M|P—P’| 
(or even a more general condition) has a derivative F’(P) almost every- 
where which is summable and such that 


P 
F(P) = f F'(P)dP + F(0). 


We shall first give a generalization of this result which is embodied in 5.3. 
The corresponding theorem for real functions has been given for special cases 
by J. Radon and P. J. Daniell and in the general case by O. Nikodym [13, 
pp. 255-257]. We shall use the terminology of Saks [13, pp. 247-257] and 
denote by m(e) a completely additive non-negative function defined on an 
additive family A of sets of abstract elements P belonging to a space E. The 
sets of A are called measurable sets and the number m(e) is called the measure 
of the set e. It is assumed that all subsets of a set of measure zero are measura- 
ble. An additive set function F(e) on A to a Banach space is said to be of 
bounded variation in case ll |F(e;)|| is bounded with respect to all choices 
of a finite number of disjoint measurable sets ¢1, é2,-- +, €n. The l.u.b. of 
; ||F(e,)||, where e:, e2, - - - , én are disjoint measurable subsets of a measura- 
ble set e is called the total variation of F on ¢ and is denoted by 7(F, e). 


5.3. Every completely additive set function F(e) defined on A, which is of 
bounded variation and vanishes on sets of measure zero and whose values lie in a 
Banach space X which satisfies condition (B) is representable in the form 
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F(e) = f seam. 


The function f(P) is uniquely determined except for a set of measure zero. 


It is no loss of generality to assume [7] 


n+l 


(C) | > aix;i|| S > AjXj 


i=l 
Now suppose 
F(e) = > ai(e)xi = Do x; | a(P)dm, 
i=1 i=1 e 
where in the last equality we have used the theorem of Nikodym. Set 


n n 


F,(e) = Dv ade)x:, fa(P) = > a(P) xi. 


i=l i=1 


By a well known computation and the inequality (C) we get 
T(F,, €) = f \|fn(P)||dm < T(F, E) 


IfaCP)I| S llfner(P)Il 
Thus if b(P)=lim,||f,(P)|| it is seen that b(P) is summable. Hence by (B) 


we 


f(P) = Li adP) xs 
i=1 
is convergent for almost all P and ||f(P)|| =6(P), so that the function f(P) is 
summable and 


x 


f seam = oxi | a(P)dm = > ai(e)x; = Fle). 

e i=1 e t=] 

Suppose we have also F(e) =/.f*(P)dm, where f*(P) =)02 at (P) xi. Then 
f.a*(P)dm = f.a;(P)dm for each e and so a¥(P) =a;(P) almost everywhere 
and thus the same is true of f*(P) and f(P). 

In the case of an absolutely continuous additive function F(R) of bounded 
variation on elementary figures in a fundamental interval of Euclidean n- 
space to a Banach space with a uniformly convex norm Clarkson [5] has 
shown that 


F(R) = f F'(P)dP, 
R 
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where R is an elementary figure. Hence in case the Banach space X satisfies 
either condition (A) or (B) we can say that an additive function F(e) on 
Lebesgue measurable sets in (0, 1) to X which satisfies the Lipschitz condition 
||F(e)|| < M|e| also satisfies the conditions 


F(e) = f F'(P)dP, —||F'(P)|| < M. 


Such a function F(e) is defined by a linear operator T on L to X by placing 
F(e)=To(e), where ¢(e) is the characteristic function of the set e. Here 
M=|T|. Thus for all finitely valued functions $(P) 


To = f F'(P)o(P)dP. 


By taking a sequence of finitely valued functions converging in the mean to 
an arbitrary summable function it is readily seen that the above equality 
holds for all ¢ in LZ and that 


| T| < sup||F’(P)|| < M =| 7. 
Thus we have 


5.4. The function To is a linear operation on L to X (where X satisfies (A) 
or (B)) if and only if there exists an essentially bounded and measurable func- 
tion f(P) on (0, 1) to X such that 


To = [ sPyocpar. 


The norm of T is |T|=ess. sup. ||f(P)|. 
As a corollary we have (using 3.2) 


5.5. The function To is a linear operation on L to L, (1<q<~@) if and 
only if there exists a measurable function K(P, Q) in L, for each P and satisfy- 
ing the conditions 


ess. sup. fi K(P, Q) "40 < om, 
T¢ = [xe Q)o(P)dP for > in L. 


The norm of T is |T| =ess. sup. {PI K(P, Q) | %dQ} 1/2, 


As would be expected, the method of constructing the absolutely con- 
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tinuous function F(P) = 7¢(0, P) from the operation 7 does not work in case 
the domain of T is L,, p>1, instead of L. In this case 


D ||\F@) — F(@d)|| $| 7] | a: — a: |”. 
1 1 
But now it is not in general true that 
S| bo: — ai |" 0 as >| & — ai] 0, 
1 1 


for suppose ¢ is any positive number, then for n>(2%e)'/“'-») and |6;—a;| 
=e/n we have pm b;—a;| =e and >| b:-a;| We> 1/2. 

Using 3.4 we have 

5.6. The function T is a linear operation on L tol, (1<q<~@) if and only 
if there exists a sequence k;(P) of measurable functions such that 


ess. sup. >, | ki(P) \* < &, 
1 


To = | f ecrrocenar. 


The norm of T is |T| =ess. sup. {0*|k.(P)|*}"/«. 

The space A.C. of real functions absolutely continuous on (0, 1) which 
vanish at the origin, with the norming operation ||o\| = V(¢) =total variation 
of @(P) on (0, 1) is a space of type B. Furthermore the linear operation 
d¢/dP =’ establishes the fact that A.C. and L are isometric, isomorphic, 
and thus equivalent in the sense of Banach [1, p. 180]. The following theo- 
rems are therefore corollaries of 5.4, 5.5, and 5.6. 


5.7. The function T¢ is a linear operation on A.C. to the space X (X satis- 
fying (A) or (B)) if and only if there exists an essentially bounded and measura- 
ble function f(P) on (0, 1) to X such that 


1 
To = [ f(P)o'(P)dP. 
If T is linear then | T| =ess. sup. ||f(P)|\. 
5.8. The function To is a linear operation on A.C. to L, (1<q<@) if and 
only if there exists a measurable function K(P, Q) in L, for each P and satisfy- 
ing the conditions 
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' q 
ess. sup. f | K(P,Q)| dQ < ~, 
0 
L 
Te = f K(P, Q)6'(P)dP for @ in A.C. 
0 
If T is linear then | T| =ess. sup. {P| K(P, Q)|%dQ} 14, 


5.9. The function To is a linear operation on A.C. tol, (1Sq<~@) if and 
only if there exists a sequence k;(P) of measurable functions such that 


ess. sup. >| ki(P)|" < ~, 
1 
1 
Té = f ki(P)o'(P)dP ford in A.C. 
0 
The norm of T is |T| =ess. sup. (20. | &:(P) | *}arg, 


6. Completely continuous transformations and further properties of the 
general integral. In the last part of the proof of 3.2, put 


Tip = f K,(P,Q)6(P)dP, To = f K(P, Q)6(P)aP. 


It is seen that 


|7 —T|s (fort fe K,(P, Q) — K(P, Q) ao} ry 0, 


and thus since 7, is a completely continuous linear operation on L,, to L,, 
it follows from a well known result [1, p. 96, Theorem 2] that T is also. This 
fact has been established by E. Hille and J. D. Tamarkin [10] and by T. H. 
Hildebrandt.* Writing p’ in place of » we may state 


6.1. For i<ps«,1<5q<©@ the transformation on L, to L, defined by 


T$ = f K(P, Q)o(P)aP 


with K(P, Q) in Ly, is completely continuous. 
Combined with 3.1 this gives 
6.2. Fori<ps~,1<5q<~@ the function f(P) in S,-, defines a completely 


continuous transformation 


* The proof given here is due to Hildebrandt. 
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1 
ro = [ sPe(ryar 
0 
on L, to Ly. 
This result gives the integral that we are using more properties in com- 
mon with the Lebesgue integral of numerical functions. The ones we have in 
mind center around the fact that a completely continuous linear transforma- 


tion takes weakly convergent sequences into convergent sequences* [1, p. 
143]. 


6.3. Let ¢,(P),n=0,1,2,---, be real functions and 1<p<w,1<q<~m, 
then for every f(P) in Syq the integrals [\f(P)o,.(P)dP are defined and approach 
S-f(P)o(P)dP if and only if ¢,(P), n=0, 1,2, ---, isin L, and 


1 
f | on(P) |>dP <= M, n=0,1,2,---, for some M, 
0 


P P 
f én(P)dP — f (PP, O0<PS1. 
0 0 


That the last conditions imply the convergence of the integrals follows 
from the statement preceding Theorem 6.2 and a theorem of F. Riesz 
[1, p. 135]. Conversely, if f(P)¢,(P) is summable for every f(P) in S,-q it 
is seen first, by taking f(P) =k(P, Q) =1 (OS P, QS1) and using 3.2, that 
there is a summable function K,(P, Q) such that for every P 


K,(P, Q) = ¢,(P) for almost all Q. 


It follows from the theorem of Fubini that ¢,(P) is measurable. Now let 
¥(P) be an arbitrary finite valued function in L,,, and define f(P) to be 
the function on (0, 1) to L, that takes each point P into the function in 
L, which is constant and equal to y(P), ie., f(P)=Y(P). Then by 3.1, 
¥(P)¢,(P) is summable and 


1 1 
f f(P)on(P)dP = f ¥(P)on(P)dP. 


From the summability of ¥(P)¢,(P) it follows that the function ¢,(P) is in 
L,, and the remaining conditions on the sequence follow from the con- 
vergence of the sequence /{ if(P)o.(P)dP and the theorem of Riesz. In case 
p= we have 


* It is easily seen that this property characterizes completely continuous linear transformations 
between arbitrary Banach spaces X and Y in case the domain X is weakly complete and the conju- 
gate space X is separable, or in case every bounded set in X is weakly compact. 
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6.4. Let o,(P) (n=0,1, - - -) be real functions and 1 <q < ~, then for every 


summable function f(P) on (0, 1) to L, the integrals f Sf (P)¢,(P)dP are defined 
and approach [ f(P)bo(P)dP if and only if ¢,(P) are measurable, 


P P 
f ecmar—f simar, os rst, 
0 0 
ess. sup. | ¢n(P) | <M, n=0,1,---, for some M. 
P 
Suppose the last conditions are satisfied and f,(P) is finitely valued with 


f I|fo(P) — f(P)||aP < e. 
Then by “2 


e ! 
J {P)b(P)dP > f fol P)$o(P)dP, 


and since 


| J S(P)(Oa(P) - ou(P))AP| < | f dh = “lidiiniit scepar| 


+| f nme - oo(P))aP |, 
it follows that 


tim | f S(P)o(P)dP — f f(P)6o(P)dP| < 2Me. 


Now conversely if the integrals { : f(P)¢.(P)dP are defined for every sum- 
mable f(P) it follows as before that the functions ¢,(P) are measurable and 
that each ¢,(P) is essentially bounded. Also as in 6.3 if we let ¥(P) be an 
arbitrary finite valued summable function and define f(P)=y(P) and con- 
sider f(P) as a function on (0, 1) to L, then 


f f(P)¢n(P)dP = f v(P)¢,(P)dP. 


Now the boundedness of the sequence SW(P)bn(P)dP for every function 
y(P) in L insures the uniform boundedness of ess. sup.p |on(P)| , and the 
convergence of the sequence SW(P)ox(P)dP insures by the theorem of Riesz 
the condition 


f * on(P)AP f * oo(P)aP. 
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Theorem 6.4 may be regarded as a generalization of the Riemann- 
Lebesgue theorem. 


6.5. The function To is a completely continuous linear operation on L to 
L, (1<q<~@) if and only if there exists a measurable kernel K(P, Q) which 
vanishes outside the unit square and satisfies the conditions 


1 
ess. sup. f | K(P,Q)|"dQ < =, 


lim ess. sup. fi K(P,Q + h) — K(P, Q)|"dQ = 0, 


hA=0 
T= f K(P, Q)¢(P)dP for $(P) in L. 


The norm of T is | T| =ess. sup. tf | K(P, Q)|“dQ}*/«. 
If the conditions are satisfied, 5.5. shows that T¢@ is linear. Now let S 
be the unit sphere in ZL and 


HO) = f KP, Qecrvar. 
It is only necessary to show that 
lim | ¥@ + h) — ¥(Q)|"d0 = 0 
- 0 


uniformly with respect to y in TS [see 10, p. 445, or 12]. We have for ¢ in S 


(fi vO + h) — ¥@) ro)" 


l/q 


~ (f J (K(P,Q + h) — K(P, o)jocryaP | ae) 


/q 


< f aio {fl K(P,Q + h) - K(P,@) "aah 


aia ‘J, K(P,Q + h) — K(P,Q) ao} ud 


(The first of the above inequalities is a generalization of Minkowski’s inequal- 
ity [9, p. 148, §202].) Thus the conditions are sufficient to insure the com- 
plete continuity of 7¢. Now conversely if 7@ is a completely continuous 
linear operation on L to L,, it follows from 5.5 that the first and third condi- 
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tions are satisfied by some measurable kernel K(P, Q). If K(P, Q) is defined 
to be zero outside the square, then 
1 1 
J ixe.o+alaos f | Kr,0)|"20, 
0 0 


and it follows again from 5.5 that 
Tid = J ‘{K(P, + h) — K(P,Q)}o(P)aP 
is a linear operation on L to L, with 
| 7, | = ess. sup. {fi K(P,0 + h) — K(?,0) aol 


Since T¢ is completely continuous, there is a 6,>0 depending only upon an 
arbitrary positive number e such that 


F 1 1/q 
\f | ¥Q+ h) - 110) |"ao} <e for |h| <6, pin TS. 
0 
Fix h with |h| <6, then there is a ¢ in S such that 


| Tx| < ||Taol] + €; 
that is, 


— \f | K(P,0+ 2) — K(P,@)|"aol 7 


< | f \veo+ i) -w@|"aoh "+ ¢ < 2¢ 


which completes the proof of 6.5. 
In view of the equivalence of A.C. and L, 6.5 translates into 


6.6. The function To is a completely continuous linear operation on A.C. 
lo L, (1<q<~@) if and only if there is a measurable kernel K(P, Q) which 
vanishes outside the unit square and satisfies the conditions 


ess. sup. f | K(P, Q)|"dQ < « 


lim ess. sup. fi K(P,Q + «) — K(P,Q)|“d0 = 0, 


h=0 


To = f K(2. Q)¢'(P)dP for $ in A.C. 


The norm of T is | T| =ess. sup. tf | K(P, Q)|*dQ}"«. 
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For a linear operation on L to L, (1<q<@) the adjoint Ton L,toL 
may be regarded as a linear operation on L, to M (since L, and L are equiva- 
lent to L,, and M respectively). Recalling [1, p. 100, Theorems 3 and 4] that 
|T|=|7| and that T is completely continuous providing T is, the following 
theorem then follows from 5.5 and 6.5. 

6.7. Let 1<q<© and suppose the measurable kernel K(P, Q) satisfies the 
condition 


ess. sup. f | K(P,Q)|"dQ < «, 


then the operation 


1 
Ty = f K(P, Ov(Q)d0 


is a linear operation on L, to M with | T| =ess. sup. {fl K(P, Q)| “dQ}«’. 
The operation T is completely continuous provided 


lim ess. sup. fi K(P,0 + h) — K(P,Q)|"dQ = 0. 


h=0 


7. Conclusion. The problem of representation of operations on X to C (the 
space of continuous functions) where X is a Banach space for which the form 
of the general linear functional (numerically vaiued operator) is known, is 
much more easily handled than that of operations on L to L,. This has been 
discussed in the case of C to C by J. Radon [11]. The fact that gives the hold 
on the problem is that for ¥(Q) in C, ¥(Q)=0 for each Q provided ||y|| =0. 
This shows that by fixing Q the operator Y= 7¢ on X to C can be interpreted 
as a functional. Thus, for example, in the case of L, (1<p<«) toC 


(1) H@) = f KP, Oacrrar, 
where for each Q, K(P, Q) is in L,- and thus 
[7 | < sup | fi K(P,0)|"aPt z 
_ But now for each ¢ in Ly, and each Q in (0, 1) 
iim f KP, Qerar = f KP, QePar, 


Qe’ 79 0 


which is equivalent to saying that 
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t t 
lim | K(P,Q)dP -f K(P,Q)dP, O<t<1, 
Qe’ 9 0 


, 


1 1/p 
(3) sup { f | KP, @) "at = 


Now fix Q so that 
1 , 1/p’ 
{f ix@.qlral” = 
0 
then there is a ¢ in L, with ||¢|] =1 such that 
1 
\vo| =| f KP, Qecmar| 2 re, 
0 


which shows that ||y|| =>. Hence the norm of T is given by 


(4) | T| = sup { J | Ke, o|rarh 


To summarize: The function y = 7¢ is a linear operation on L, (1<p<~) 
to C if and only if there exists a function K(P, Q) in L,, for each Q and satis- 
fying (1), (2), and (3). The norm of T is given by (4). Similar results can be 
obtained for other Banach spaces. 
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INITIAL MOTION IN FIELDS OF FORCE* 


BY 
AARON FIALKOW 


1. Introduction. The motion of a particle in an arbitrary positional field 
of force suggests a number of problems in the differential geometry of plane 
curves. Several important families of curves are associated with every field 
of force. We here mention the following: 

1. The totality of paths along which a particle starting from rest may 
move under the influence of the force. These 7? curves are a subset of the 
0% dynamical trajectories of the field of force. 

2. The family of curves whose direction at each point coi..cides with that 
of the force. These curves are the ©! lines of force. 

3. The system of curves on each of which the force has a constant direc- 
tion. These are the «©! isoclinal curves or isoclines of the field. 

In this paper, we are concerned with certain geometric properties of these 
three families of curves. The theorems which are obtained are therefore a 
partial description of the photograph of the field of force. 

Consider the motion of a particle which starts from rest at a point where 
the force is not zero. A first approximation to the path is given by the line 
of force on which the particle initially lies. However, the effect of inertia 
compels the particle to depart from this line of force and to travel in a 
straighter path. In general, the line of force and the trajectory will have the 
same initial direction but different initial curvatures. This situation and the 
problem of obtaining a suitable approximation to the beginning of the path 
were investigated by Kasnerf and the writerf{ in previous papers. Kasner 
showed that the curvature of the line of force is always three times the curvature 
of the trajectory. When the initial curvature of the line of force is zero, Kasner 
studied the ratio between the infinitesimal departures of the line of force and 
of the path from their common tangent. We defined the set of these limiting 
ratios as the ratio set. Kasner obtained a theorem, assuming that the line of 
force has integral order of contact with its tangent, which we generalized to 
apply for any finite order of contact: 


* Presented to the Society, April 10, 1936; received by the editors December 4, 1935. 

+ For a complete report of Kasner’s work, see Proceedings of the National Academy of Sciences, 
vol. 20 (1934), pp. 130-136. Some results also appear in these Transactions, 1906-1910; Bulletin of 
the American Mathematical Society, vol. 16 (1909-1910), p. 172; Differential Geometric Aspects of 
Dynamics, American Mathematical Society Colloquium Publications, vol. 3, part 2, 1913, p. 9; 
Science, vol. 75 (1932), p. 671; Zurich Congress Proceedings, 1932, vol. 2, p. 180. 

t These Transactions, vol. 38 (1935), pp. 89-105. 
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THeoreEM A. [f the line of force has contact of order a with the tangen: line, 
the trajectory will also have contact of order a; and the ratio set will be 2a+1. 


We also discussed the case of infinite order contact as well as some cases 
in which no definite order of contact existed and showed that the ratio set is 
always a closed positive interval which depends upon the contact between 
the line of force and its tangent. However, in the results that appear below, 
as well as in Theorem A, the ratio set always reduces to a single number; 
that is, there is a unique limiting ratio. 

In the derivation of the formula for the ratio set, a special set of axes was 
employed which is also useful here. The initial point is taken as the origin of 
coordinates and the tangent to the line of force as the x-axis. An equation 
in x and y in which the variables are referred to the above set of axes has 
been called normal. The notion of the direction function at the initial point 
which we previously introduced also plays an important role in the present 
paper. If D(x, y) is the direction of the force normalized with reference to a 
given initial point, then y= D(x, 0) is the equation of the direction function 
associated with that point. The right-hand member represents the value of 
the slope at each point of the tangent line drawn to the line of force at the 
initial point. We proved a lemma concerning the line of force and the direc- 
tion function to which we shall refer in subsequent proofs. This lemma may 
be stated as follows: 


Lemma. The limit of the ratio of the infinitesimal departures of the line of 
force and of the curve 


y -f D(x, 0)dx 
0 


from their common tangent is always unity. 
It follows from this lemma and Theorem A that 


THEOREM B. The points at which the ratio set is 2n+-1 are identical with 
the points where the first (n—1) derivatives* of the direction function vanish. 


The previous papers of Kasner and the writer investigated the geometric 
relationship between certain dynamical trajectories and lines of force. This 
relationship was stated in theorems about the ratio set. In this paper we de- 
scribe the relationship between the ratio set and two new types of curves. 

At certain points the ratio set is exceptional. These points usualiy form 


* In our previous work, we assumed the existence of continuous first partial derivatives of the 
components of the field of force. At present we assume the existence and continuity of all derivatives 
which appear in the proofs. 
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a curve. We discuss some geometric properties of this curve and indicate 
how the ratio set depends upon the order of contact between this curve and 
its tangent. 

The system of isoclinal curves of a field of force is geometrically deter- 
mined by the lines of force. This leads to the conjecture that theorems similar 
to those previously derived for the lines of force apply in the case of the iso- 
clines. The correctness of this guess is confirmed in our work. It is also shown 
that there is a close connection between the geometry of the system of iter- 
ated isoclinal curves and the ratio set. 

2. Ratio points and ratio curves. It has been shown by Kasner that, in 
general, the ratio set is 3. In what follows, we discuss certain properties of 
the points at which the ratio set has an exceptional value. We call a point of 
a positional field at which the ratio set is not 3 a ratio point. A ratio curve is 
defined as a curve that consists entirely of ratio points. The fundamental 
relationship between the ratio points and the isoclines is given by 


TuHeoreEM I. The ratio points are identical with the points at which any iso- 
clinal curve of the field of force either is tangent to a line of force or has a singu- 
larity. 

Let D(a, b) be the direction of the force at a ratio point (a, b). The com- 
ponents of the field are ¢(x, y) and (x, y). In general, ¥(a, b)/d(a, b) or 
D(a, 6) is not zero and a rotation and translation of axes is needed to write 
the equations in the normal form. In the following the subscript 1 is used to 
indicate normal coordinates and normal functions. The relations between the 
normal and given coordinates are 


x = x, cos#— y, sin @+ a4, 


(1) ; 
y = x, sin 6+ y, cos@+ 34, 
where tan 6= D(a, b). Similarly, we have 
$i(%1, 91) = $(x, y) cos 6+ ¥(x, y) “sin 6, 
va(m, 1) = — (x, y)-sin 8 + (x, ¥)-cos 8, 
where x and y are to be replaced by their values given by (1). As stated in 
Theorem B, the ratio set at the initial point depends upon the behavior of 
the direction function ¥:(x%, 0)/d:(x%1, 0) or D(x, 0). From (1) and (2), it 
follows that D,(x:, 0) is equivalent to 
(x, cos 6 + a, x sin 0 + b)d(a, b) — o(x1 cos 6 + a, x sin 6 + b)¥(a, bd) 
V(x, cos 0 + a, x; sin 8 + b)¥(a, b) + o(x1 cos 6 + a, x sin 6 + b)¢(a, 5) 


We assume without loss of generality that ¢(a, b) #0 and divide both numera- 


(2) 
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tor and denominator of the last expression by ¢(x; cos 0+-a, x, sin 6+5) -p(a, b). 
Therefore 


D eee Te eee 
(3) D,(x;, 0) = (x1 cos 6 + a, x; sin + d) (a ) 


D(x; cos 6 + a, x, sin @ + b)D(a, 6) + 1 . 


Since (a, b) is a ratio point, by Theorem B, (d/dx,)D,(*:, 0)=0. It follows 
from (3) that 


(4) D Aa, b) + D(a, b)-D,(a, 6) = 0. 





Thus every ratio point is a solution of (4). The converse statement is also 
true.* 

The equation of any isoclinal curve is D(x, y)=c,. Differentiating, we ob- 
tain 


(5) D.Ax, y) + y'-Dy(x, y) = 0 


which is the differential equation of the isoclinal curves. If an isocline is tan- 
gent to a line of force at (xo, yo), then y’= D(x, y). Substituting in (5) and 
comparing with (4), we conclude that (xo, yo) is a ratio point. At a singularity 
of an isocline, D-=D,=0. From (4), it follows that such a point is also a 
ratio point. Since every ratio point lies on some isocline, the converse of the 
above statements is-a consequence of the fact that y’= D and D,= D,=0 are 
the only simultaneous solutions of (4) and (5). This concludes the proof. 


The ratio curves are the solutions of (4). In general, a single ratio curve 
passes through a given ratio point. For this case, we have 


THEOREM II. Let a single ratio curve pass through a fixed ratio point in a 
direction which is not parallel to the force. Then the ratio set at this point is 5. 
Conversely, if the ratio set is 5 at a point through which there passes a unique 
ratio curve, this curve cuts the corres ponding line of force. 


We suppose that the fixed ratio point is the origin and that the coordinates 
are normal. Differentiating (4), we obtain 


Disa + D,D, + DD iy + (Dey + D} + DDyy)-y’ = 0 


By the choice of coordinates D(0, 0) is zero. Hence, by Theorem B, D,(0, 0) 
is also zero. Since there is a unique ratio curve through the origin, it follows 
that D.,+D?+DD,,+#0 at the origin. Hence y’ vanishes when and only 
when D,, is zero. By Theorem B, we find that the ratio set is 5 only if D.,+0. 
Since by hypothesis, y’~0 and the slope of the corresponding line of force 
vanishes, this result proves the theorem. 

The analogue for ratio curves of Theoreii A is 


* If D.+DD,=0, all the lines of force are straight lines and every point is a ratio point. 
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THEOREM III. Let a single ratio curve pass through a fixed ratio point in 
the direction of the force. Let the ratio curve have contact of order a with its tan- 
gent at this point. Then the line of force and the trajectory through the ratio point 
will both have contact of order a+2 with their common tangent; and the ratio set 
will be 2a+5. 

We choose the coordinate axes as in the proof of the previous theorem. 
The implicit equation of the ratio curve is (4). By the theorem of the mean, 
this equation may be written as 


[D.(x, 0) + D(x, 0)-D,(x, 0) | 
+ y-[D2,(x, Oy) + D} (x, Oy) + D(x, 0y)-Dyy(x, 0y)] = 0, 0< 0 <1. 


Representing the bracketed expressions by E(x) and F(x, y) respectively, the 

equation of the ratio curve is 

(6) E(x) + y-F(x, y) = 0, 

where by hypothesis, (0, 0) #0. Since the ratio curve has contact of order a, 
_ E(x) 

(7) lim = C2 (~ 0). 
2-0 gett 

The line of force is a solution of y’= D(x, y). Differentiating this equation, 
and applying the theorem of the mean, we obtain 


(8) y” = E(x) + y-F(x, 9). 


Let the line of force have generalized contact* of order 8. We shall show that 
8B >a. Suppose 8 <a. Choose y such that y+2>8>v~¥. Dividing both members 
of (8) by «7+! and letting x approach zero, we find that lim... y’’/x7+!=0. 
Hence, by a repeated application of L’Hospital’s Rule, the line of force has 
generalized contact of order =y+2>8. This contradiction shows that B>a. 
We divide both members of (8) by x*+! and let x approach zero. Since B>a, 
by (7), lim, .o y’’/x«+!=c. Therefore the line of force has ordinary contact of 
order a+2; i.e., 8=a+2. The remainder of the theorem follows immediately 
from Theorem A. 


* We defined generalized contact in our previous paper as follows: 
A curve y=f(x), where f(x) is single-valued, continuous and 


f(x) 
n= 


x 


li 0 


z++0 
has generalized contact of order a with the x-axis if a is the upper bound of all numbers & such that 


fea) _ 


yet 


lim 0. 
r++0 


a may be finite or infinite. 
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3. Isoclinal curves. The investigation of the isoclines of the field of force 
leads to results similar to those obtained for lines of force and ratio curves. 
From the point of view of the order of contact between one of these curves 
and its tangent at a fixed ratio point, the isoclines occupy an intermediate 
position between the lines of force and the ratio curves. Thus the analogue of 
Theorem A and Theorem ITI is 


THEOREM IV. Let a fixed point be a non-singular point of the isocline on 
which it lies. Let the isocline have contact of order a with the element of force at 
this point. Then the line of force and the trajectory through the point will both 
have contact of order a+1 with their common tangent; and the ratio set will be 
2at+3. 


The normal equation of the isoclinal curve is D(«, y)=0, or, using the 
theorem of the mean, 


(9) D(x, 0) + y- D(x, Oy) = 0, 0<é@< I. 


By hypothesis, lim... y/x*+!=c; (#0). Since the origin is not a singular point 
of the isocline, D,(0,0) #0. Therefore, by (9), lim... D(x, 0)/x*+!=c, (#0). It 
follows from L’Hospital’s Rule that the curve y=f D(x, 0)dx has contact of 
order a+1 with the a-axis. Hence, by the lemma, the line of force must also 
have contact of order a+1 with its tangent. The remainder of the theorem 
is a consequence of Theorem A. 

A partially equivalent theorem for integral values of a exists. This theo- 
rem involves the following construction: The lines of force generate a family 
of isoclinal curves. These isoclinal curves in turn are the base of a second fam- 
ily of isoclines. By this process of iteration, any number of isoclinal families 
may be obtained if the components of the field of force have a sufficient num- 
ber of continuous partial derivatives. For this configuration of iterated iso- 
clinal families we have 


THEOREM V. Let the first n iterated isoclinal curves through a fixed point be 
tangent to the corresponding element of force. Let the (n+-1)st iterated isoclinal 
curve pass through this point in a direction which is not parallel to the element of 
force. Then, if the fixed point is a non-singular point of these curves, the line of 
force and the trajectory through the point will both have contact of order n+1 with 
their common tangent; and the ratio set will be 2n+-3. 


This theorem is also an incomplete generalization of Theorem I. The 
proof follows. We assume the existence and continuity of all partial deriva- 
tives whose orders do not exceed n+1. The differential equation of the first 
family of isoclines is given by (5). Hence the second iterated isoclinal curves 
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are the solutions of D.+(y’):-D,=0, where (y’); is any fixed value of y’. 
We differentiate this equation and obtain 


Dizt+ y- Diy + (y’): [Dey + y'Dyy] =0 


as the differential equation of the family. By repeating this operation a suffi- 
cient number of times the differential equation of the kth iterated isoclinal 
curves can be obtained. It is easy to show that the form of this equation is 


(10) Di + yD», +G = 0. 


G is a polynomial in y’ and the partial derivatives of D(x, y). Each term of G 
is multiplied by at least one (y’); (i<k), where (y’); is a fixed value of the 
slope of the ith iterated isoclines. By hypothesis, since the coordinates are 
normal, the first ” iterated isoclinal curves have zero slope at the origin. 
Hence zero must be substituted for (y’); (i<m-+1) in calculating the equa- 
tions of the isoclines which pass through the origin. Letting k=1, 2,---.n 
in (10), we find that D,“(0, 0)=0. Similarly if k=n+1 in (10), G vanishes 
at the origin. By hypothesis, (y’),4: differs from zero at the origin. Therefore 
if D,~+»(0, 0) =0, the same is true for D,~,(0, 0) and the origin is a singular 
point of the (n+1)st isocline. This contradiction shows that D,+»(0, 0) #0. 
It follows that the curve y= [ D(x, 0)dx has contact of order n+1. The rest 
of the proof is similar to that of Theorem IV. 

4. Generalizations. The resu ts stated in Theorems III and IV may be 
extended to the case in which a denotes generalized instead of ordinary order 
of contact. Theorems similar to Theorem V of our previous paper are ob- 
tained. If the field of force is analytic, a result analogous to Theorem III 
exists when more than one ratio curve pass through the fixed ratio point. 
In this case, it follows from Weierstrass’ Preparation Theorem for two varia- 
bles that only a finite number of ratio curves can intersect at the point. With 
certain modifications the sum of their orders of contact replaces the single 
order of contact in Theorem III. 

The curves upon which this study of the field of force is based are the 
lines of force, isoclines, and ratio curves. When may a curve be a member of 
more than one of these classes? The answer is simple. A curve cannot belong 
to two of these classes without being a member of the third. The only curves 
which are simultaneously lines of force, isoclines, and ratio curves are the 
straight lines. 
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